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Preface 



On October 28-29, 1987, over six hundred mathematicians, scientists, and educators gathered 
ia Washington to participate in a Colloquium, Calculus for a New Century, sponsored by the 
National Academy of Sciences and the National Acr^demy of Engineering. Centering on that 
Colloquium and containing 75 separate background papers, presentations, responses, and other 
selected readhijs. Calculus for a New Century: A Pump, Not a Filter conveys to all who are 
interested the immense complexity of issues in calculus reforin. 

Conducted by the National Research Council in collaboration with the Mathematical As- 
sociation of America, the Colloquium is a part of Mathematical Sciences in the Year 2000 (MS 
2000), a joint project of the Board on Mathematical Sciences and the Mathematical Sciences Ed- 
ucation Board. The National Research Council is the principal operating agency of the National 
Academy of Sciences and the National Academy of Engineering and is jointly administered by 
both academies and the Institute of Medicine. 

The National Academy of Sciences is a private, non-profit, self-perpctuating society of dis- 
tinguished scholars engaged in scientific and engineering research, dedicated to the furtherance of 
science and technology and to their use for the general welfare. Upon the aL '^-ority of the charter 
granted to it by the Congress in 1863, the Academy has a mandate that requires it to advise the 
federal government on scientific and technical matters. 

The National Academy of Engineering was established in 1964, under the charter of the Na- 
tional Academy of Sciences, as a parallel organization of outstanding engineers. It is autonomous 
in its administration and in the selection of its members, sharing witi. the National Academy of 
Sciences the responsibility for advising the federal goverrment. The Ntttional Academy of Engi- 
neering also sponsors engineering programs aimed at meeting national needs, encourages education 
and research, and recognizes the superior achievement of engineers. 

The Institute of Medicine was established in 1970 by the National Academy of Sciences to 
secure the services of eminent members of appropriate professions and the examination of policy 
matters pertaining to the health of the pubhc. The Institute acts under the responsibility given 
to the National Academy of Sciences by its congressional charter to be an advisor to the federal 
government and, upon its own initiative, to identify issues of medical care, research, and education. 

The National Research Council was organized by the National Academy of Sciences In 1916 
to associate the broad community of science and technology with the Academy's purposes of 
furthering knowledge and advising the federal government. Functioning in accordance with general 
policies determined by the Academy, the Council has become the principal operating arm of both 
the National Academy of Sciences and the National Academy of Engineering in providing services 
to the government, the public, and the scientific and engineering communities. Frank Press and 
Robert M. White are chairman and vice chairman, respectively, of the National Research Council. 

The Mathematical Association of America is an organization of about 26,000 members ded- 
icated to the improvement of mathematics, principally at the collegiate level. It has played a 
long-term role in improving mathematics education through the work of its committees and its 
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publications, of which this volume is one example. 

The Board on Mathematical Sciences of the Commission on Physical Sciences, Mathematics, 
and Resources was established in 1984 to maintain awareness and active concern for the health 
of the mathematical sciences and to serve as the focal point in the National Research Council for 
issues connected with the mathematical sciences. The Mathematical Sciences Education Board 
was estabhshed in 1985 to provide a continuing national uvcrview and assessment capability for 
mathematics education. These boards, joint sponsors of MS 2000, selected a special Task Force 
on Calculus, chaired by Ronald G. Douglas, to direct the planning of the colloquium Cnlculus for 
a New Century. 

Calculus for a New Century was made possible by a grant from the Alfred R Sloan Foundation 
to the National Research Council. Support for the umbrella pioject, MS 2000, was provided by the 
National Science Foundation. This volume was prepared at St. Olaf College under the direction 
of editor Lynn Arthur Steen, and the publishing was directed for the Mathematical Association 
of America by Peter L. Renz. 



Bernard L. Madison 

MS 2000 Project Director 
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Introduction 



Nearly one million students study calculus each year in the United States, yet fewer than 25% 
of these students survive to enter the science and engineering pipeline. Calculus is the critical filter 
in this pipeline, blocking access to professionrJ careers for the vast majority of those who enroll. 
The elite who survive are oo poorly motivated to fill our graduate schools; too fev/ iu number to 
sustain the needs of American business, academe, and industry; too uniformly white, male, and 
middle class; and too ill-suited to meet the mathematical challenges of the next century. 

These facts led Robert White, President of the National Academy of Engineering, to suggest 
that calculus must become a pump rather than u. filter in the nation's scientific pipeline. Others 
used a diff'erent metaphor — to become a door, not a barrier. To make calculus a pump is a chal- 
lenge t.> educator.s and scientists; to walk through the door that calculus opens is a challenge to 
students. Regardless of the metaphor, calculus must change so that students will succeed. 

All One System 

In a narrow sense, calculus can be viewed simply as a sequence of courses in the mathematics 
curriculum, of concern primarily to those who teach high school and college mathematics. But 
in fact, calculus is a dominating presence in a number of vitally important educational and social 
systems. Calculus is: 

• A capstone for school mathematics, the culmination of stuviy in the only .subject (apart from 
reading) taught systematically all through K-12 education. 

• A pre-requisite to the majority of programs of study in colleges and graduate schools. 

• The dominant college-level teaching responsibility of university departments of mathematics, 
intimately linked to the financial support of graduate education in mathematics. 

• A course whose techniques are rapidlj being subsumed by common computer packages and 
pocket calculator? 

• An important component of liberal education, part of the core learning that is the hallmark 
of an educated person. 

These interlocking systems make calculus extraordinarily resistant to change. Calculus has im- 
mense Inertia ^''at is rooted in tradition, reinforced by client disciplines, and magnified by masses 
of students. Yet calculus is faiHng our students: no one is well served by the present course. Those 
who apply calculus want students to have more mathematical power rather than mere mimicry 
skills; those concerned for ec^ucation fear that for far too many able students, calculus is the end 
of ambition.^ rather than the key to success; still otiicis foresee that computers will make much of 
what we now teach irrelevant: 

• Computers and advanced calculators can now do most of the manipulations that students 
learn in a typical calculus course. 

• College administrators report that calculus is a 'ightning rod for students* complaints. 

• Computer scientists, one of the largest of mathem.atics* many clients, advocate discrete 

iatiieirr»t\R rather than calculus as a student's first college mathematics course. 

Many large universities, fewer than half of the students who begin calculus finish the term 
'\ passing grade. 
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• Little in the typical calculus course contributes much to the aims of general education, 
although for most students, calculus is the last mathematics course they ever take. 

For all these reasons, a broad coalition of organizations has now undertaken an effort to revi- 
talize calculus. Calculus for a New Century is a first visible public step in thio long but crucially 
important process. 

Issues and Controversies 

Calculus for a New Century: A Pump, Not a Filter is intended to be a resource for calculus 
reform, rooted in the October 28-29 Colloquium, but including much additional material. Over 80 
authors from mathematics, science and engineering convey in 75 separate contributions (totalling 
over 165,000 words) a very diverse set of opinions about the shape of calculus for a new century. 
The authors agree on the forces that are reshaping calculus, but disagree on how to respond to 
these forces; they agree that the current course is not satisfactory, yet disagree about new content 
emphases; they agree that neglect of teaching must be repaired, but do not agree on the most 
promising avenues for improvement. Readers must judge for themselves how they will respond to 
this diverse yet realistic sample of informed views on calculus: 

Colloquium: A record of presentations prepared for the first of the two-day Colloquium. 
These include four plenarj p resentations and prepared remarks from two panels. 

Responses: A collage of reactions to the Colloquium by a variety of individuals represent- 
ing diverse calculus constituencies. These commentaries, each a raiini-editorial, were written ir. 
response to what was said and unsaid during the formal proceedings. 

Reports: Summaries of sixteen discussion groups that elaborate on particular themes of 
importance to reform efforts. Each report was prepared jointly by the discussion leader and 
reporter. 

Issues: A series of background papers providing context for the calculus Colloquium. The 
first two, on Innovation, are journalistic analyses based on extensive interviews with many mathe- 
maticians, educators, and scientists. The remaining sixteen, in four sections, provide background 
on issues in Science, Engineering, and Business; Teaching and Learning; Institutional Perspectives; 
and Mathematical Sciences. 

Examinations: A selection of final examinations from Calculus I, II, and III from universities, 
colleges, and two-year colleges around the country. These exams are intended to illustrate calculus 
as it is today, to document exactly what students are currently expected to achieve. 

Readings: A collection of reprints of documents related to calculus. Many of these papers 
are referred to either in the Colloquium talks or in the background papers; they are reproduced 
here as a convenience to the reader. 

Participants: A complete hst of names, addresses, institutions, and telephone numbers from 
the registration Hst of the October 28-29 Colloquium, provided here to facihtate future correspon- 
dence among those with similar interests. 

Process of Renewal 

Calculus for a New Century is itself a middle chapter in a long process of calculus reform. 
It builds on a much smaller workshop organized by Ronald G. Douglas at Tulaiie University in 
January, 1986 which led to the much-cited pubhcation Toward a Lean and Lively Calculus (MAA 
Notes No. 6, 1986). Shortly afterwards, the Mathematical Association of America appointcjd a 
Committee on Calculus Reform chaired by Douglas to make plans for an appropriate follow-up 
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to the Tulaiie meeting. Then in January 1987, the National Science Foundation proposed to 
Congress a major curriculum initiative in reform of calculus. To help frame a national agenda for 
calculus reform, and to insure broad participation of the scientific and engineering communities, 
the Douglas Committee recommended that the National Academies of Science and Engineering 
sponsor a national colloquium cn calculus reform. 

At the same time, the two mathematics boards of the National Research Council — the Board 
on MathemaJical Sciences and the Mathematical Sciences Education Board — jointly launched 
Mathematical Sciences in the Year 2000 (MS 2000), a project led by Bernard L. Madison to 
provide a comprehensive assessment of collegiate and graduate education in the mathematical 
sciences, analyzing curricular issues, resources, personnel needs, and Hnks to science, engineer- 
ing, and industry. Since calculus is a central ingredient in the agenda of MS 2000, the Calculus 
Colloquium became the first undertaking of that project. 

Calculus for a New Century 

Three hundred years ago, precisely, the first edition of Newton's Principia Mathematica was 
published. Two hundred years ago, more or less, calculus was first offered as a regular subject 
in the university curriculum. One hundred years ago the mathematical revolution launched by 
Newton gave birth in the New World to what is now the American Mathematical Society. 

"Calculus for a New Century" celebrates these three centenaries, not by looking back but by 
looking forward to the 21st Century, when today's students will be our scientific and mathemat- 
ical leaders. Calculus determines the flow of personnel in the nation's scientific pipeline. To fill 
this pipehne, we must educate our youth for a mathematics of the future that will function in 
symbiosis with symbolic, graphical, and scientific computation. We must interest our students in 
the fascination and power of mathematics — in its beauty and in its applications, in its history and 
in its future. Calculus for a New Century: A Pump, Not a Filter offers a vision of the future of 
calculus, a future in which students and faculty are together involved in learning, in which calculus 
is once again a subject at the cutting edge — challenging, stimulating, and immensely attractive 
to inquisitive minds. 

ACKNOV^LEDGEMENTS: Details of Calculus for a New Century were handled efficiently by 
Bernard Madison and Therese Hart, staff members of Project MS 2000. Calailus for a New Cen- 
tury: A Pump, Not a Filter was prepared in an extraordinarily short time — three weeks for prepa- 
ration of the camera-ready copy — using a TgX system at St. Olaf College. Mary Kay Peterson 
deserves special thanks for typing and correcting the entire volume — all 1,083,000 characters — on 
such a very tight timetable. 



Lynn Arthur Steen 
St. Olaf College 
Northfield, Minnesota 
November 20, 1987 



T-A-a- ncipA fy/t^ 



Vviu^-h ov->e^ ^-^jl-. Lg^t^ . -k) He 



.J 



0 



At 




f V~&£A^-[--l ^ ' 



Calculus for a New Century 



Prank Press 

National Academy of Sciences 



Good morning. I would like to welcome all of you 
to this National Colloquium on Calculus For A New 
Century. 

Last night I welcomed to this auditorium another au- 
dience for a preview of a film called "The Infinite Voy- 
age," which will be shown all over the country in prime- 
time television, both commercial and public broadcast- 
ing. It's a family-oriented program that will continue 
for three years. Last night's program featured many 
things, but computational mathematics Wcis an essen- 
tial feature of all of the science components in the film. 

I wouU like to say a few words about the strong 
interest of our own organization here in mathematics 
education. I guess that everyone recognizes that math- 
ematics education is centrally important as a foundation 
for science, for engineering, and also for the social sci 
enccs. Here at the National Research Council where we 
work in all of these fields, we certainly recognize that, 
as you-must too in your own schools and organizations. 

Mathematics is increasing in importance, not only in 
the fields that I just mentioned, but also in the service 
sector and in banking and finance. (In fact, some math- 
ematical geniuses may be responsible for programming 
those computers that caused the automatic selling that 
contributed to the stock market crash. They should 
have had academic careers . . . .) 

Why are we losing so many bright people — losing 
them from mathematics and science in favor of Wall 
Street and business schools and law schools? Mathe- 
matics is a critical filter in that it can knock you out of 
the pipeline, permanently, particularly for women and 
minorities who might otherwise have careers in the pro- 
fessions until their mathematics courses destroy their 
hopes and aspirations. 

1, myself, had a traumatic experience. I was knocked 
out in the sense that I took the most advanced under- 
graduate course in mathematics and received the only 
A in the course. Yet the professor, after giving me 
my grade, said, "I don't want you to major in math- 
ematics." So I was knocked out of mathematics into 
physics — and it had a traumatic effect on me. 

We are very proud and pleased that our Mathemat- 
ical Sciences Education Board is providing a new type 



of national leadership in mathematical education. It 
is appropriate for us to have this emphasis in our own 
organization. It is appropriate for the country to take 
initiatives as represented by this Colloquium because 
of the importance of mathematics in so many different 
ways. We are pleased also that the Mathematical Sci- 
ences Education Board is interested in the whole range 
of mathematics, from the youngest children through col- 
lege. 

This particular conference is under the initiative of 
our Board on Mathematical Sciences which works in 
partnership with our Mathematical Sciences Education 
Board. Together these two Boards launched the Project 
MS2000, a comprehensive review of mathematics ed- 
ucation through college and university systems. This 
Colloquium on the calculus is the lead activity of this 
three-year project. We are puttin[^ together our com- 
mittee that will be responsible fur MS2000 and have 
just received the acquiescence of a major industrialist 
to serve cis chairman of the committee that will super- 
vise MS2000. 

As I have said, calculus is an important fou' * ition 
for the scientific, engineering, and research communi- 
ties. It ib also an important foundcition for anyone who 
wants a good solid education in the modern era. Later 
this morning you will hear from Robert White, the Pres- 
ident of our sister organization, the National Academy 
of Engineering, who will certainly emphasize the impor- 
tance of calculus to our technological society. 

I know that you have a lot of work to do in these two 
days, with a program and workshops that deal with 
many different groups covering essentially everybody 
who will need calculus for their training. I look forward 
to hearing the results of your Colloquium. 



Frank Press is President of the National Academy of 
Sciences. A former Science Advisor to President Carter, Dr. 
Press served for many years as head of the Department of 
Earth and Planetary Sciences at the Massachusetts Insti- 
tute of Technology. He received a Ph.D. in geophysics from 
Columbia University. 
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Colloquium: Plenary Presentations 



Castles in the Sand 

Ronald G. Douglas 

State University of New York at Stony Brook 

I want to welcome you to this Colloquium on be- 
half of the Calculus Task Force. I am delighted that 
you have come and that so many people are interested 
in improving the teaching of calculus. There are over 
six hundred people here today, about five hundred of 
whom are mathematicians. About one hundred are 
from research universities, four hundred from four-year 
colleges, fifty from two-year colleges, and fifty from high 
schools. There are over a hundred people from other 
("client") disciplines; some are publishers and others 
journalists. 



J am delighted that ...so many people 
are interested in improving the 
teaching of calculus. 



Why are we all here? Why is this Colloquium being 
held? Let me try to explain this with a little personal 
history. 

Five years ago, I became Chair of the Mathematics 
Department at my university for the second lime. I 
found a large difference between this time and the last, 
which had been about ten years earlier. Teaching was 
different! Although everyone still did their teaching, 
morale was low and there was an overwhelming sense 
of futility, felt by all. Since calculus involved the largest 
number of students, much of this feeling was centered 
in the calculus. 

About the same time I was confronted with the issue 
of the continuing relevance of the subject of calculus. 
Debate on the rising importance of discrete mathemat- 
ics was sweeping across university campuses, and I oflen 
was called on to defend the role of calculus in these dis- 
cussions. 



My interest in calculus was treated as 
a curiosity. No one ever talked about 
teaching. Teaching was something we 
had to do and get over with. 



For both of these reasons I was forced to think about 
calculus and calculus teaching. Moreover I began to 



ask questions about calculus when I travelled to other 
universities. 

My interest in calculus was treated as a curiosity. No 
one ever talked about teaching. Teaching was some- 
thing we had to do and get over with. No one said that 
mathematics teaching was good; everyone believed im- 
plicitly that since nothing could be done about it, then 
why talk about it. 

Most curricular and teaching activities had stopped 
aropnd 1970 in the "post post-Sputnick" era. But the 
need for change had not. Now there were more and 
different students; faculty cutbacks had led to larger 
classes, and to more teaching cissistants and adjunct 
instructors. And finally there were more powerful hand- 
held calculators; computers had gone from a building 
somewhere across campus to a room down the hall to 
your desk top. 



A few ^^oddballs^^ persevered. ...But 
they were not able to get others to join 
the effort and ultimately the sea 
overwhelmed the castles in the sand 
which they had so painstakingly built. 



I found in my travels, however, thac not all faculty 
had given up on curriculum and teaching reform. A few 
"oddballs" had persevered. Through nearly superhu- 
man efforts they had mounted experimental programs 
with different methods of teaching and new curricula. 
Perhaps surprisingly, they often achieved considerable 
success. 

But they were not able to get others to join the effort 
and ultimately the sea overwhelmed the castles in the 
sand which they had so painstakingly built. Therefore, 
I concluded that isolated innovations are not the answer 
to the problems in mathematics teaching. This posed a 
real dilemma since change certainly cannot be dictated 
from the top down. 

What was needed was a strategy to place the im- 
provement of mathematics teaching and curriculum on 
the national agenda. Support had to be provided for 
local efforts, and this didn*t mean just money. Further, 
a mechanism needed to be provided to coordinate and 
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network the results of innovation, both the good and 
the bad. 



Change certainly cannot be dictated 
from the top down. 



To start to accomplish all of this I asked the Sloan 
Foundation to fund a Calculus Workshop, which was 
held at Tulane University two years ago. There a di- 
verse group agreed that both the teaching and content 
of calculus should change, and that it could change. 
We reached substantial agreement on some changes to 
make. All this is reported in Toward a Lean and Lively 
Calculus [1]. 

However, changing the calculus is an enormous and 
complex undertaking. Calculus is taught to over three 
quarters of a million students a term; about a half bil- 
lion dollars a year is spent on tuition for teaching cal- 
culus; and calculus is a prerequisite for more than half 
of the majors at colleges and universities. Almost ev- 
eryone has a stake in calculus. 

This Colloquium hcis been organized to discuss how 
to proceed, not to latify some preordained plan. We 
hope to plant many seeds and to help provide the sun 
and the rain necessary for these seeds to grow. 



Changing the calculus is an enormous 
and complex undertaking. Almost 
everyone has a stake in calculus. 



A number of excellent position papers have already 
been prepared to provide background and to set the 
stage. Robert White will provide an engineer's perspec- 
tive on the role and importance of calculus. Lynn Steen 
will discuss calculus as it is today and Thomas Tucker 
will discuss some of the possibilities for the calculus of 
the future. The morning session concludes with a de- 
scription of the new NSF calculus initiative by Judith 
Sunley and Robert Watson. 

After lunch there will be two panel discussions. The 
first, moderated by CathJeen Morawetz, will allow rep- 
resentatives from the "client disciplintj" to discuss their 



disciplines. The second, moderated by Andrew Glea- 
son, will allow campus administrators to provide a view 
of calculus from the campus. Finally, all participants 
will get a chance to contribute their ideas in the discus- 
sion groups tomorrow. 



Isolated innovations are not the answer 
to the problems in mathematics 
teaching. 



Any change in the way calculus is taught, or in the 
v;ay mathematics is taught, will depend on all of us, 
on those here today and on the thousands of others 
who teach calculus and all the rest of mathematics in 
the colleges (both two-year and four-year), in the high 
schools, and in ths'^ universities. 

My title, based oi7 my early experiences, refers to 
castles in the sand. I had intended to close by stat- 
ing that we wanted to avoid building more castles in 
the sand. However, another metaphor, also based on 
the sea, might be better. The number of people at this 
Colloquium, and the interest that has been manifested 
in this topic suggest that a bigger phenomenon is in- 
volved. :3o I conclude by urging all of us to "catch the 
wave" and try to direct it to the Calculus for a New 
Century that we will choose. 

Reference 

[1] Douglas, Ronald G. (ed.) Toward a Lean and Lively Cal- 
culus, MAA Notes Number 6. Washington, D.C.: Math- 
ematical Association of America, 1986. 



Ronald G. Douglas is Dean of th-^ College of Physi- 
cal Sciences and Mathematics at the State University of New 
York at Stony Brook and Chairman of the National Research 
Council's Task Force on the Reformation of the Teaching of 
Calculus. A specialist in operator theory, Douglas is a past 
holder of both Sloan and Guggenheim fellowships. He is 
a member of the Board on Mathematical Sciences of the 
National Research Council and Chairman of the American 
Mathematical Society's Sdence Policy Committee. He re- 
ceived a Ph.D. degree in mathematics from Louisiana State 
University. 
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Colloquium: Plenary Presentations 



Calculus of Reality 

Robert M. White 

National Academy of Engineering 

Let me extend to all of you a welcome on behalf of 
the National Academy of Engineering. I have rarely 
seen this auditorium as filled cts it is today. It is a 
good sign that the topic we will be discussing today has 
generated great concern throughout the mathematics 
and the non-mathematics community also. 

I am probably one of the few non-mathematicians in 
this auditorium today. I am one of the "clients," as you 
call them. I would like to talk to you from the viewpoint 
of a client. I have views that stem from my personal 
experiences in science and engineering, and from my 
experience in trying to make scientific and technological 
institutions function. 



We were asked to have faith in what 
we were being taught ...and faith that 
sometime in the future what we were 
learning would have application. 



My introduction to the calculus was an introduction 
to the mysteries. It was assumed, when I was going 
through school, that we would learn even without un- 
derstanding. We were asked to have faith in what we 
were being taught, faith in our instructors, teachers, 
and professors, and faith that sometime in the future 
what we were learning would have application. 

I graduated many years ago from the Boston Public 
Latin School. It's the oldest public school in the coun- 
try, founded in 1635. Harvard University was founded 
in 1636. Those of us who went to the Boston Public 
Latin School always claimed that Harvard was founded 
as a place where Latin School graduates could go after 
graduation. 



Today, however, students will not take 
education in any field on faith. 



My introduction to the calculus was as a freshman 
at Harvard. They didn't teach calculus at Boston Pub- 
lic Latin School in my days. My instructor, although 
he may not have been famous then, is well recognized 



these days as a famous mathematician. He was Oscar 
Zariski. He might have been a great mathematician, 
but he was not the greatest instructor of freshman cal- 
culus. I survived. 

Later, at MIT, when I became involved in the atmo- 
spheric and oceanographic sciences, it became clear in 
hindsight why calculus was important and why it Wcis 
so necessary for me cis a person interested in geophysical 
fluid dynamics. 



If ever a field needed to be brought out 
of mystery to reality, it is the calculus. 



Today, however, students will not take education in 
any field on faith. They want to know why what they're 
studying is important and how it's going to help them. 
If ever a field needed to be brought out of mystery to 
reality, it is the calculus. 

Calculus now is more important than ever. Calcu- 
lus, as the mathematics of change, is the skeleton on 
which the flesh of our modern industrial society grows. 
The public does not understand this fundamental role 
of the calculus. But as people who are responsible I'or 
imparting the calculus, you must understand it, and you 
must understand the consequences of failure to impart 
an understanding of this field of mathematics. 

Restoring Economic Growth 

There are many realities that we need to face in this 
country, not the least being the recent events in the 
stock market. But the most serious reality we face to- 
day is the need to harness science and technology for 
economic growth. And harnessing science and technol- 
ogy for economic growth means harnessing the calculus. 

We are "a nation at risk," cis that famous report in- 
dicated. However, we are at risk in many ways — not 
only in our educational system for which the phrase 
was first introduced. Science and technology are the 
touchstones of economic growth which is fundamental 
to the standard of living, job creation, health care, pro- 
vision of a good environment, and much more. During, 
the past century this country has done very well in har- 
nessing science and technology. Investment in science 
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and techliology has created new industries of all kinds, 
e.g., in somiconductors and biotechnology. Many of the 
mo.st progressive and successful companies depend on 
new products that are based cn science and technol- 
ogy for their economic growth. For example, I recently 
visited the 3M Company and learned that 25% of its 
revenues are based on products that did not exist just 
five years ago and were the result of their research and 
development activities. 

We have done well in this country because over the 
past century we have had far-sighted policies that led to 
an educational system that has produced the talent we 
need to run our industrial, academic, and governmen- 
tal enterprises. We have made major investments in 
research and development enterprises, both those sup- 
ported by the government and by private industry, to 
produce scientific and engineering knowledge. We have 
an economic system that has provided the incentives 
and rewards for innovation and application. 



Harnessing science and technology for 
economic growth means harnessing the 
calculus. 



Nevertheless, in recent years that picture hcis been 
changing, as anyone who reads the headlines or watches 
nightly television news will know. Industry has moved 
many production systems abroad. Many industries have 
been severely hurt in terms of jobs. At the end of World 
War n, the United States accounted for 40% of the 
world's GNP; today we account for 20%. We now run 
a $200 billion trade deficit. 

We are in a continuing competitive battle with in- 
dustries in other countries: 

• In aviation, the European Airbus now has over 30% 
of the world market share in large transport aircraft. 

• On U.S. highways, 30% of the automobiles are foreign 
imports. 

• In consumer electronics, it is difficult to find products 
produced in the United States. 

• Even in heavy machinery, the last manufacturer of 
large steam turbines has just given up. 

We are in a competitive battle, across the board. In 
industry it is a battle for market share, but it is a new 
kind of a battle. It is a battle that is fought with tariffs, 
wage rates, and economic policies. But above all else, 
it is a battle that is fought with trained people. Lack of 
an adequate pool of trained people will, in the long run, 
lose that battle for us. And losing that battle means a 



loss of jobs and a lowering of standards of living. It be- 
comes a central responsibility for all of us in education, 
especially those in science and engineering education, 
to make sure that this country hcis an adequate pool of 
trained talent. 



We are in a continuing competitive 
battle with industries in other 
countries. ...Above all else, it is a 
battle that is fought with trained 
people. 



There are memy disturbing signs. Some have been 
highlighted by the work of the Mathematical Sciences 
Education Board. There appears to be a lessening of 
interest among citizens of the United States in careers 
in science^ and technology. We know, on the basis of 
surveys, that the mathematical attrainment of our stu- 
dents are inferior, at lecist in K-12 grades, to those of 
most of our industrial allies. 

Schoolhouse to the World 

At the college level, the United States has become 
schoolhouse lo the world. In 1986 we trained 340,000 
foreign students in our universities. A very large num- 
ber of these, about 130,000, go into engineering. 

That's most welcome. I think we should train foreign 
students. The problem is that at the very highest levels, 
at the Ph.D. levels in schools of engineering, 50% of the 
students are not United States citizens. Now that's not 
necessarily bad, because about 60% of the foreign-born 
students eventually remain in the United States. They 
become productive participants in the industrial and 
governmental apparatus of this country. 



We are not getting adequate response 
out of our own pool of talent in this 
country. 



This country has been built on immigrants- But a 
high percentage of foreign students in science and tech- 
nology is an indication of the fact that we are not get- 
ting adequate response out of our own pool of talent in 
this country. We are coming to depend more and more 
on the in-flow of talent from other countries. 
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Intellecti-al Capital 

The availability of intellectual capital is now world- 
wide. Just as the economy has become intcrjttational, 
wif.h the economy of one nation dependent on th« econ- 
omy of others, so the scientific and engineering enter- 
prise has also become internationalized. Since the end 
of World War II, we have seen the growth of center?) 
of excellence in many countries of the world with very 
substantial capabilities in science and technology. The 
issue needs to be framed in terms more familiar in indus- 
try where investment in capital equipment and physical 
plant is accepted. V/e now need to think in terms of 
investment in intellectual capital. 

Development of intellectual capital requires training, 
so training must therefore be looked upon us an invest- 
ment. We must begin to think of our investment? i*- 
education as being just that — investments in builoivig 
the intellectual capital of this country on which our in- 
dustry, our government, and our universities can diaw. 

Intellectual capital needs nurturing, it nee*Js protec- 
tion, and it needs renewal. Yet our ability to form in- 
tellectual capital is decreasing in many ways. The tech- 
nological workforce in America is graying. We are all 
familiar with the effects of decreasing birth rates, v/ith 
the changing demographics and evolving ethnic compo- 
sition of the work force. We need to be deeply concerned 
about how we are going to build this intellectual cap- 
ital in the face of a changing and diminishing pool of 
individuals on whom this intellectual capital is based. 



Intellectual capital needs nurturing^ it 
needs protection^ and it needs renewal. 
...As teachers of mathematics^ you are 
in the front lines of building this 
intellectual capital. 



As teachers of mathematics, you are in the front Jines 
of building this intellectual capital. The question is: 
How can we repair our failings, how can we buttress our 
strengths? As you know better than I, one of our failings 
is in teaching mathematics. Buttressing our strengths 
is one of the purposes of MSEB. 

Making Calculus Exciting 

Among the difficult parts of teaching mathematics 
is teaching calculus. As it is now taught, and as you 
appreciate better than I, it tends to be a barrier to stu- 
dents. Many of them drop out; many of them fail; many 



lose interest. What wc need to do is to find ways to en- 
courage and not discourage students, to keep them in 
the pipeline. I don't think it is necessary for us to re- 
duce standards to maintain students in the pipeline. I 
think instead there need to be new approaches to teach- 
ing. You have heard about some of these already, and 
you will hear about many more ideas in the days ahead. 



Calculus is really exciting stuff, yet we 
are not presenting it as an exciting 
subject. 



Calculus is really exciting stuff, yet we are not pre- 
senting it as an exciting subject. At MIT, when I was 
taking my graduate degree, I went through the calculus 
course for engineers. By that time I understood why 
I was taking calculus and what it would be used for. 
It is clear to all of you, but not entirely clear to all 
the people who need to make decisions, that engineer- 
ing and scientific applications just cannot exist without 
the calculus. Whether it is the design oi a bridge, an 
electronic circuit, aircraft, or calculations of chemical 
processes, the calculus is at the core. Without calculus 
we would revert back to the engineering empiricism of 
a ceiktury ago. Aad that we don't want. 

V:ather Forecasting 

My own experience is, I think, illustrative. I am a 
sometime weatherman. I used to be chief of the United 
States Weather Bureau. The field of weather forecasting 
is a good illustration of the fundamental iniportance of 
the calculus. It dominates work in this field. 

Back in 1904 the idea that one could forecast the 
weather on the basis of physical law was first broached 
by Vilhelm Bjerknes in Norway. But of course at that 
time there was no way to apply the laws of motion. It 
wasn't until 1922 that an Englishman named Lewis Fry 
Richardson set those partial diff erential equations up in 
finite difference form, and sought to calculate by hand 
the time changes that would occur given a knowledge of 
the initial state of the atmosphere at a grid of points. It 
was the first application in my field of finite difference 
methods. He did it by hand, if you can imagine that, 
and the results were just all wrong. 

In the 1940*8 and 1950*s, when I earned my spurs as a 
weather forecaster, the best we could do was to uce per- 
turbation theory in trying to understand the growth of 
disturbances in a fluid system. But that only gave you 
initial tendencies of the growth of these disturbances. 
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It wasn't until 1955 that the use of digital machines 
to calculate the weather was attempted. First applica- 
tions were run on ENIAC, one of the first digital com- 
puters developed by the Signal Corps. Under the over- 
all supervision of John von Neumann of the Institute 
for 'Advanced Study at Princeton, the first experiments 
were conducted. That was the beginning of the trans- 
formation of weather forecasting from an art to a sci- 
ence. 



The ability to apply ...equations 
transformed an entire science. The 
value to the ivorld of modern weather 
calculations is enormous. The central 
role of calculus ...to produce important 
practical results is evident. 



The ability to apply those partial differential equa- 
tions in finite difference form transformed an entire sci- 
ence. The value to the world of modern weather cal- 
culations is enormous. The central role of calculus in 
dealing with these problems to produce important prac- 
tical results is evident. 

Teaching for Flexibility 

The issues that this Conference must address are well 
laid out in your background documents. As I look at 
it, what we need to do now is to teach calculus in a 
way that provides a body of understanding which con- 
tributes to the flexibility and adaptability required of 
scientists and en^neers, of social scientists and man- 
agers. 



What we need to build into our 
students (and eventually into the 
people in our work force) is an ability 
to move from field to field. ...To do 
that you need ...an appreciation of the 
calculus. 



The reason why flexibility is important is that in 
an era of very rapid technological change, with newly 
emerging fields of all kinds, what we need to build into 
our students (and eventually into the people in our work 
force) is an ability to move from field to field. To do 



that you need the kind of understanding that comes 
from an appreciation of the calculus. 

We need to teach the calculus in a way that facilitates 
complex and sophisticated numerical computation in an 
age of computers. Somehow or other you have to make 
calculus exciting to students. The question as to the 
role of calculus in an age of computational mathematics 
is one that clearly this Colloquium needs to address. 

In the National Spotlight 

We confront a real challenge. It is clear that there 
is grov/ing appreciation of the role of mathematics. En- 
rollments in mathematics departments have increased. 
We do have some problems with teaching assistants — 
over half come from outside the United States. But we 
can't meet these challenges just by arm waving or by 
generalized statements about what needs to be done — 
that h'^gh schools should prepare students better, or 
that students should work harder. A Colloquium like 
this ha^^ a re.'tl opportunity to come up with suggestions 
for how to attack this problem. 



Calculus is a critical way-station for 
the technical manpower that this 
country needs. It must become a 
pump instead of a filter in the pipeline. 



The national spotlight is turning on mathematics as 
we appreciate its central role in the economic growth 
of this country. The linkage between mathematics and 
economic growth need3 to be made, and needs to be 
made stronger than it has been to date. Calculus is 
a critical way-station for the technical manpower that 
this country needs. It must become a pump instead of 
a filter in the pipeline. It is up to you to decide how to 
do that. 



Robert M. White in President of the National 
Academy of Engineering. He lias served under five U. S. 
Presidents in Jcader0hip positions concerning science and 
technology policy. He continues to be active in an advisory 
capacity to the United States Government, and has also rc- 
tmned an active role in academic affairs. He received his 
Sc.D. degree in meteorology from the Massachusetts Insti- 
tute of Technology, 
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Calculus Today 

Lynn Arthur Stem 
St. Olaf College 

It is clear from the size of this colloquium that the 
calculus enterprise we are embarking on is of immense 
interest. One of the things I would like to do today is to 
document with some figures that it is also of immense 
proportions. 



Calculus is our most important course 
The future of our subject depends 
on improving it. 



I begin with a quotation from Gail Young, from the 
background paper he prepared for this colloquium. It 
is a summary assessment by a long-time leader of the 
mathematics community, speaking to mathematicians: 

Calculus is our most important course .... The future 
of our subject depends on improving it. 

In support, I offer this evidence: 

• Three-quarters of collegiaie-level mathematics is cal- 
culus. (By "collegiate level" I refer to those parts 
of higher mathematics that arc calculus-lcvcl and 
above, since all other courses taught in colleges and 
universities are really school-level mathematics.) 



Calculus is the last mathematics course 
taken by our national leaders. 



• Calculus is the last mathematics course taken by our 
national leaders. This is a very important issue. If 
you think about the career patterns of our national 
leaders, and of what students study in universities, 
the best students who enter universities by and large 
do take calculus, either in high school or in college, 
whether or not they are going to be scientists or engi- 
neers. Future lawyers, doctors, clergy, public school 
leaders — all professional leaders seem to take a little 
bit of calculus. But for virtually everybody, it is the 
last mathematics course they take. The entire pub- 
lic image of leaders of the United States concerning 
the nature of mathematics, and of the mathematical 
enterprise, is set by the last course that they take, 
whkh is calculus. 



• Calculus is among the top five collegiate courses in 
annual enrollment. Calculus not only dominates the 
mathematics curriculum, but it dominates the entire 
university curriculum. Also in that top five is prc- 
calculus. When you put the two of them together, 
those two enrollments make up a substantial fraction 
of enrollment in higher education. 

• Most of what students learn in calculus is irrelevant 
to the workplace. This observation came out of many 
of the background papers: an awful lot of what stu- 
dents actually learn in the current calculus course is 
no longer relevant to the way mathematics is used in 
.<;ciencc or industry. 

Calculus Enrollments 

Here is a crude portrait of calculus enrollment, 
rounded to the nearest hundred thousand. At the high 
school level, there arc about 300,000 students enrolled 
in calculus courses of some kind. Only about 15-20% 
of these students arc in AP calculus, so there is a 
large number of students — well over 200,000 — who go 
through calculus in a oncc-ovcr in high school. 

There are 100,000 calculus enrollments in two-year 
colleges, and another 600,000 in the four-year colleges 
and universities. According to recent data from a 
special calculus survey conducted by Richard Ander- 
son and Donald Loftsgaardcn [2], about half of these 
600,000 arc in mainstream "engineering" calculus, with 
the remainder in non-mainstream ("soft") calculus or 
various summer and extension courses. 



Only one-fourth of calculus-level 
enrollments (or one-eighth of 
mathematics enrollments in higher 
education) are in courses at or above 
calculus. 



Looking at mathematics vertically, a little more than 
half of total college mathematics enrollments arc below 
the calculus level. Of the remaining half, 75% arc in cal- 
culus. So only one-fourth of calculus-level enrollments 
(or one-eighth of mathematics enrollments in higher ed- 
ucation) arc in courses at or above calculus. 



Characteristics of Calculus 

The 1985-86 CBMS survey [1] shows that the average 
section size in calculus is about 34. That's no surprise. 
What 15 surprising is that only about 7% of calculus 
courses use computers. The more recent survey [2] re- 
veals that 3% of the calculus courses require the use of 
computers. 

In a sample of final examinations that appears in the 
proceedings of this colloquium, we asked about whether 
calculators arc permitted on final examinations. It 
seems to split about 50-50, in a way that is not cor- 
related with the type of institution. So there is a real 
division in the community on that issue. 



Only about 7% of calculus courses use 
computers. 



Since these sample examinations also contain infor- 
mation on grade distribution, I looked at the data to 
determine the percentage of students who withdrew or 
failed — those who were enrolled at the two or three week 
mark, but who did not finish the course with a pass- 
ing grade. Looking at it institution by institution — 
with an unscientific but very diverse sample — it looks 
like a uniform distribution for withdrawal and failure of 
5% to 60%. For comparison, in the recent Anderson- 
Loftsgaarden study, of the 300,000 students who took 
mainstream calculus, only 140,000 finished the year 
with a grade of D or higher. 

Ron Douglas and others have conjectured that suc- 
cess in calculus is correlated with feedback on home- 
work. So we looked at what percentage of courses cor- 
rect homework regularly. The recent survey shows that 
55% rarely or never pick up homework and grade it. 

Exams 

When I looked at the questions on the sample of 
final examinations representing colleges of every type, 
from community colleges to ivy-league institutions, eas- 
ily 90% of the questions were asking students to 

Solve Evaluate 

Sketch Determine 

Find Calculate 

Graph What is? 

Most questions asked for straightforward calculations 
or posed template problems that are taught over and 
over again in the course and that are in the textbook in 
nice boxed examples. Anybody who is wide awake and 



pays attention ought to be able to figure out how to do 
these kinds of problems. 

About 10% of the questions posed higher-order chal- 
lenges; most of those were template word problems. 
Those of you who teach calculus know what that 
means— problems that fit a standard pattern. Some 
institutions and some courses have dramaticall/f differ- 
ent patterns, but the nisinstream examinations are like 
this: 90% calculation, 10% thought. 

You find very rarely — only one problem in 1 out of iG 
examinations — the kind of question that used to be very 

common 20 and 30 years ago: **State-and-prove " 

Problems dealing with the theory of calculus or with 
rigorous calculus have simply vanished from American 
calculus examinations. 



Problems dealing with the theory of 
calculus ...have sixnply vanished from 
American calculus examinations. 



Look at what students are asked to do for 90% of 
their examination problems; look at the verbs solve, 
sketch, find, evaluate, determine, calculate, graph, inte- 
grate, differentiate. What these commands correspond 
to, more or less, are the buttons on an HI' 28C. What 
we are actually examining students on, what we really 
expect them to learn, and what they know we really ex- 
pect despite whatever the general goals of calculus are 
claimed to be, is the ability to do precisely the kinds of 
things that calculators and computers are now doing. 

Pushing buttons, whether mechanical or mental, is 
one of the things we have to look at very carefully, to 
figure out how we are going to adapt calcuhm to better 
meet the needs of students. 



What we are actually examining 
students on, what wc really expect 
them to Jearn, ard what they know we 
really expect ...is the ability to do 
precisely the kinds of things that 
calculators and computers are now 
doing* 



Ron Douglas talked about riding the wave as another 
calculus metaphor from the sea. If you pay attention 
to the general concerns that are coming out of discus- 
sions of higher education, there is a great deal of con- 
cern about making sure that freshmen courses and other 
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courses that are taken as part of a student^s general ed- 
ucation make a significant contribution to the broad 
turns of undergraduate education — that they help stu- 
dents learn to think clearly, to communicate, to wrestle 
with complex problems etc. 

There is very, very little in the calculus course of 
today that does any of these things. Word problems 
arc a small step in that direction, but they are very 
rare and most of us who teach calculus know that if 
you put too many of those problems on your test, you 
are at great risk in the student evaluations. 

Innovation: Technology 

One other item that will appear in the proceedings 
of this colloquium is a paper by Barry Cipra based on 
interviews with many people who are now doing ex- 
perimental things with calculus. These are innovations 
already under way, out of the mainstream, at leust a lit- 
tle bit. The areas in which people are currently working 
fall into two broad categories: technology and teaching. 

• Disks. A lot of textbooks, as well as individual au- 
thors, offer supplementary PC or Macintosh disks to 
help illustrate what is going on in calculus. Because 
of the power of this equipment, these packages tend 
to be exclusively numerical and graphing, since they 
do not have enough power to handle symbolic ma- 
nipulation. 

• Symbolic Algebra. These systems perform the ma- 
nipulative routines of algebra <ind calculus in purely 
symbolic form-as wc teach them in class. Ptickages 
like MACSYMA, SMP, and Maple run on large sys- 
tems or workstations (e.g., VAX or Sun). Some of 
these are being compressed to fit in to the small desk- 
top machines. 

• Programming. In some places, instructors embed the 
teaching of programming into calculus, usually in Ba- 
sic, in many cases now in TVueBasic; rarely is it in 
Pascal. It still is pretty uncommon anywhere to ex- 
pect calculus students to also do programming. 

• Super Calculators. Current top-line calculators from 
HP, Sharp, and Casio are in the $80-200 price range, 
but we all know that soon they will be one-fourth 
that price. All can do graphs; some can do symbolic 
manipulation; most can do a great de*il of what stu- 
dents normally accomplish in their freshman. course. 

• Electronic Blackboards. Some experiments use tech- 
nology to make lecturing and presentation more dy- 
namic. With a good classroom setup with a com- 
puter and a screen, you can do more examples, more 
realistic examples, and more dynamic examples. Cal- 



culi* h the study of change; with an electronic black- 
boai . you can actually demonstrate that change in 
real time, so students can see wliat these concepts 
are all about. 

* Electronic Tutors. At the further out research level, 
there are people in artificial intelligence who are try- 
ing very hard to adapt techniques from symbolic al- 
gebra and the electronic blackboard and put it all 
together into , sophisticated program that would 
amount to an electronic tutor for calculus. 
Now a lot of people have been working on this for 
school mathematics — for algebra and geometry. I*m 
frankly skeptical that this work will ever come to much, 
since it seems to me that the subtleties that are involved 
in leeiKning calculus are probably a few generations be- 
yond the ability of the artificial intelligence o nmunity 
to catch up with it. But I know there are people in ar- 
tificial intelligence who believe that I am wrong, people 
who believe uiiat in five years they will have these tu- 
tors really working. Some of them are probcibly in the 
audience right now 

Innovation: Tec^ching 

If you move away from the technology aren^, there 
is not too much else going on. Technology is certciinly 
what has captured the most interest. Here are three 
important areas related to teaching whexe serious work 
is taking place. 

Teaching Assistants. Many universities arc trying to 
devise means of incorporating TA*s into the teaching of 
the calculus in a Wciy thcit makes the experience for the 
students more Scitisfcictory. As you cill know^ the budget 
structure of the major universities essentially requires 
heavy dependence on teaching cxssiatants in calculus in 
some form or other, so there is a lot of experimenting 
going on to figure out what forms are better than others. 



Even in a calculus course that is very 
well done ...students can go through 
...getting a grade ofB^ maybe even a 
grade of axid never write a complete 
sentence. 



Writing. Some people have taken up the task of inte- 
grating into calculus the objectives of teaching students 
to write and communicate by making writing an impor- 
t:int component of calculus. It certainly is the case now 
that even in a calculus course that is very well done — 
with good lecturing and small classes, where students 
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ask questions and the instructor answers them, where 
instructors or assistants help students, where students 
turn in homework and take regular examinations — it is 
probably the case that students can go through such 
a course getting a grade of B, maybe even a grade of 
A, and never write a complcf" "sentence in the entire 
semester, and probably never even talk at length about 
calculus with anyone. 

There are people who are trying to correct that. If 
you look in the Tulane Proceedings, Toward a Lean ani 
Lively Calculus, there are a set of objectives for calculus 
that emphasize expanding its goals beyond core math- 
ematics goals to include a lot more general education 
objectives. Some far-sighted instructors are working on 
broad issues like that. 

Constructivism, There 's a movement in educational 
psychology that is actually led by physicists, that points 
out (with good .supporting data) that students do not 
approach the study of subjects like mathematics and 
physics — or pi-obably anything else — with a blank slate 
on which we teachers can fill in details by writing them 
on the blackboard and expecting students to xerox them 
into their brain. 



Students do not approach the study of 
mathematics with a blank slate. 
. . . When we instruct them^ it is like 
pushing on a gyroscope. The student 
moves in a different direction than wis 
push. 



Students come with their own preconceptions about 
what mathematics should be, with their own repertoire 
of means of coping with mathematics as they encounter 
it. In many cases it may be ev£isive behavior, but it is 
part of a variety of prior experiences that students have. 

When we instruct them, it is like pushing on a gyro- 
scope. The student moves in a different direction than 
V7e push. So in order to teach students what we want 
them to learn, we have to understand the inte^'nction 
that goes on when students construct their own images 
of mathematics which are quite likely different than the 
ones we have in our minds or that we are trying to con- 
vey to them. 

Options for the Future 

Let me close with an outline of issues for Tom Tucker, 
who will be telling you his view of what calculus may 
be like in the future. 

When I talked with Tom about these presentations, I 
suggested that he could view this in a manner that fits 



his own expertise as Chairman of the AP Examining 
Committee which sets the most widely-used multiple 
choice examination for calculus. So I gave Tom a mul- 
tiple choice question which he will cinswer shortly. I 
would like to conclude by telling you what the question 
is, so you can think about how you would answer it. 

Where is calculus headed? Here are five choices for 
calculus tomorrow: 

A. It will disappear completely as client disciplines dis- 
cover that they can teach students to run computers 
better than the mathematics department can. 

B. It will become the first modern classic— -a scholarly 
refuge, like Latin, in which arcane insights of a past 
age are rehashed for those who wish to understand 
the history of our present culture. 

C. it will remain totally unchanged due to the inability 
of forces acting from different directions to move an 
object with such large mass. 

D. It will grow to double its present gargantuan mass, 
under pressure from tb? many client disciplines who 
want students who enter college knowing nothing to 
learn everything before they are sophomores. 

E. It will explode into a supernova, with every discipline 
teaching calculus its own way. 

We will shape the answer to this question — not today, 
but in the next few years — and in so doing respond to 
Gail Young's challenge. Reforming calculus i$ our most 
important task. 
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Calculus Tomorrow 

Thomas W, Tucker 
Colgate University 

Is there a "crisis" in calculus? If I were to ask that 
of students in one of my calculus classes, they would 
all say "yes," but their interpretation of "crisis" would 
be at a more personal level, especially with that hour 
exam coming up next week. 

Leonard Gillman, in the most recent issue of Focus 
[l], writes that the phrase "crisis in calculus" reminds 
him of a 1946 murder trial in Indiana. The case should 
have been open cind shut, but by continually referring to 
the murder as "an unfortunate accident" ("Where were 
you the afternoon of that unfortunate accident?"), the 
seasoned defense attorney managed to get his client off 
with only 2 1/2 years for manslaughter. 

Maybe Gillman is right. Maybe there is no crisis in 
calculus. Maybe it's just ...an unfortunate accident. 
My students like that phrase too. They use it a lot 
themselves: "Professor Tucker, about that unfortunate 
accident of mine on problem 3." 

No, there is a crisis today in mathematics, and in 
science. The crisis lies in the infrastructure of science, 
which is fed by the undergraduate mathematics curricu- 
lum. Like it or not, calculus is the entry for the entire 
undergraduate program in mathematics ns well as the 
foundation for the sciences. 



We have in our calculus classes a 
captive audience. ...If we cannot 
produce from this audience the 
mathematicians and scientists the 
country needs, we must ask "Why 
not?" 



We spend enormous amounts of time and effort 
teaching calculus to mtisses of students. We have in 
our calculus classes a captive audience, at kcist for the 
time being. If we cannot produce from this aud:ence 
the mathematicians and scientists the country needs, 
we must ask "Why not?" Are we doing the right things 
in this course? Can we change what we teach and how 
we teach it? What will calculus be like tomorrow? 

Business as Usaa' 

I propose three pictures of the future for calculus. 
The first is the obvious one: business zis usual. Text- 



books will continue to get bigger; using the logistic 
equation with data 640 grams in 1934 (Granville, Smith 
and Longley), 1587 grams in 1960 (Thomas, Third Edi- 
tion), and 2617 grams in 1986 (Grossman, Third Edi- 
tion), I get a limiting mass of 3421 grams. The content, 
however, will be unchanged. 

Nearly half of all calculus students will be enrolled 
in classes of size 80 or more. Many smaller clcisses 
and recitation sections will be taught Ly graduate stu- 
dents whose native language is not English. Calculators 
and computers wiH be banned from most examinations. 
Pencil-and-paper algebraic manipulation will be the or- 
der of the day. Students will fail or withdraw in large 
numbers. And no one will complain because, after all, 
calculus is calculus. It's too familiar, too respected, too 
comfortable, and too big to change. 

Calculus in High School 

The second picture is that the mainstream college 
calculus course, like a river in the Great Basin, will 
gradually disappear into a number of sinkholes. It will 
seep away into the secondary school curriculum. Al- 
ready 60,000 students a year are taking the Advanced 
Placement calculus exams and that number has been 
growing steadily at 10% a year ever since 1960. (In 
fact, it jumped 20% Icist year.) 

It would not be surprising to see 200,000 AP Calculus 
exams in year 2000. And that is only the tip of the 
iceberg. From surveys, it appears that fewer than half 
of the students enrolled in an AP course actually take 
the exam, and even more students are taking non-AP 
calculus. Within a decade, there could be more students 
taking calculus in secondary school than presently take 
it in college. 



High school calculus can be very, very 
good, . . . The hundreds of AP teachers 
I have met ...embarrass me with their 
dedication, enthusiasm, and expertise* 



Before we wring our hands over this state of affairs, 
let me say that high school calculus can be very, very 
good. It should be. They have 150 meetings to cover 



ERIC 



Tucker: Calculus Tomorrow 



15 



what we m college do in 50. Teaching calculus in sec- 
ondary school is viewed as a pleasure and a reward; in 
college, it is a burden. The hundreds of AP teachers I 
have met through my involvement in the AP program 
embarrass me with their dedication, enthusiasm, and 
expertise. And of course they teach to the select few in 
secondary school, while we teach to the masses in col- 
lege. It is no wonder that in my fall Calculus II class, the 
incoming freshman always outperform the sophomores 
who took our own Calculus I the previous semester. 

But can secondary schools also teach calculus to the 
masses? In Russia, all 16 and 17-year olds are supposed 
to learn calculus. In Europe, general education takes 
place in secondary school, not in the universities. Many, 
students, perhaps a majority, who are enrolled in our 
mainstream calculus courses are there to get a good 
general education: a calculus course on the transcript 
is the sign of an educated person. 



If the calculus of the future takes place 
in secondary school^ what will college 
mathematics departments have to 
teach? 



There is but one question: if the calculus of the fu- 
ture takes place in secondary school, what will college 
mathematics departments have to teach? Already I am 
seeing more and more students arrive on campus with 
AP Calculus credit and never set foot in a mathematics 
classroom again. This could be an omen. 

Calculus Across the Curriculum 

Mainstream calculus may also disappear into the 
client disciplines. Mathematicians are not the only peo- 
ple smart enough to teach calculus, and it,shouldn't be 
surprising if other users wish to tailor a calculus course 
to their own needs. Some of the most innovative text- 
books to appear in recent years have been for alternative 
tracks — for business, for life sciences, even for computer 
science. When we were making syllabi reconamenda- 
tions at the Tulane Calculus Conference in 1986, we 
found that many of our suggestions had already been 
adopted in a nonstandard text published independently 
by the Institute for Electrical and Electronic Engineer- 
ing (IEEE). 

The mathematics community could learn something 
from alternative courses. If it doesn't, mainstream cal- 
culus may find its flow of students diverted more and 
more. Already more than one in three college calcu- 
lus students is enrolled in an alternative course, and, as 
with secondary school calculus, this number v/ill grow. 



The truth of the matter is that our clients have been 
remarkably tolerant of mainstream calculus. At my in- 
stitution, we don't even teach exponential growth in 
first semester calculus, and yet the economics depart- 
ment, which urges students to take at least one semester 
of calculus, doesn't seem to notice. Out of sight, out of 
mind, perhaps; but we shouldn't count on laissez-faire 
forever. 



The truth of the matter is that our 
clients have been remarkably tolerant 
of mainstream calculus. 



Finally, mainstream calculus may disappear into 
computers and calculators. Long division, root ex- 
traction, use of log and trig tables are all fading from 
the precollege curriculum (not as fast, however, as one 
would expect: even though every student has a $10 sci- 
entific calculator close at hand, most textbooks still in- 
clude tables of values of sines, cosines, natural logs, and 
exponentials). 

Many traditional calculus topics such as curve sketch- 
ing, relative maxima and minima, even formal difFeren- 
tiat.'on and integration may become just as obsolete in 
the face of symbolic manipulation and curve plotting on 
computers and calculators. How long will mathemat- 
ics faculty be able to maintain discipline in the ranks 
of students "digging and filling intellectual ditches," as 
Lynn Steen so aptly put it in a recent article [2] in the 
Chronicle of Higher Educaiionl 

What happens when our calculus clients find we are 
still teaching the moral equivalent of long division while 
they simply want their students to know how to push 
buttons intelligently? Of course we would find it bar- 
baric if students could only recognize 1/(1 + x^)dx 
as .785398, but what do we do when their calculators 
actually answer "7r/4"? That will happen, you know, 
and as usual, before we're ready for it. 



What happens when our calculus 
clients jRnd we are still teaching the 
moral equivalent of long division while 
they simply want their students to 
know how to push buttons 
intelligently? 



In the future, we may only need a few people who 
know the inner workings of the valculus, a cadre of the 
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same size cis the numerical analysts who keep our cal- 
culators going today, and I guarantee you that number 
is a lot less than 600,000 students a year. 

Cleaning House 

In contrcist to this second picture of calculus tomor- 
row, which we might call the twilight of mainstream 
calculus, let us consider a third picture, a vista of a 
more conceptual, intuitive, numericcd, pictorial calcu- 
lus. The first step in that direction is honesty, with 
our students and with ourselves. If we teach techniques 
of integration because it builds character, let's admit 
it to ourselves and to our students. If we like 7r/4 <is 
an answer rather than .785398 because it is beautiful 
rather than useful, let's tell our students that. If com- 
plex numbers are both too useful and too beautiful to 
ignore, then let's include them. 

Do we need I'Hopital's rule to know that grows 
faster than x^^? Do we ever need to mention the 
cotangent and cosecant? Do we really want to know 
the volume of that solid of revolution? Are all func- 
tions encountered in real life given by closed algebraic 
formulas? Are any? 



Are all functions encountered in real 
life given by closed algebraic formulas? 
Are any? 



We should be asking ihese questions. In fact, we 
should have asked these questions long ago. And when 
we have figured out really why we teach what we do, 
let's tell it to our students. 

After we clean house, what will the new calculus be 
like? I hope that it uses calculators and computers, 
not for demonstrations but as tools, tools that raise 
cis many questions as they answer. The first time one 
plots the graph of a random polynomial on a computer, 
one learns that polynomials lead very dull lives most of 
the time, just going strrdght up or straight down, and 
that singularities are just that, singular. That is an 
important lesson, and one which is lost on most calculus 
students. 

I remember when a colleague arranged a clcissroom 
computer demonstration to show the limit of quotients 
Ay/ Ax is the derivative dy/dx and was shocked and 
embarrassed to find after a few iterations that the quo- 
tients diverged. (I warned him about roundoff error but 
he didn't believe me.) Finding good numerical answers 
can be just as difficult, just as instructive, and just as 
rewarding as slick algebraic manipulation. 



Computers and calculators can also be used cis a tool 
to infuse new mathematics into a staid course. We com- 
plain that the lay view of mathematics is that there is 
nothing to study — it w<is all finished off a long time ago. 
That shouldn't be surprising if the calculus we teach to- 
day we could have taught one hundred years ago, maybe 
even two hundred. 



What have mathematicians been doing 
for the last century? Our calculus 
classes say the answer is ^^Nothing.^^ 



For example, leafing through those boxed-in biogra- 
phies of mathematicians in a well-known text, I could 
not find a single mathematician active after Riemann's 
death in 1866. What have mathematicians been doing 
for the last century? Our calculus classes say the answer 
is "Nothing." 

Computers could change that. We could play with 
contemporary mathematics: the dynamics of functional 
iteration, fractals, stability, three-dimensional graphics, 
optimization, maybe even minimal surfaces. I know, I 
know: just because it's new, doesn't mean it's good. 
But a little "live" mathematics in a lean and lively cal- 
culus wouldn't hurt, even if it's only a commercial. 

I hope the use of computers and calculators will also 
teach students to think about the reasonableness of 
their answers. As it is, they work so hard to get solu- 
tions that they never even give their solutions a second 
thought. I remember a problem we graded on an AP 
exam, which asked for the largest possible volume for a 
water tank meeting certain restrictions. We kept track 
of the largest and smallest answers. The largest was 
somewhat bigger than the universe, and the smallest 
was much less than an atom (not counting, of course, 
all the negative answers). 



We may even end up in the future not 
only with "machines who think" but 
also with ^^students who thinJc." 



Students who just push buttons and write down the 
answer will find out quickly that that is not enough. We 
may even end up in the future not only with "machines 
who think" but also with "students who think." 

The Day After Tomorrow 

Suppose this third picture of calculus tomorrow 
comes true. It's a nice picture, an exciting picture, 
but there io still the day after tomorrow. Reforms have 
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ways of becoming undone. In the late 1960's the NSP- 
supported Committee on the Undergraduate Program 
in Mathematics (CUPM) recommended that multivari- 
able calculus be taught in the full generality of n di- 
mensions with a whole semester of linear algebra as a 
prerequisite. By the early 1970's, textbooks for such a 
course had been published and many, if not the major- 
ity, of colleges and universities taught their multivari- 
able calculus that way. 

But something happened in the next decade with- 
out any urgings or direction from on high. A recent 
survey for the AP program revealed that 90% of the re- 
spondents now teach multivariable calculus in two- and 
three-dimensions only, out of a standard thick calculus 
textbook, with no linear algebra prerequisite. Mathe- 
maticians tried to twist the calculus sequence and came 
back later to find it, just like those metals with memory, 
back in the same old shape again. 

There are strong forces that molded today's calculus, 
and those forces will still exist tomorrow. Students will 
always follow the principle of least action. Textbook 
publishers will still be guided by the laws of the mar- 
ketplace. Faculty will still have limited time to devote 
to calculus teaching in a system which rewards more 
glamorous professional activity. The reform movement 
must take these forces into account. 



Students will always follow the 
principle of least action. Textbook 
publishers will still be guided by the 
laws of the marketplace. 



Unfortunately, some forces are societal and beyond 
our control. The conference held here last January on 
international comparisons of mathematics achievement 
was particularly depressing in this regard. As much 
as one might like to blame American shortcomings on 
spiral curricula which circle instead, or on middle school 
mathematics which is mostly remedial, it seems clear 
that the real problems are much more deeply rooted in 
our society. 

Japanese students think that mathematics is hard, 
but that anyone can learn it by working enough. Amer- 
ican students think mathematics is a knack only few are 
born with, and if you don't have it, extra work won't 
help. Japanese parents are intensely involved with their 
children's education and are generally critical of the aca- 
demic program in their local schools. American parents 



think their children are doing fine, even when they are 
not, and are generally happy with the academic pro- 
gram in their local schools, even when they should not 
be. 

If American children spend their after-school hours 
working for spending money at fast-food franchises, it 
cannot be surprising thai their mathematics achieve- 
ment might suffer. On my campus, every student wants 
now to become an investment banker — at least they did 
until last week; the old favorite, pre-med, is dwindling 
because it's too much science, too much "academics," 
too much hard work. 

The most visible rewards in our society go to enter- 
tainers, athletes, and corporate raiders, but I have yet 
to hear of our nation being at risk because of a short- 
age of, say, TV personalities. If our calculus students do 
not learn, if their attention wanders, or if they do not 
even show up in the first place, we should not burden 
ourselves with all the blame. 

I am not arguing that we should not try to make 
tomorrow's calculus different. I am sure we can do bet- 
ter and doing better could have a dramatic effect on 
the infrastructure of mathematics and science. We can- 
not do it alone, however. Like any other educational 
enterprise tod?»y, calculus reform needs broad support, 
from government, from private industry, from colleges 
and schools, from professional societies, from the media, 
from teachers, from students, from parents. Changing 
calculus may be more of a battle than we would ever 
imagine, but it is a battle worth fighting. 
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CouRANT Institute of Mathematical Sciences 



Welcome. We are here to hecir a panel representing 
the client disciplines. They cire the users of the stu- 
dents we mathematicians turn out. I am here to rep- 
resent applied mathematics in the channel connecting 
mathematics to other disciplines. 

As a professor at the Courant Institute, every once 
in a while I have taught the calculus. But I have to 
admit, not very often. I am a user, and as a user I feel 
that I belong with the client disciplines. 

Someone mentioned this morning that Leonard Gill- 
man wrote in Focus that things were all right with cal- 
culus. Why fix what isn't broke? 

I would like to read to you a little bit of what Peter 
Lax wrote to Gillman in answer to that. Peter is sorry 
that he isn't here to give the message himself. 

Dear Lenny: 

At one time the historiaii-essayist-iuoraHst Carlyle 
was irritated by a friend who didn't believe in the 
existence of the devih So Carlyle took him to the 
gallery of the House of Commons, and after listening 
to the goings-on, turned to his friend and remarked, 
"D'ye believe in the devil noo?" 

When I encounter a skeptical colleague, I feel like 
showing him today's most widely used calculus text 
and ask him "D'ye believe in the crisis in the calculus 
noo?" 

I think this story has another moral too, which is that 
we should do a lot of listening as well as talking about 
the calculus. Many of you have a first love — perhaps 
topology, or algebra, or some other very abstract field. 
You do not use the calculus today, not as I do. So 



I am a client and I represent the link that binds core 
mathematics to the client disciplines.. 

Someone once said that I am a card-carrying applied 
mathematician. If someone else wants to dispute that, 
and some people will, then I'll see them afterwards. 

As a card carrying member, I form a link to physics 
and to engineering. I am interested in the links to biol- 
ogy, although I have to confess that it was only rather 
late in life as a mother of an economics student that I 
lecirned of the importance of calculus to economics. I 
also come from an institution which in its research spe- 
cializes in this linkage. So I am here today to help pose 
questions for my panelists who come from the client 
disciplines. 



Everyone who can learn calculus should 
learn calculus. 



I have -a profound interest in what gets taught in the 
calculus. I think I understand the needs of industry and 
the other sciences in continuing the scientific education 
of students beyond the calculus. I would like to suggest 
a slogan for the future: Everyone who can learn calculus 
should learn calculus. 



Cathleen S. Morawetz is Director of the Couraut 

Institute of Mathematical Sciences, New York University. 
She is a member of the Board on Mathematical Sciences of 
the National Academy of Sciences. 



Calculus for Engineering Practice 

W. Dale Compton 

National Academy of Engineering 

In considering the Calculus for a New Century, with 
its obvious emphasis on the next century, it is impor- 
tant that we be sensitive to th^ context in which the 
student will be studying this important subject. The 



future environment will be determined, in a significant 
way, by the competitive position of the U.S. in the world 
marketplace. We must consider, therefore, the role that 
calculus can have in helping this nation achieve an im- 
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proved competitiveness. 

While many measures could be given of our current 
competitiveness, it is sufficient to remind ourselves of 
the impact of the larg** trade deficit and of the changes 
in employment levels tnat have resulted from the move- 
ment of manufacturing off-shore. With roughly seventy 
percent of our current manufacturing output facing di- 
rect foreifu competition, we can expect the competi- 
tive pressures on the memufacturing sector to continue. 
Even the service sector is not immune to these pres- 
sures. One example of this is the increasing fraction of 
engineering services being contracted to off-shore com- 
panies. 



Calculus should encourage students to 
proceed to an engineering career — not 
by being easy, but by being exciting. 



Many factors determine our competitiveness and 
many actions will be required to improve it. Most peo- 
ple agree, however, that one of the principal tools for 
recovering our competitive position will be a more effec- 
tive use of technology. This requires that the practice 
of engineering be more effective. To affect the practice 
of engineering one must focus on industry, the employer 
of about 75% of all engineers. Therefore, in considering 
the future capability of industry to effectively use tech- 
nology, an important issue becomes the availability and 
qualifications of future engineers. 

If an adequate supply of qualified engineers is critical 
for industrial competitiveness, it is important to exam- 
ine the trends in engineering enrollment. First, student 
demographics predict a sharp drop in the college- age 
population. Second, a decreasing percentage of new col- 
lege students are indicating an interest in science and 
eng»aeering. Finally, a larger proportion of entering col- 
lege students will be minorities and females, a group 
that have not been strongly attracted to engineering as 
a profession. An important conclusion is that we must 
find a way to reduce the fraction of students who with- 
draw from the study of engineering, even though they 
may have expressed an early interest in the field and 
are qualified to study it. 



We must find a way to reduce the 
fraction of students who withdraw 
from the study of engineering. 



It is here that calculus becomes so important. Math- 
ematical skills are a prerequisite to the successful prac- 
tice of engineering, and calculus is the first major step 



in acquiring the skills needed for an engineering career. 
Calculus should encourage students to proceed to an 
engineering career — not by being easy, but by being ex- 
citing. It must not be an artificial barrier that is used 
to discourage students from proceeding. It should en- 
courage students to explore the possibilities further. It 
should help convey to the student the sense of excite- 
ment that the practitioner of engineering experiences. 

Engineering, in the words of the Accreditation Board 
for Engineering and Technology (ABET), is "the profes- 
sion in which knowledge of the mathematical and natu- 
ral sciences gained by study, experience, and practice is 
applied with judgment to develop ways to utilize, eco- 
nomically, the materials and forces of nature for the 
benefit of mankind." 

The operative words in this statement are knowledge 
and judgment. Whereas mathematics has most often 
been considered as a requirement for knowledge, it is 
time for us to begin to consider its role in judgment 
The calculus course can be a place to start creating 
this sense of judgment and a sense of the excitement of 
the field through the examples that are used. 



Whereas mathematics has most often 
been considered as a requirement for 
knowledge, it is time for us to begin to 
consider its role in judgment. 



Consider the following possibilities. Engineering 
deals with systems. Many systems are large and thus 
complex. Most systems are non-linear. Hence, approx- 
imate solutions are required to many system problems. 
It follows that the practitioner must have a good sense 
of the reasonableness of a solution. 

It is my guess that students would react positively 
to a calculus that includes examples that require the 
exercise of good judgment. What better time to intro- 
duce the student to a sense of engineering than through 
examples of this type. What better way to introduce 
some excitement into calculus. 



W. Dale Compton is currently a Senior Fellow at the 
National Academy of Engineering. Previously, he served a 
total of 16 years with Ford Motor Company, nrst as Director 
of the Chemical and Physical Sciences Laboratory and from 
1973-1986 as Vice President of Research. From 1961-1970 
Dr. Compton was a Professor of Physics at the University 
of Illinois at Urbana, serving as Director of the Coordinated 
Sciences Laboratory from 1965-1970. He received a Ph.D. 
degree in physics from the University of Illinois. 
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Calculus in the Biological Sciences 

Henry S. Horn 
Princeton University 



After describing my own deplorable formal mathe- 
matics background, I would like to make an idiosyn- 
cratic list of the techniques that my own research and 
teaching now require. Then I shall condense that list 
into a recommendation for the kind of calculus course 
that I wish I had had as an undergraduate. 

My perspective comes from doing empirical research 
in ecology, studying the behavior of birds, butterflies, 
and trees, with a strong conceptual bias, and with in- 
terests in population genetics, evolution, development, 
and biomechanics. 

My formal courses started with developing geometric 
intuition and the notion of rigorous proofs in high school 
geometry, and it ended in college with baby-calculus 
through an introduction to linear differential equations. 
My fanciest mathematics, namely complex phase plane 
analysis, v/as learned in an engineering course called 
"Electrical Engineering for Engineers who Aren't Elec- 
trical." 

The help that I currently give my children on mid- 
dle school and high school homework should also count 
as formal coursework in higher math. This is partly 
because of their appalling textbooks and the last ves- 
tiges of the New Math, but it is also partly because 
of the depth and breadth of substance in the current 
seconcJ^ry school mathematics curriculum. My research 
and that of close colleagues has required far more math- 
ematics than I have learned formally. 



Meeting even the elementary 
mathematical needs of my area of 
biology requires more than the usual 
attention to the disciplines neighboring 
calculus: geometry^ difference 
equations^ nonlinear qualitative 
analysis^ linear algebra^ and statistics. 



In my own research I use infinite series to calculate 
the photosynthesis of layers of leaves in a forest. I look 
up standard derivatives and integrals in the Handbook of 
Chemistry and Physics to model butterfly movements 
as a diffusion process. I use phase-plane analysis of 
systems of differential equations to discover population 



consequences of clispcrsal behavior, and, in the privacy 
of my own bedroom, 1 calculate the dispersion of eigen- 
values of a transition matrix to explore the speed and 
repeatability of ficld-to-forest succession. Multivariate 
calculus and linear algebra are useful in statistics. 



Reality^ breadth^ and substance are 
crucial if examples are to hold the 
motivation for their own solutions. 



Colleagues studying populations, genetics, and neu- 
ral networks cite crucial differences between differential 
and difference equations, with respect to stability and 
chaotic behavior. They also use combinatorics in the 
construction and analysis of genetic sequences, evolu- 
tionary trees, and the like. Propagation of noise spectra 
through differential and difference equations is widely 
practiced in biology. 

A topic that is far more different than is usually rec- 
ognized is the study of heterogeneous nonlinear systems 
in which it is necessary to carry the full complexity 
through the analysis and plot the distribution of the re- 
sult. An appropriate choice among these techniques is 
needed to study effects of varying environments on pop- 
ulation dynamics, of variation among individuals on pa- 
rameters of population or behavior, of sensory filtering 
in physiology, and of error in estimation of parameters 
in general. 

Meeting even the elementary mathematical needs of 
my area of biology requires more than the usual atten- 
tion to the disciplines neighboring calculus: geometry, 
difference equations, nonlinear qualitative analysis, lin- 
ear algebra, and statistics. In addition it requires a per- 
spective more like applied mathematics or engineering 
than pure mathematics. 

An ideal calculus course from my perspective would 
have the following properties: 

1. Start with its historical origin as solutions to prob- 
lems in physical dynamics, but move on at least to 
the qualitative behavior of solutions of difference and 
nonlinear differential equationb, propagation of vari- 
ance, and propagation of qualitative heterogeneity 
through complex systems. Here I echo the entliusi- 
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asm of many symposium speakers for discrete math- 
ematics. 

Even qualitative contrasts with the traditional cal- 
culus are of use to me, to say nothing of approxi- 
mate solutions. These are traditionally considered to 
be advanced topics, but they are the necessary rudi- 
ments to treat the real world beyond idealized New- 
tonian physics. (Incidentally, I have recently enjoyed 
just the kind of playing with advanced concepts that 
Thomas Hicker extolled this morning, using semi- 
tutorial graphical microcomputer programs that arc 
being developed by folks in my field.) 

2. Develop and emphasize proofs, not from first prin- 
ciples, but from agreed-on intuitive principles. Un- 
fortunately this depends on common sense, which as 
Voltzurc observed is not so common. 

3. Use plug-in problems and template word problems to 



drill on substantive questions from a variety of aca- 
demic disciplines. A partial list of disciplines whose 
examples would have direct relevance to my own is: 
ecology, molecular biology, physics, structural engi- 
neering, fluid dynamics, fractal geometry, economics, 
and politics. Reality, breadth, and substance are cru- 
cial if examples are to hold the motivation for their 
own solutions. 



Henry S. Horn, Professor of Biology at Princeton 
University, specializes in ecology and the behavior of birds, 
butterflies, and trees. The adaptive significance in biology of 
geometrical components is of particular interest to him. He 
is a member of several professional organizations including 
the Ecological Society of America and the Animal Behavior 
Society. Dr. Horn received a Ph.D. degree in ecology from 
the University of Washington. 



Calculus for Management: A Case Study 

Herbert Moskowitz 
Purdue University 



My views on calculus for management will be based 
on my experience and observations of our undergradu- 
ate and graduate professional programs in management 
at the Krannert School of Management at Purdue Uni- 
versity, As background, I will overview relevant cxspects 
of the curricula in each of these programs and relate 
these to the need for calculus. Then I will state several 
issues regarding the nature of the calculus courses taken 
by our students. FVom this, inferences and conclusions 
will be drawn regarding whether and hov; the instruc- 
tion in calculus should change to meet the immediate 
and future needs of students in schools of management, 
or perhaps, whether it is really needed at all! 

Undergraduate Management Programs 

There are three undergraduate programs in man- 
agement at the Krannert School: Industrial Manage- 
ment (IM), Management (M), and Accounting (A). The 
mathematics requirement in each of these programs are 
high and demanding compared to other comparable uni- 
versities, far exceeding AACSB guidelines. 

Pre-Management students are required to take 2-3 
semesters of calculus; the 3 semesters applying specif- 
ically to our IM students, who must minor in a phys- 



ical or engineering science discipline. In addition, all 
pre-Managemcnt students must take a mathematical 
statistics course. Once in the management program, 
students additionally take a managerial statistics course 
(calculus-based) as well as a management science course 
whose primary emphasis is on optimization. 

The Calculus Requirement, As the Krannert School's 
undergraduate programs are currently structured, cal- 
culus is essential: 

1. It is a pre-requisite for satisfying courses constituting 
the minor in the IM program. It is also a prerequisite 
or co-requisite for such required courses as Introduc- 
tion to Probability, Quantitative Methods (statistics 
and optimization). Micro and Macro Economics, and 
such functional area courses as Operations Manage- 
ment and Marketing Management. 

2. It serves as a "mild" filter, in the sense that grades 
in the course, along with other courses, are used to 
determine whether a student can transit successfully 
from the Pre-Managemcnt Division into the Manage- 
ment Division. 

3. It is a virtual necessary condition for acceptance 
(viz, Ticense^^) into a quality graduate professional 
or Ph.D. program in Management. 
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The Calculus Sequence. There is an option for one of 
the following two sequences, which is contingent upon 
a student's prior mathematical preparation and ability, 
determined through testing and review of a student's 
records: 

1. The standard 3-course sequence oriented towards the 
physical sciences consisting of differential, integral, 
and multivariate calculus, respectively; 

2. A nonstandard sequence for the less prepared stu- 
dent composed of a fundamental course in algebra 
and trigonometry, a less rigorous differential calculus 
course, and a less rigorous integral calculus course. 
More than 80% of all management students begin 

with the algebra and trigonometry course. Seventy- 
five percent then take the nonstandard calculus se- 
quence (all pre-IM's, however, must take the calculus 
sequence). 

Fifty percent of our students obtain a grade of A or 
B as compared to 40% in the university in the stan- 
dard calculus sequence. Moreover, almost 60% of our 
students obtain an A or B in the nonstandard calculus 
sequence as compared to about 40% in the university. 
This high success rate is attributed in part to an ini- 
tial evaluation of the student's background and ability, 
remedial training, and placement in the appropriate cal- 
culus sequence (standard vs. nonstandard) for our stu- 
dents. 

Nature of Calculus Courses. All calculus courses are 
taught by the mathematics department. The courses 
are highly structured and automated, in part to cope 
with delivering mass-produced training efficiently. The 
instructional approach is algorithmically oriented, i.e., 
"how to differentiate and integrate." Little or no em- 
phasis is focused on conceptualization, modeling, or rel- 
evant and meaningful mrnagement applicationp. Class 
sizes are very large (large lecture halls) for calculus 
courses in */he standard sequence and approximately 40 
for courses in the nonstandard sequence. Typically, in- 
structors are either not the best mathematics faculty 
or are foreign Ph.D. students majoring in mathematics. 
Neither, presumably, are familiar with calculus applica- 
tions in management. 

Observations and Implications. Relatively speaking, 
although students are exposed rather extensively to the 
calculus and must use it in their economics, engineering 
and management courses, they have considerable diffi- 
culty, particularly in problem and model conceptualiza- 
tion and formulation. Moreover, even the well-drilled 
procedures of differentiating and integrating are forgot- 
ten much too quickly and must be reviewed. Hence, the 
educational impact should and must be improved. 
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Graduate Professional Programs 

There are two predominant mjwters in management 
programs at the Krannert S chool: the Master of Science 
in Industrial Administration (MSIA), and the Master of 
Science in Management (MS) programs. The MSIA is 
an 11-month general management progreun designed for 
students with technical degrees. The MS is a two (or 1- 
1/2) year general management program, also requiring 
a specialization in a functional area of management. 

Historically, virtually 100% of the students in the 
MSIA progra»»i had technical backgrounds, while about 
80% of such students entered the MS program. To- 
day, the composition of the students in both programs 
has changed considerably, the trend being towards moie 
students with degrees in business, economics, and the 
liberal arts. Concommitantly, so have their mathemat- 
ical backgrounds changed. 

The average GMAT of entering students is in the 
90th percentile. Both programs place strong emphasis 
on the use of quantitative (and computing) skills for 
problem solving and decision making, hence students 
are screened carefully for the quantitative aptitudes in 
the admissions process (background in calculus appears 
to be independent of the GMAT quantitative score). 



Calculus is rarely used in any course 
...due to the personal computer^ which 
has been delegated the task of 
performing computation and analysis. 



Due, in part, to deirographics, only alpout 70% of 
currently enrolled student. .:ave at least one semester 
of college calculus on entermg the program. In the not 
too distant past, all students were well trained in cal- 
culus, and this was reflected in the Masters program 
coursework. 

For example, our statistics course used to be a 
calculus-based course in mathematical statistics. How- 
ever, today, calculus is rarely used in any course in our 
Masters in Management Programs, including our statis- 
tics course. This is, in part, due to the lack of mathe- 
matical background of students in our program, which 
is more quantitatively rigorous than most MBA pro- 
grams in the nation. But it is due even more so to the 
personal computer, which has been delegated the task 
of performing computation and analysis. 

Now, with computers, increasing effort can and is fo- 
cused on solving large-scale, real- world problems with 
emphasis on a problem*s "front end" (problem defini- 
tion, formulation, modeling) and "rear end" (perform- 
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ing "what iP and "what's best" analyses, and inter- 
preting the results from a managerial viewpoint). To 
illustrate the trend, the simplex method of linear pro- 
gramming is no longer taught in our management sci- 
ence course, but is solved by an appropriate software 
package integrated to a spreadsheet. Calculus in the 
MBA program, for all intents and purposes, has essen- 
tially vanished — much to the delight of students. 



Calculus in the MBA program^ for all 
intents and purposes^ has essentially 
vanished — much to the delight of 
students. 



Is Calczlus Needed? The concepts of calculus are 
clearly relevant to management in obviously pervasive 
and important ways. Hence, they should be taught to 
management students; probably to all college students. 
However, the nature and focus of what is being taught 
in a calculus course must be improved. This can be ac- 
complished in a variety of ways including the following: 

1. Incentive systems must be established to reward in- 
novative and solid calculus instruction. 

2. Calculus classes perhaps ought to be partitioned 
broadly into the physical, engineering, and social sci- 
ences to at least allow the possibility for focusing 
more on applications that are relevant to students in 
these respective disciplines. 

3. Increased coordination and collaboration are neces- 
sary between mathematics departments and, for ex- 
ample, schools of management, to maximize topical 
relevance and develop meaningful management ap- 
plications of concepts. 



Calculus and Computer Science 

Anthony Ralston 

State University of Nev/ York at Buffalo 

I stand second to no one in a belief that the teaching 
of calculus needs to be changed considerably if Ameri- 
can university students arc going to be well-served by 
departments of mathematics. But the title of this con- 
ference epitomizes one of the things that is wrong with 
calculus teaching today. It implies that the place of cal- 
culus in the mathematics firmament is still just what it 



4. Following the innovations in management and engi- 
neering .schools in particular, the computer can as- 
sume a significant instructional role, via development 
and implementation'' of appropriate interactive .soft- 
ware and graphics. This will allow instructors to fo- 
cus more heavily on calculus concepts, modeling, and 
interpretation, relegating computational work to the 
computer. 

5. Under conditions of mass-produced training, in par- 
ticular, intelligent tutoring systems could be devel- 
oped to "teach" novices to become experts in a given 
topical domain. Dissertations could and should be 
encouraged to develop such software systems, per- 
haps in joint collaboration with faculty in computer 
science, engineering, and management. Computer 
laboratories for experimentation in interactive in- 
struction should also be established to try out novel 
and imaginative instructional technologies. Such ef- 
forts would simultaneously make both research as 
well as teaching contributions. 

What are the alternatives? Perhaps business as usual 
with its well-known, predictable result; perhaps, schools 
of management teaching calculus to their own students; 
perhaps, no calculus at all! 



Herbert MosKOWITZ is the James Brooke Henderson 
Professor of Management and is a past diiector of Gradu- 
ate Professional Programs in Management at the Krannert 
Graduate School of Management at Purdue University. His 
area of specialization is management science and quantita- 
tive methods with interests in judgment, decision-making, 
and quality control. He received a Ph.D. in management 
from the University of California at Los Angeles. 



has been for the last century or so, namely the root 
of the tree from which all advanced mathematics — at 
least all advanced applied mathematics — must be ap- 
proached. 

You don*t have to agree with mc that calculus and 
discrete mathematics should be coequal in the first two 
years of college mathematics to recognize that some- 
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thing is happening out there which implies a need for 
the teaching of calculus to adapt to changes in the way 
mathematics is applied and in the clientele for college 
mathematics. This need includes, at least, a require- 
ment that new subject matter be considered for the 
first two years of college mathematics and that there be 
some integration of the discrete and continuous points 
of view in those first two years. 



How ironic that there has been a 
steady^ perhaps accelerating trend in 
recent years for college calculus to be 
dominated by the teaching of just 
those symbol manipulations which 
humans do poorly and computers do 
welL 



Let me make a few remarks about the impact of com- 
puter and calculator technology on calculus and how it 
should be taught. Hand-held calculators can now per- 
forin all but a very few of the manipulations >f K-14 
mathematics. Within a very few years the "all" will 
not have to be qualified and, moreover, the devices will 
cost no more than about the price of a book. How 
ironic, therefore, that there has been a steady, perhaps 
accelerating trend in recent years for college calculus to 
be dominated by the teaching of just those symbol ma- 
nipulations which humans do poorly and computers do 
well and whose mastery, I believe, does not aid the abil- 
ity to apply calculus or to proceed to advanced subject 
matter. 



Too many mathematicians act like 
mechanical engineers when teaching 
calculus — they focus on crank-turning. 



Too many mathematicians act like mechanical en- 
gineers when teaching calculus — they focus on crank- 
turning. This must be changed. Calculus must become 
a mathematics course again, one which focuses on math- 
ematical understanding and on intellectual mastery of 
the subject matter and not on producing symbol ma- 
nipulators. The technology available must be integrated 
(pun intended) with the teaching of calculus in order to 
get rote mastery of out-dated skills out of the syllabus 
and to get mathematics back in. 



Except perhaps for engineering students, computer 
science students are now the largest single potential 
client population for departments of mathematics. Nev- 
ertheless, often today departments of mathematics 
have, in effect, encouraged computer science depart- 
ments to teach their own mathematics because they 
have not been willing to teach discrete mathematics 
themselves. While I would argue that all undergrad- 
uates should be introduced to the calculus since it is 
one of the great artifacts created by humankind, there 
is little disciplinary reason for computer science under- 
graduates to study calculus. 



There is little disciplinary reason for 
computer science undergraduates to 
study calculus. 



With the almost sole exception of the course in anal- 
y.sis of algorithms, there is no standard course in the 
computer science undergraduate curriculum which leans 
more than trivially on calculus. (Yes, I know about 
numerical analysis — I was, after all, once a numerical 
analyst — but fewer and fewer computer science under- 
graduates take numerical analysis any longer, and al- 
most none are required to take it.) Even in undergrad- 
uate courses in the analysis of algorithms, the use of 
calculus-based material is often non-existent and. even 
when it is not, only very elementary aspects of calculus 
are used. For students headed toward graduate work in 
computer science, one cannot be quite so unequivocal 
but, even at the graduate level, few computer science 
students have anywhere near as much use for continuous 
analysis as they do for discrete analysis. 



Anthony Ralston is Professor of Computer Science 
and Mathematics at the State University of New York at 
Buffalo. Dr. Ralston currently chairs the Mathematical 
Sciences Education Board Task Force on the K-12 mathe- 
matics curriculum and is a past president of the Associa- 
tion for Computing Machinery. In recent years he has been 
interested in the interface between mathematics and com- 
puter science education, particularly in the first two years 
of the college mathematics curriculum. He received a Ph.D. 
degree in mathematics from the Massachusetts Institute of 
Technology. 
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Calculus for the Physical Sciences 

James R. Stevenson 
Ionic Atlanta, Inc. 



My original entry into this discussion came several 
years ago when I was asked by Ronald Douglas to repre- 
sent the physical sciences at a workshop in New Orleans 
(also supported by the Sloan Foundation). At that time 
I was Professor of Physics and Executive Assistant to 
the President at Georgia Institute of Technology. Today 
I am emeritus in both those positions, and chief execu- 
tive officer of a small start-up high technology company. 
Whether I have gained or lost credibility in the interim 
is an open question. In the few minutes today, I will 
emphasize a few of the points addressed at New Or- 
leans. 

Physical science is empirical. The description and 
the formulation of "Laws of Nature" depend on obscr- 
vatic ns rather than on logical development from axioms. 
Mathematics has always provided a convenient frame- 
work for the description of physical phenomena. Can it 
do the same thing in the future? In the past the nhys- 
ical science community has interacted sti with 
mathematicians and mathematical descriptfi^ii New- 
tonian mechanics have made a smooth transition from 
non-relativistic to relativistic and from non-quantum to 
quantum descriptions. The next challenge is one of the 
reasons for today's discussion. 

Observations over the years have demonstrated that 
the important features of nature are imbedded in the 
description of non-linear phenomena. Both physical sci- 
entists and mathematicians have been very clever at ar- 
riving at excellent approximate descriptions. Recently 
many scientists and mathematicians have questioned 
this approach, believing instead that many secrets of 
nature may be hidden because of our insistence to force 
physical observations to be described by available math- 
ematics. 

Many secrets of nature may be hidden 
because of our insistence to force 
physical observations to be described 
by available mathematics. 

The computational approach has uncovered the 
worlds of "chaos" and "fractal geometry." Will we dis- 
cover sufficient cause to reformulate our "Laws of Na- 
ture" in a new descriptive format? Is the invasion of 



mathematics by the empiricists of the computer going 
to result in a completely new approach to mathematics 
at the undergraduate level? Quo vadis calculus? 

The development of intuitive thinking is a most valu- 
able asset to the physical scientist. Calculus instruction 
can play an important role. A quotation from Maxwell 
provides insight; 

For the sake of persons of these difFcrcni types, scien- 
tific truth should be presented in difFcreut forms, and 
should be regarded as equally scientific, whether it ap- 
pears in the robust form and the vivid coloring of a 
physical illustration, or in the tenuity and paleness of 
^ symbolic expression. 

The physical scientist would argue that a similar 
statement can be made for presenting introductory cal- 
culuo. The meaning of slope and curvature and their re- 
lation to the first and second derivative are important. 
The location of maxima, minima, and inflection points 
are also important, and the physical scientist must have 
sufficient drill to be able to look at a graph and tell im- 
mediately the sign of the first and second derivatives as 
well as to estimate their magnitudes without resorting 
to calculators or computers. 



The content of introductox*y calculus is 
probably not as important to the 
physical scientist as the insight to this 
form of maihemntical reasoning. 



lu 1 similar vein the area under a curve must have an 
intuitive relation to integration. Infinite series are used 
to api^jroximate analytical fui.'Vions. Some knowledge 
of convergence as well as truncation errors are needed 
on an intuitive basis prior to releasing the power of the 
computer to grind away and produce nonsense. Intu- 
ition and "back-of-the-envelope" calculations are still 
important in guiding the physical scientist to under- 
stand the significance of observations. Mathematical 
intuition and physical intuition are frequently interre- 
lated. 

The content of introductory calculus is probably not 
as important to the physical scientist as the insight to 
this form of mathematical re<isoning. Many times a 
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student in physical science uses techniques of niathe- 
inatical analysis the student has never encountered in a 
inathematics course. 



Principles of mathematics taught in 
the context of a speciRc application 
have the danger of not being 
recognized for the breadth of their 
applicability* 



The important parameter with regard to content is 
effective communication between the mathematics fac- 
ulty and the faculty teaching courses for which calculus 
is prerequisite. Most faculty in the physical sciences 
have sufficient background in mathematics so that they 
can direct students 16 appropriate sources or use thf:ir 
lectures to provide background coverage. The student 
can become a victim if communication between faculty 
of different disciplines is missing. 

Principles of mathematics taught in the context of a 
specific application have the danger of not being recog- 
nized for the breadth of their applicability. Thus the 



mathematics faculty does have an obligation to look 
at content and the order in which it is presented to 
minimize the amount delegated to other laculty. In de- 
ciding content, order of presentation, and pedagogical 
approach, an effective dialogue is most important. 

In looking at Calculus for a New Century, the math- 
ematics faculty nas an obligation to look at the edu- 
cational content of its courses. The educational con- 
tent must contain t» balance between the teaching of 
new skills and the development of mathematical and 
intuitive reasoning. In addition, scientists and mathe- 
maticians must continue to examine the question of the 
applicability of mathematics to the description of the 
"Laws of Nature." 



James R. Stevenson, Chief Executive OfHcer at 
Ionic Atia!;ta, Inc., also setves as consultant to the presi- 
dent at Georgia Institute of Technology. He is a member 
of several professional organizations, including the Ameri- 
can Physical Society, the American Association of Physics 
Teachers, and the American Society for Engineering Educa- 
tion. He received a Ph.D. degree in physics from the Uni- 
versity of Missouri. 
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A Chancellor's Challenge 

Daniel E. Ferritor 

University of Arkansas, Fayetteville 



Since it is nearly always more fun to reform someone 
else^s discipline than your own, I have looked forward 
with anticipation to this colloquium on calculus instead 
of one bent on reforming sociology. 

The reforms contemplated here, however, are differ- 
ent from most. They start, it seems to me, from es- 
tablished strength, not from disarray. Calculus courses 
already command a respect (even among students who 
hope never to have to take one) which all college courses 
should command, but which few others do. 



Calculus courses already command a 
respect . . . which all college courses 
should command^ but which few others 
do* 



Along with respect, to be sure, calculus courses evoke 
fear, awe, resignation, delight, and even resentment. 
Some students find what they learn in our calculus 
classes an indispensable tool; others view it as a m an- 
ingless hurdle. To some it is the pinnacle of mathe- 
matical achievement; to others it is only a foundation 
course for years of further study. I sympathize with 
your challenge to make the experience better for stu- 
dents regardless of their different views and needs. 

While improving the quality of mathematics edu- 
cation for all Americans is becoming an agenda for 
action throughout the country, we in Arkansas ma> 
be slightly behind the curve in recognizing its impor- 
tance. Before a recent raising of educational standards 
in Arkansas, there was no requirement in mathematics 
for high school graduation. In fact, until recently, our 
own university, the strongest in the state, had no math- 
ematics requirement in many of its degree programs. 
Only last year did the arts and sciences faculty include 
significant college-level mathematics requirements in its 
B.A. degree programs. 

Students bring to the University of Arkansas an ex- 
treme range of mathematics skills and experiences, in- 
cluding, in some cases, the apparent lack of either. It 
has been our mission for 116 years as a land-grant sch?ol 
to attempt to meet the needs of students whose diverse 
skills and needs are ensured by an admissions policy 
which opens our doors to most would-be students with 



a high pchool diploma and minimal GPA or national 
test scores. 

Because mathematics education in many of our pub- 
lic schools has been limitec^, even able students often 
come to us unprepared for college mathematics. At the 
same time, we are the only institution in Arkansas with 
established programs of research and doctoral study, 
many of our undergraduate piograms are unique in the 
state, and many of our students come well equipped 
for challenges and expect us to provide an educational 
experience which ranks with the best available. 

To meet the needs of both groups of students is no 
easy task. Our 2,500 entering students each year have 
math subscores on the ACT test ranging from 1 to 36, 
although the average composite score is well above the 
national average at nearly 21 (comparable to an SAT 
of 870-900). This range of skills makes initial place- 
ment quite difficult but enormously important, and we 
have six levels at which students may begin the study of 
mathematics. These range from a one-semester reme- 
dial course in algebra to beginning calculus. Placement 
beyond the first course in calculus is possible, but highly 
unusual. About 20 percent of our entering students are 
placed in the remedial course, and about 20 percent 
are placed in the first semester of calculus, with others 
entering at intermediate levels. 



Because mathematics education in 
many of our public schools has been 
iimited^ even able students often coine 
to us unprepared for college 
mathematics. 



Our calculus courses have many of the same problems 
as those at other schools across the country. However, 
the percentage of students who fail or withdraw is not 
quite as high as the 50 percent often reported nationally. 
We feel thaf. otir placement scheme has helped increase 
the success rate for students in calculus as well as in 
other mathematics courses. 

Better placement, though, is not enough. Nowhere 
are the differing views of calculus more obvious than 
in the classrooms, where the perceptions of instructor 
and student can be worlds apart. For most students, 
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calculus is the highest level of mathematical knowledge 
to which they cispire, while to many instructors, it is 
the lowest legitimate level of mathematical inquiry. 



For most students, calculus is the 
highest level of mathematical 
knowledge to which they aspire, while 
to many instructors, it is the lowest 
legitrmate level of mathematical 
inquiry. 



The difficulty is further complicated by the fact that 
some students need calculus as a working tool in sub- 
sequent mathematics courses, while others conclude 
their study of mathematics with calculus. Both should 
gain from calculus a larger vision of the mathematical 
landscape. One teaching approach and one syllabus, 
though, may not be right for both kinds of students, 
and therein lies a major dilemma which must be re- 
solved as we develop a calculus for a new century. 

Colleges and universities must do a better job of rais- 
ing the success rate of entering students by staffing be- 
ginning mathematics courses with instructors who are 
especially well qualified for the demands of such courses. 
This would not be an ecisy task even with a shared phi- 
losophy and a well-defined policy, and few institutions, 
I suspect, have either. 



Colleges and universities must do a 
better job of raising the success rate of 
entering students by stafRng beginning 
mathematics courses with instructors 
who are especially well qualified for the 
demands of such courses. 



Within our own institution we do not even agree on 
which instructors — those with a broad vision of the field 
or those committed to providing tools for specific uses — 
are likely to be the best teachers. Nor have we begun 
to consider radical approaches such cis more stringent 
controls, supervision, and uniformity in clciss organiza- 
tion and conduct in such courses. The current debate 
should lead to better definition of the teaching problem 
and, eventually, to the improvement we all desire. 

Exacerbating the problem at an institution such as 
ours is the interaction of our graduate and undergrad- 
uate programs, which is generally healthy but which 
makes instructor choice and placement a practical as 



well as philosophically challenging matter. In lower- 
division mathematics, we depend heavily on graduate 
cissistants as cissigned teachers and as teaching assis- 
tants. 

As is the Ccise nationally, our graduate students in- 
clude international students for whom English is a sec- 
ond language. Students who experience difficulty with a 
course like calculus — and many do — look widely for an 
explanation of their difficulty. If the instructor speaks 
English with an accent, he or she is a likely target. 
While the accent may well be a factor in the student^s 
failure, even if it is not, too often students, parents, and 
legislators believe it is the primary cause. 



"Why can't we have American math 
and science teachers?" is a tough 
question, but it is one of the questions 
most frequently asked of me by 
Arkansas legislators. 



"Why can't we have American math and science 
teachers?" is a tough question to handle, but it is 
one of the questions most frequently cisked of me by 
Arkanscis legislators. We must avoid overreacting to 
such criticism and remind critics of the American tradi- 
tion, from our earliest beginnings, to welcome and rely 
on imported talent. However, by the same token, we 
cannot rely solely on internatior*al students and faculty. 
The decline in mathematics and science majors among 
native-born students hcis reached alarming proportions 
and should stimulate us to devise ways to attract more 
of our own students into such careers. 

Finally, in addition to accurate placement and fo- 
cused and enlightened instruction in calculus courses, 
I see a need on the institutional level for an increased 
awareness among our students and faculty of the impor- 
tance of mathematics. I hope that efforts like this one 
at the national level will help us there. The umbrella 
project "Mathematical Sciences in the Year 2000" is, 
I understand, designed to broaden this discussion be- 
yond calculus to the other courses, to the flow of math- 
ematical talent, and to the issues of resources. Since 
the University of Arkanscis programs span a broad area 
from remedial algebra through graduate work and re- 
search programs in mathematics and statistics, we will 
be looking forward to that broader discussion and as- 
sessment. 

I am sure I speak for many university chancellors and 
presidents, cis well as for my own university, when I ex- 
press support for the goals of the projects here at the 
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National Academy. While I can't evaluate the substan- 
tive changes in calculus which are suggested, I certainly 
recognize the need for a revitalization of the teaching 
and of the learning of college mathematics. 

Returning a sense of discovery and excitement to 
classrooms where calculus is taught will be a vital step 
toward university preparation of the kinds and num- 
bers of mathematics graduates needed by U.S. science, 
industry, and society. It should also ensure for count- 
less students the pleasure of accomplishment and in- 
sight which mastery of calculus is meant to bring to the 
liberally-educated individual. Even if Edna St. Vin- 
cent Millay was right that "Euclid alone has looked on 



Beauty bare," every student of mathematics should be 
able to catch more than a glimpse of a similar vision. 



Daniel E. FeRRITOR is Chancellor of the University of 
Arkansas, Faycttcvillc, where he has also served as Provost, 
Vice Chancellor for Academic Affairs, cmd Chairman of the 
Department of Sociology. The author or co-author of over 
40 publications in the field of sociology. Dr. Ferritor has 
worked for several years in national educational programs 
funded by grants from the federal government. He received 
a Ph.D. degree in sociology from Washington University in 
St. Louis. 



National Needs 

Homer A. Neal 
University of Michigan 



I am honored to have been asked to appear on this 
panel today to discuss the prospects for major revisions 
in the undergraduate calculus curriculum. 

In 1985, I chaired a National Science Board Task 
Committee to study the state of undergraduate science, 
engineering, and mathematics education. Our commit- 
tee completed its work in the spring of 1986, after draw- 
ing upon published reports and information from inter- 
views with faculty members, university presidents, vice 
presidents and other university officers, representatives 
of foundations ar'^ industry, as well as representatives 
of various profef ;al societies. Included in this group 
was the Presiac*nt of the Mathematical Association of 
America, a former President of the American Math- 
ematical Society, and an executive officer of the Sloan 
Foundation — individuals who have played a particularly 
significant role in advancing the cause of the conference 
here today. 

We found in the work of our committee that there 
were numerous reasons to be concerned. There was 
widespread evidence of serious problems in the curricu- 
lum and laboratory instrumentation used in the instruc- 
tion of both majors and general students. Moreover, 
related motivational problems existed for students and 
faculty. Students found many of their key courses to be 
dull and uninspired. Faculty were often frustrated by 
the lack of student interest, and the faculty themselves 
often found it difficult to keep abreast of the rapid de- 
velopment's in their fields in the absence of special pro- 



visions for them to have the time and resources to d 
so. 

Our recommendations for action were extensive, and 
many have already been implemented, either directly by 
the National Science Foundation, or indirectly through 
new initiatives at the university, regional, or state level. 
Examples include the immediate launching of the Re- 
search Experience for Undergraduates program at the 
NSF, legislative hearings on the health of undergrad- 
uate science, engineering, and mathematics by states 
such as New York, and the President's request for in- 
creased support for the College Instrumentation Pro- 
gram and other related initiatives. 



No other discipline is so fundamental 
to ensuring a talented pool of future 
scientists and engineers^ and a 
technologically literate generation. 



Regarding the focus of today's symposium, our task 
committee was frequently reminded of the critical role 
played by mathematics in the training of students in 
all disciplines. In particular, mathematics is often the 
determining filter for all science and engh.eering disci- 
plines, not to mention for the advanced mathematics 
programs themselves. No other discipline is so funda- 
mental to ensuring a talented pool of future scientists 
and engineers, and a technologically literate generation. 
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Within mathematics, there is strong evidence that 
one of the most, urgent challenges is to reform the cal- 
culus curriculum. Experts here today have made the 
case for why this is so, and the impact that such re- 
forms could have on a wide span of disciplines. I only 
wish to add my encouragement for this initiative and 
to congratulate those who have had the insight and the 
persistence to proceed with the formulation of strategies 
for addressing head-on such a mcissive problem. 



It would be very easy to view present 
calculus instruction as being an 
invariant of nature. The way it was 
taught to us could be thought to be 
the way it must be taught fo 5ver. 



There arc, to be sure, numerous obstacles that lie 
ahead. Faculties in mathematics departments must em- 
brace the concept that significant changes are called for 
in the calculus curriculum for the reforms to be success- 
ful. Colleagues in cognate departments must cooperate 
in providing feedback on the success of the reforms, cis 
viewed from the perspectives of their disciplines. Deans 
and provosts must get on board, to provide both moral 
encouragement and some significant fraction of the ac- 
tual financial support required to implement and mon- 



itor the revised programs. Funding agencies must com- 
mit to providing the required external support over a 
sufficiently long period to insure that the revisions can 
be implemented, studied and refined. I am particularly 
plecised to see the Sloan Foundation and NSF take a 
lead in achieving this goal. 

It would be very ecisy to view present calculus in- 
struction as being an invariant of nature. The way it 
Wcis taught to us could be thought to be the way it must 
be taught forever, regardless of the fact thaf'the tech- 
nological context has changed by leaps and bounds. It 
takes unusual insights and courage to challenge such a 
tradition. What you are doing is extraordinarily impor- 
tant and I wish you every success. 



Homer A. Neal is Chair of the Department of Physics 
at the University of Michigan. Dr. Neal was Provost at the 
State University of New York at Stony Brook before as- 
suming his current position as Chairman of the Department 
of Physics at the University of Michigan. The recipient of 
Guggenheim and Sloan fellowships and a former member of 
the National Science Board, Dr. Neal headed the National 
Science Board Task Committee on Undergraduate Science, 
Mathematics, and Engineering Education. His research is in 
the area of experimental high energy physics. He received a 
Ph.D. degree in physics from the University of Michigan. 



Now Is Your Chance 

Michael C, Reed 
Duke University 

I would like to talk about three things. First, let 
me say what I think about current calculus courses and 
texts. 

I think they are awful — but they*re awful for a lot of 
understandable reasons. They are awful because they 
are too technical; they try to teach too much material; 
they teach very little conceptual understanding; and 
they have a tremendous lack of word problems. As we 
all know, it is the word problems that students hate the 
most, and yet it is the ability to do word problems that 
makes mathematics applicable for a physics major, a 
chemistry inajor, or an engineering major. 

If you look at the section on differentiation of poly- 
nomials in the text you are using, you will undoubtedly 



discover at the end of that section an extremely long 
list of problems. I guess that none of the problems is 
a word problem and that not a single one of the exam- 
ples at the beginning of the section — examples which 
are supposed to motivate why we want to know how to 
differentiate polynomials — is a word problem with any 
kind of interesting application attached to it. 



It is the ability to do word problems 
that makes mathematics applicable. 



To try to press this point home, I have to tell you 
a story. I was standing around the coinmon room Icist 
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year and there I saw a calculus exam which, as it turned 
out, had been prepared by one of our graduate students 
who, unfortunately, was standing near nfie. The first 
problem on the exam was to differentiate x"**"* and I 
said, ^^Thai\s what is wrong with calculus." I weis then 
very embarrassed because the poor student was there 
and a large discussion ensued. My colleagues challenged 
me to explain what was wrong with making students 
differentiate x""*. 



Why should I spend all my time 
worrying about how to differentiate 
stupid looking functions like that? No 
function like that has every occurred in 
the history of physics. 



Here is my answer. We live in the same building 
as the Physics Department. I guess that not a single 
member of the Physics Department could differentiate 
that particular function and say what the answer is. 
Furthermore they wouldn't be embarrcissed by it. They 
would say, "Are you crazy? Why should I spend all my 
time worrying about how to differentiate stupid looking 
functions like that? No function like that has every 
occurred in the history of physics, so why should I be 
concerned that I can't differentiate it?" 

Well, it sounds like a joke, but it's not a joke. It 
means that the teaching of calculus hcis developed into 
a series of technical hurdles for students to go past, 
one after the other, bearing very little relation to what 
they're suppose to get out of the course. 

Now we come to the reasons why this heis happened. 
First of all, students arrive at the university with very 
little motivation to think about mathematics. That's 
because their training in K-12 is mostly plug-and-chug 
and we give them what they expect because we get trou- 
ble when we don't give them what they expect. It's 
much ecisier to teach plug-and-chug than it is to teach 
a conceptual course. 



It ^s much easier to teach plug-and-chug 
than it is to teach a conceptual course. 



Secondly, a great deal of calculus teaching in this 
country is done by non-tenure-track faculty, by grad- 
uate students, and by part-time instructors who have 
been hired to fill large gaps on the teaching staff. At 
a large university, it is the best you can hope for that 
all instructors teach more or less the same thing so that 



when students go on to the next course they will have 
the same background. In a situation where you have a 
very large number of instructors who perhaps are nei- 
ther very well trained nor motivated to teach well by 
continuing attachment to the institution for which they 
teach, the best that you can ask for is an adequate, 
standard job. Finally, the lack of original textbooks 
that try to strike out in new directions is really a great 
hindrance. 

Two years ago my colleagues told me that I should 
cither shut up about this or go teach calculus myself. 
So, I taught it myself — since I didn't want to shut up 
about it, and still have not. I taught out of one of the 
standard texts; I tried cis much as possible lo put word 
problems and applications in the course. I found it very 
difficult. 

Without excellent standard textual material, innova- 
tions will surely die out. That means that at the end of 
the projects that many of-you are considering, books or 
other materials that every student can buy for twenty, 
thirty, or forty dollars at the bookstore has to come 
out. If you are thinking about a project, you have to 
figu. out how at the end of the experiment you are 
going to produce something that can be used at other 
institutions. 



Without excellent standard textual 
material, innovations will surely die 
out. 



These are some of the reasons why I think the 
projects that many of you aie considering will en- 
counter real obstacles to success. Even if the curriculum 
changes, much of the teaching is going to be done by 
non-tenure track people. Many of the students are go- 
ing to arrive not wanting to take your new interesting 
course. Finally, there's the question of v/hen these won- 
derful text books are really going to arrive so that you 
can use them. When are the publishers going to agree 
to cooperate with you — as individuals or as groups — to 
produce such textbooks. 

There's a third aspect of this issue which I would 
like to address, not to my fellow administrators here on 
the panel, but to my colleagues, the mathematicians. 
That's what I like to call the G.H. Hardy syndrome. 

I trace a lot of the evils in calculus instruction to G.H. 
Hardy. There is a commc i attitude very well expressed 
by his posture in the picture on the front of that book {A 
Maihemaiician's Apology)y that mathemi Jcs has little 
to do with the rest of the world, and, in fact, should 
properly be contemptuous of the world. 
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This attitude has served us rather badly, I think, in 
the last thirty or forty years. It has bred an attitude 
among mathematicians not to talk to their colleagues; 
Jt has made narrow mathematicians who have very few 
interests outside of '.*eir own discipline; and this has 
produced mathematicians who are not very capable of 
enlarging their courses with appropriate and interesting 
applications. 

So that is a problem within the mathematics commu- 
nity, not a problem for administrators. However, there 
is another issue which is related to administrators, and 
that's this: Mathematicians as a group are terrible en- 
trepreneurs. We are really bad. Mathematicians are 
embarrassed to stand up for their subject, to say that 
it*s important, and to fight for it in their home institu- 
tions. 

Mathematicians are embarrassed to 
stand up for their subject. 

Many mathematicians do not realize that their col- 
leagues in physics, chemistry, and biology could not ex- 
ist unless they were excellent entrepreneurs, because 
their laboratories depend on their skill in administra- 
tion, as well as on their scientific skills. Those guys 
from those other departments are harassing their deans 
and their provosts all the time for money on behalf of 
their research, on behalf of their teaching programs, and 
for everything else. 

Mathematics departments are often afraid to do that. 
They think they \;ill not be well thought of; they're too 



timid to do it; they feel it's like RR.; it's self-serving. 
In many cases, they secretly believe that mathematics 
isn't so important anyway. 

Here is my message: This is your opportunity. Here 
you are at a national colloquium that says there's sup- 
posed to be a new agenda for calculus. Go to your 
chancellor, go to your president, go to your dean and 
say, "All these years you have been complaining like hell 
about the calculus instruction in our institution. How 
many calls have I received from you saying that you got 
a call from so-and-so's mother who said, *Why does my 
boy have to be taught by a graduate student?' " 

"Now's your chance to invest some money to make 
it better. 1 want so-and-so much released time for these 
two faculty members in the mathematics department so 
they can work on restructuring calculus for three years. 
I want so-and-so many funds to support a secretary who 
will be typing the new manuscripts that the students 
are going to read; and so forth." Administrators hear 
those kinds of requests from all other departments all 
the time. They hardly ever hear them from mathemat- 
ics departments because mathematicians are too timid 
to ask. Now is your chance. 



Michael C. Reed, co-author of Methods of Modem 
Mathematical Physics , is Cheurman of the Mathematics De- 
partment at Duke University. His research is in the area of 
nonlinear harmonic analysis aud in the application of math- 
ematics to biology. He received a Ph.D. degree in mathe- 
matics from Stanford University. 



Involvement in Calculus Learning 

Linda Bradley Salamon 
Washington University 



It is, I hope, appropriate for an English professor 
who's addressing a group of mathematicians to begin 
with an allusion to that eccentric figun^ who bridged 
both fields, Charles Dodgson (a.k.a. Lewis Carroll), to 
the effect that deans of arts and sciences like to believe 

three impossible things before breakfast We want 

to believe 

• that our colleges can present a steadily improving, 
timely curriculum which will provide both students 
and faculty with continuous challenge, and 



• that political "peace in the valley" can prevail among 
the various disciplines with which we work, with their 
very various intellectual styles and varying current 
successes^ and 

• that both those goals can be accomplished within our 
budgetary means, or with clearly foreseeable new re- 
sources. 

The probability that the teaching of calculus can find a 
point of intersection in that three-way matrix is small 
enough to make Alice blink in Wonderland. 
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The good news from the dean's office is that one re- 
peated assertion in the preparatory materials for this 
conference is false: on my campus, calculus is not the 
course aDout which most student complaints are reg- 
istered; that dubious distinction belongs to chemistry. 
Nor do my colleagues in the sciences use performance 
in calculus, even implicitly, cis i "weed-out" device, 
nor does our Medical School use it cis a shorthand 
admissions indicator. Again, chemistry — particularly 
organic chemistry — admirably and accurately fulfills 
^hose roles. 

Paranoia ill becomes you, though you have real ene- 
mies. The principal source of complaints about calcu- 
lus, one where my Lone Ranger's peace-keeping skills 
most frequently intervene, is the "Engine School." I 
must admit, as an'outside observer of the mathematical 
community but as an experienced student of pedagogy, 
that engineering educators have a point. 



The objective of instruction in calculus 
...is to bring each student to the most 
thorough and functional understanding 
of this sophisticated subject that she 
or he can achieve ...like it or not. 



Because I cannot begin to consider whether calcu- 
lus needs to cover partial fractions in order to prepare 
for a later encounter with Laplace transformations and 
other such arcanay I want to make four points from the 
perspective of a teaching colleague and educational ad- 
ministrator. They relate to classroom management and 
class size, to the use of the computer, to the role of 
mathematics in general education, and, of course, to 
money. 

All my remarks assume that the objective of instruc- 
tion in calculus — I'll qualify that by saying "at a re- 
search university," but I really mean anywhere— is to 
bring each student to the most thorough and functional 
understanding of this sophisticated subject that she or 
he can achieve ...like it or not. (Remember, please, 
that I hail from the only other discipline in our col- 
leger where 80% or more of the beginning students are 
unwilling draftees; I know the consequences.) 

The first implication to be drawn from a goal of 
bringing each student lo his or her best achievement 
is obvious. We must take them as we find them both in 
ability and in preparation, from effectively near-zero to 
Advanced Placement. 

Because mathematics is so linear and progressive a 
discipline, students' differing readiness at entrance dic- 
tates that at all but the most select institutions, there 



be several different calculus courses. I think they should 
vary noihy the student's immediate use for calculus (as 
a biology or business major, say, rather than a proto- 
physicist or engineer), but by the pace at which they 
move, the degree to which they pause over relevant pre- 
calculus topics before introducing new material, and 
conversely, the depth and sophistication of concepts 
they have time to include. The same textbook, after 
all — if one's not enslaved to its teaching manual — can 
be creatively utilized in quite different ways. 

On a large campus, three or four different calculus 
courses — including an honors effort — might be under- 
way. One of those can certainly be lean and lively; I 
doubt that all can. Selection should be thorough and 
informed, and prerequisites should be vigorously en- 
forced, to the point of requiring, preparatory "college 
algebra" or other euphemistic courses, if necessary. 

What simply will not do is the model of a common 
syllabus for 1000 students, so that interchangeable Pro- 
fessor X can, on 15 minutes' notice, give a lecture on 
a particular topic to an anonymous mass, then whip 
back to his office and his Fourier transforms untouched 
by human minds. Count on your dean's complaining 
about that. 

The second implication of seeking each student's 
achievement is what the NIE has taught us all to 
call "involvement in learning." In mathematics, this 
term that describes attempts at personal, internalized 
mastery surely means homework — homework that's re- 
quired, evaluated, and included in the final grade. 



In mathematics ...mastery surely 
means homework — homework that^s 
required, evaluated, and included in 
the final grade. 



Here's where my compulsive friends the engineers 
have a point, and you know it's true. Even in a mini- 
mal calculus course that's only teaching calculations — 
given the limited concentration and persistence of to- 
day's students — checked homework is needed; if you 
choose to concentrate on concepts and what the kids 
call "word problems," it's essential. 

Now, does this imperative dictate the end of large 
lectures in favor of 30-student classes? Maybe, but I 
doubt it. "Help" sessions and drop-in math labs staffed 
by grad students go a long way toward giving studcPits 
control over their own learning, as do 20 minutes for 
questions before or after each lecture. 

All across our undergraduate curricula, moreover, 
the one thing that computers can reliably do better 
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than we can is rote drilling in mechanics and routines. 
If the machine can do it for German adjective endings, 
with repetitions and branching that match the student*s 
pace, surely they can do it for power series or what- 
have-you. (And that's leaving aside the intrinsic rea- 
sons for introducing students to computers and their 
algorithms.) As a dean, Vd rather pay for new termi- 
nals or PCs or networked micros than for new assistant 
professors — even suppobmg the department chair can 
find us talented candidates who can articulate clearly 
in English and relate comfortably to puzzled and inse- 
cure students. 



As a dean, Fd rather pay for new 
terminals or PCs or networked micros 
than for new assistant professors. 



About the issue of surrendering the teaching of the 
logic behind integrals and derivatives to some HP cal- 
culator that can score a B on tests without studying, I 
have no right to comment, but I hope that, as a pro- 
fession, you won*t succumb completely. If mathemat- 
ics hcis a role to play in the general education of our 
students — in shaping their minds as informed and dis- 
ciplined instruments — it is in this iomain of conceptu- 
alization. 

To deal with numbers in the real world, they need 
to know not the right formula to plug in to do the job 
of the moment but skills like estimation and approx- 
imation, concepts like scatter and risk, the meaning 
of graphic representation, the sheer likelihood of trial 
solutions — intuitive probability, if you will. Those ideas 
don't require a calculus course, t^ be sure, and Vd wish 
all mathematics departments would offer a clever course 
in finite mathematics for those students who won*t take 
calculus. 



Teach in the best way you can Rnd to 
present the real power (and maybe 
even the beauty) of your discipline to 
an anxious or indiiferent kid. 



But for those whose only mathematics course will be 
calculus — a very great many — using computerized cal- 
culations that avoid fundamental ideas about numbers 
seriously deprives them, know it or not. What could 
replace the pencil sketching, the concrete visualization 
that I see our best math students doing? Honor the 
integrity of your discipline, please; teach what it*s all 
about. 



By the same token, with all due respect to the 
"user groups" represented on the previous panel, I 
hope you won*t take the service function of calculus <i3 
paramount. Teach the topics they need covered, sure; 
but teach in the best way you can find to present the 
real power (and maybe even the beauty) of your disci- 
pline to an anxious or indifferent kid. We all know that 
the best means for meeting the objective with which 
I began — to help the student achieve the best under- 
standing she can — is a willing, imaginative teacher who 
likes the material and will work hard at expounding it. 

The tacit purpose for my invitation to be here to- 
day is not these opinions of mine, of course, but the 
question, "What will deans pay for?** or, more pre- 
cisely, "Will deans pay for more mathematics faculty?** 
I think I know our tribe and its bronzed responses well 
enough to answer. 

First, we do have those engineering and business 
deans riding like sheepherders into our peaceful valley, 
and for financial reasons we have to satisfy them. We*ll 
defend our mathematicians to them if you give us the 
ammo and if what you do is defensible. If what they 
demand is more, differentiated sections and more eval- 
uated homework (and it sometimes is), you should be 
making peace (and common cause) with them, not com- 
phVinmg about their students, or their demands. 



Calculus is the second largest course 
after English composition on many 
campuses^ as on mine, and we deans 
simply must attend to that brute fact. 



Next, when mathematics department chairs ask us 
for more slots, of course they have to get in queue with 
the other two dozen or so department chairs, and avail- 
able slots will be allocated on the basis of institutional 
priorities. The best rationale for attaining a high prior- 
ity is unlikely to be the putative need to teach smaller 
classes per se, but if you devise genuine and compelling 
pedagogical reform that demonstrably requires addi- 
tional staff used in imaginative and effective ways, we 
will certainly listen. Double your teaching staff? No. 
But relief for a worthy experiment, to continue if it suc- 
ceeds? Highly probable. Calculus is the second largest 
course after English composition on many campuses, as 
on mine, and we deans simply must attend to that brute 
fact. 

Demanding folks that w^! are, though, we*ll also ex- 
pect your candidates to be talented differential geome- 
ters or harmonic analysts, and that requirement raises 
different questions. Tm not a graduate dean, but my 
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colleague who is both that and a mathematician reports 
mixed news about the pipeline. Are university mathe- 
matics departments producing enough new Ph.D.s well 
prepared to teach undergraduates to satisfy the ambi- 
tious goals of your proposed curriculum project, on a 
national scale? Guessing the answer to that, as an un- 
dergraduate dean I must look to our mathematics ma- 
jor program and its ability to retain students beyond 
calculus, indeed beyond graduation. In this partially 
closed system, perhaps we do indeed need to invest the 



resources that will bring ns mathematicians for a new 
century. 



Linda Bradley Salamon, Dean of the College of 

Arts and Sciences at Washington University in St. Louis, is 
co-author of the Association of American Colleges' Integrity 
in the College Curriculum, She is Past Chair of the AAC 
and a trustee of the College Board. A scholar uf Elizabethan 
culture currently teaching Shakespeare, she received a Ph.D. 
degree from Bryn Mawr College. 



Calculus in the Core of Liberal Education 

S. Frederick Starr 
Oderlin College 



Despite being a college president, I still am a histo- 
rian. I was asked the other day by a student perplexed 
over the mathematics competency requirement at Obcr- 
lin, "Why do it?" The specific question had to do with 
calculus. I suggested that if Newton could invent it in 
his sophomore year, he can study it in his. 

Speaking as a historian, I would like to note a very 
curious exchange that took place between Newton and 
his friend John Locke which has very much to do, i 
think, with the subject at hand. When Newton had fin- 
ished the Principiaf realizing full well the importance of 
what he had done, he sent it over to Locke to get Lockers 
csuniation of it. Locke locked it over, and couldn't de- 
cipher the math. So he sent it to a friend in Holland and 
asked him to check it out. The friend read it and said 
that the math was okay. Locke then read everything ex- 
cept the mathematics in the Principia and wrote very 
intelligently on it. 



I wcis asked ... by a student [about] 
calculus* I suggested that if Newton 
could invent it in his sophomore year, 
he can study it in his. 



Now, the issue here is whether Locke, who obviously 
had absolutely no contact with the process of math- 
ematics that underlay the Principia^ was able, as an 
educated person, to deal v/ith that work or net. The as- 
sumption on which this conference rests, I woul'* ^ather. 



is that Newton should have encouraged his friend Locke 
to study the mathematics necessary to deal with it be- 
cause otherwise he would simply be dealing with the 
products of other people's thoughts and never be able 
to engage in the process. That really raises the first of 
five points I would like to lay before you here. 

I don't get the sense, leading through the various 
papers that have been prepared, and hearing the dis- 
cussion, that there is much agreement as to the basic 
purpose of the enterprise -the reform of calculus. Is 
calculus a service course? Is it a r urse that ii provid- 
ing techniques, methods, manipulation, and so forth? 
Or is it truly part of some core learning that an edu- 
cated person should have dealt with? Is it really deal- 
ing with concepts, or can someone— as was asked ear- 
lier this afternoon — deal with the manipulations with- 
out genuine understanding? 

As a pedagogue, that i.s an absolutely preposterous 
proposition to me. But obviously, if calculus isn't in the 
core, if it is instead a service for others, then one can 
get by with all kinds of mischief. It seems to me that 
great clarity on that point is required before anything 
•3lse can proceed coherently. 

My colleagues in mathematics at Oberlin have taken 
the rather uncompromising view that calcuhis has to 
do with thinking, with corcepts, with the core of a lib- 
eral education. From that they proceed to deal with 
other questions. Discrete mathematics, for example, is 
being offered as a separate parallel course in the sopho- 
more year. There is concern for the verbal dimension 
of thought, great concern in fact, among them. There 
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is also a good deal of experimentation going on with 
computer algebra systems, both within the classroom 
and without. 

But all this flows from some clarity on the basic pur- 
pose of the enterprise. You might be concerned whether 
this might lead to someone who has thought some fine 
thoughts but can't do anything. The answer, I think, 
is that the purpose of education isn't to teach you liow 
to do something, but how to be anytliing. 



The purpose of education isnH to teach 
you how to do something^ but how to 
be anything. 



Sir;cc the mathematicians at Oberlin are apparently 
enabling their students to go on in^o careers in science 
at a remarkable rate — to get their Nobei Prizes and to 
get their whole science program selected as first in the 
country among colleges — they're obviously doing some- 
thing. right. I would suggest that it has a lot to do with 
their very clear beginning point, namely, that calculus is 
part of the core of learning. It is not simply a "how-to" 
course. 

The second proposition that I wc *ke to lay before 
you has to do with the process of study. There was a 
very interesting body of research carried out by several 
:nvestigr,torR at Oberlin College in the last four years 
on the undorgrafr'iate preparation of .scientists in the 
UJted States. They focused on a group of fifty liberal 
arts colleges *:hid were the most producUvc* of scientists 
r: d a similar ii«»Triber of universitic::. 

Davir L'^*ld-Viii Atta and Sam Carrier, who divl this 
research, document' d, among other things, Miat thcr^ 
has been a precipitous decline in the the percercu^ • of 
people entering careers in science and also r.r. incrc^e 
in the attri'Jon rate of intended scientists as tb-.y enter 
college a**d i ;oceed towards graduation. 



Calculus is part of the core of learning. 
It is not simply a "liow-io" course. 



They showed, moreover, that the only institutions 
that are successfully bucking this national trend in the 
sciences are those that base their pedagogy on a kind 
of apprenticeship system— those in which the student is 
brought into the laboratory, in which there is a direct, 
hand-to-hand contact, not with graduate students, but 
with real professors. 



If that is true, and there is so clear a correlation that 
Tm left with no doubt about it, then I think you've 
got to ask wliether your discussions are taking this into 
account. Is mathematics open to that kind of direct 
apprenticeship-based engajjcment? Does the advent of 
the irodern computer in fact provide a wonderful op- 
portunity to go in that direction and to think of much 
more active forms of peda{;ogy than have been used in 
the past? 

My third point is very dilPerent in character, Tm con- 
cerned that you might be i',^plicating in a perverse way 
some of the negative featurv3 of a national discussion in 
which I've participated over some years regarding the 
teaching of foreign languages in the United States. In 
fact, one of the background papers drew the parallel 
and I was pleased to see al least that the relevance of 
this parallel was acknowledged. 

The attempt to improve foreign language teaching 
culminated in a Presidential Commission a few years 
back. Frankly, the mountain didn't quite give birth to 
^» mouse but something on the scale of a rat. It never 
ually brought about the great transformation. 



Because it is in the schools where your 
problem is being formulated ...if you 
donH bridge the geological fault 
separating you from the schools — there 
wonH be any progress. 



I think the great flaw in the Commission's approach, 
and in the thinking of the hile seventies and early eight- 
ies, is the assumption thai you can build a house from 
the roof down. I wonder if this flaw also might not be 
piesent here. Can you really hold conferences and talk 
seriously about calculus at the university level and not 
spend an equal amount of lime on the secondary school 
mathematics curriculum? It seems inconceivable to me. 

I would be most interested I' ' ow what has gone on 
since the MAA and tb,e NCTM t^n years ago cautioned 
high schools not to teach calculus unless they do it at 
a university level with university standards. It seems 
to me that this question has to be opened wide, not 
just for precalculus courses, but for the entire secondary 
school preparation, or you will not progress an inch. 
Because it is m the schools where your problem is being 
formulated, if it's not addressed at that level — if you 
don't bridge the geological fault separating you from 
the schools — there won't be any progress. 

This suggests, by the way, that once you do cross that 
fault and deal with the wh<Me process, then you can also 
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consider calculus in several dimensions, progressively, in 
the course of teaching over time. 

My fourth point is this— that calculus was not in- 
vented here. There are people elsewhere in the world 
who know how to teach it reasonably well. In fact, 
many demonstrably are doing a better job at it than we 
are. I think we're simply handicapping ourselves if we 
don't examine very carefully the pedagogical systems, 
pre-calculur and calculus, that obtain in those countries 
that are doing a good job. 

You may say that such societies are different. They 
send a lower percentage on to college. Fine. Then 
demonstrate that that decisively negates the experience 
of country X. It seems to me the burden of proof lies on 
someone who would argue that international experience 
in this area is irrelevant. ; 

Do a survey.* You will find a ■ 
phenomenal ignorance of just what 
calculus is all about. 

And now, finally, a rather more practical matter, 
that takes me back also to the- Locke-Newton link. I 
don't believe that calculus—or for that matter, math- 
ematics in general — has a yery strong .constituency 
among faculties of our universities and colleges. 'AH of 
us, all those outside the mathematically- beised fields,- 
. are unfortunately too much ia the position of John 
Locke. And we're not embarrassed about it, as Locke 
at least was. 

The problem is very serious because if you are say- 
ing that mathematics, or specifically calculus, belongs 
in some core curriculum of what an educated person 
should know, you are saying that to a group of col- 
leagues who themselves haven't taken calculus and who 
don't know what it is. -Ask them. Do a survey. You 
will find a phenomenal ignorance of just what calculus 
is all about. 

It seems to me that there is something very seri- 
ous about this matter. What I would suggest is rather 



naively grand, but do-able. If you do proceed from the 
first principle that mathematics in general and calculus 
in particular should be part of the equipment of an ed- 
ucated person, then take time to offer an accessible cal- 
culus course for your colleagues in other departments. 

Crack that problem. It's do-able. It's not the po- 
litical dimension I'm concerned with here, but the in- 
tellectual dimension. Until this g^p is bridged in at 
least one institution to prove that it is possible, we are 
talking about such remote worlds that, although peo- 
ple might as a matter of political bargaining give you 
your required hours in the classroom, or your piece of 
the budget, they won't really understand why they are 
doing so. 

There are outposts in economics and various areas 
oLth< social 'sciences, where your task.wiU be.ea^y. But: 
most of the social scientists and nearly all those in the 
humanities are illiterates in mathematics and in calcu- 
lus. Hence there is a need for teaching that is directed 
toward the professorial community itself simply as a 
means of making up, even at this late date, for the 
fatal neglect of mathematically-based learning in our 
primary .schools, in our secondary schools, and in most 
of our colleges. Until the professors are mathematically 
literate, don't expect them to understand why students 
should be. , 



S. Frederick Starr, President of Obcrlin College, is 
a specialist on Soviet Affairs, founding cccrctary of the Ken- 
nan Institute for Advanced Russian Studies at the Smithso- 
nian Institution, the author of numerous books in his field, 
and a member of the TVilatcral Commission. As a result 
of his initiative on the so-called Obcrlin Reports on Un- 
dergraduate Science, the National Science Foundation and 
many piivate foundations have strengthened their involve- 
ment with mathematics and science at the undergraduate 
level Dr. Starr received a Ph.D. degree in history from 
Princeton University. 
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Mathematics as a Client Discipline 

George E. Alberts 
National Security Agency 



As a representativt of (arguably) the largest em- 
ployer of mathematici; ns in this country, 1 have found 
the Calculus for a Kevr Century colloquium remark- 
able. The huge tur:icut is a clear sign, of growing con- 
cern ai:d interest. The candor and quality of the dis- 
cussion hcve bren impressive. Although the National 
Security Agency also employs large numbers of engi- 
neers and computer scientists, and despite the temp- 
tation to comment on th^ full range of fascinating is- 
sues and ideas, these remarks will focus on the more 
narrow issue of the future health of the mathematics 
profession itself. In that regard, it seems worthwhile to 
view mathematics itself as its own "client discipline" 
in discussing reform and rcvitalszation of the calcu- 
lus. 

Tom Tucker helped set the tone for candor by sug- 
gesting it might indeed be appropriate for the sec- 
ondary schools to assume the responsibility for teach- 
ing calculus. In his "desert metaphor" the secondary 
level might be the appropriate "sinkhole" for the calcu- 
lus. "Mainstream" calculus, which controls the pipeline 
from which the mathematics teaching faculty is rcplen- 
isned, could be taught at the secondary level. Wc may 
indeed "only need a few people who know the inner 
workings of calculus." I think not. 

All of what I have heard described by clients as de- 
sirable seems essential for professional mathematicians 
themselves. As Gail Young wrote in his background 
paper, "the future of our subject depends on improv- 
ing [calculus]." Calculus has frequently been described 
as the first real mathematics course (with the possible 
exception of a good Euclidean geometry course in high 
school). Although Anthony Ralston eloquently argues 
that calculus is dead, and discrete mathematics must 
take its rightful place as the core mathematical sub- 
ject, I endorse Cathleen Morawetz^ remark that trends 
m parallel computing suggest a convergence of t'He two 
subjects. 

Complaints about lack of understanding, the need 
for more conceptual, intuitive, and at the same time 
more rigorous calculus echo a growing concern of our 



Agency^s mathematics community — at a time when we 
need to hire more outstanding mathematicians, to do 
creative mathematics, the supply seems to be declin- 
ing. 

Mathematics' "clients" arc said to be leading inno- 
vators, and might well be approaching the capability 
of teaching their own calculus. Professional mathemat- 
ics mu5t begin to learn from their clients. Ron Dou- 
glas suggested that attempts to reform calculus have 
been well-intentioned but short-lived "castles in the 
sand." Oberlin President Frederick Starr remarked on 
the short attention span of reformers. The present cal- 
culus curriculum, which Tom Tucker aptly described 
as unchanged in 100 years, is more a castle made of 
stone. 

If the mathematics profession is to avoid ossification, 
its practitioners must take charge of the reform move- 
ment, and, while meeting I he legitimate concerns of the 
other "clients," focus on reform of the calculus to reju- 
venate American mathematics as a discipline first and 
a service secoiid. The tillcinative may wcI. the cal- 
culus "super-nova" suggested as a possibility by Lynn 
Stcen. 

Wc do indeed need to Jsolvc the basic purpose of 
all this activity, to reassert the significance of m«xthe- 
matics as core training for all educated people, to ad- 
dress the demanding full range of problems — not, pri- 
marily, because of our other constituencies, but because 
of ourselves. A loan and lively calculus, while serving 
the needs of those other constituents (which it can if 
they share in its revitalization) will at the same time 
do something more fundamentally important: attract 
and inspire successively better generations of American 



George E. Alberts has ser ed for twenty 4wo years 
as a professional matriematician at the NatJc J SecurJ*v 
Agency, Fort George G. Meade, Maryland. He is presenile 
an Agency executive and Chairman of its Mathematical Sci- 
ences Penel. 
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Calculus and the Computer in the 1990's 

William E. Boyce 

Rensselaer Polytechnic Institute 



Whether or not a "crisis" exists, there is widespread 
agreement that improvements are possible in the cal- 
culus courses offered in many colhges and universities. 
Powerful inexpensive calculators a^d microcomputers, 
now widely available, provide numerous opportunities 
for courses adapted to the contemporary environment. 

First, calculus should be taught so that numerical 
computation is seen as a natural consequence of us- 
ing calculus. Most students who take calculus courses 
do so to improve their capacity to solve problems in 
other fields. Generally speaking, a numerical answer is 
sought, -so eventually something must be computed in 
order to obtain it. 

On the other hand, computation can also lead nat- 
urally to analysis. For example, computation carries 
with it the obligation to consider the accuracy of the 
results. Therefore it provides an opening to discuss 
such questions as estimation of errors or remainders, 
or speed of convergence of an infinite series or iterative 
proctiss. Ideally, analysis and computation should ap- 
pear as complementary and mutually reinforcing modes 
of problem solving, each used when appropriate, and 
each enhancing the power of the other. 

Moreover, at every opportunity students should be 
encouraged to try to assess the reasonableness oi their 
answers. A result that appears reasonable may not be 
correct, but one that appears unreeisonable is almost 
certainly wrong (unless one's idea of what is reasonable 
is seriously deficient). 

In addition to computing numerical approximations, 
other aspects of computing may also be important in 
calculus. One is the rapid and accurate generation of 
the graph of a function or an equation. To do this effec- 
tively it is essential to scale the problem appropriately. 
Beginners rarely, if ever, give adequate thought to this 
question, although it is crucial in obtaining a useful 
graph. Consequently, they often have difficulty in in- 
terpreting the graphs their computer screens depict. 

In choosing a proper scale, It may help to do some of 
the things »4sually taught in the context of curve sketch- 
ing, such as finding maxima and minima, checking for 
symmetry, and locating asymptotco. Thus, comput- 
ing may make more clear the need to learn something 
about calculus and the behavior of functions, rather 
than merely resorting to trial-and-error computation. 



The use of symbolic computational packages to re- 
duce the need to perform tedious and repetitive alge- 
braic procedures is highly attractive. However, the uue 
of such packages also inc irs a cost. One does not learn 
to use a sophisticated symbolic computation package 
(MACSYMA or Maple, for example) instantaneously. 
At least some of the time saved by using the package 
must be invested up fro^it in learning how to use it. 

There is also the "black box" question: should we 
permit students to use a symbolic computation pack- 
age without some understanding of v/hat the package 
is actually doing? My view is that in order to think 
constructively about the behavior of models of physi- 
cal phenomena, one must have some specific informa- 
tion about some particular functions. It is probably not 
necessary to know how to evaluate / sec^xdx, but one 
should certainly know Jcosxdx, 

The boundary between what is essential knowledge 
and what is not may be unclear, but surely we should 
insist that students must learn to execute some proce- 
dures themselves, even while relying on a computer to 
handle the more complicated ccises. 

The use of a computer may not save much time in a 
calculus course, although it will give the course a some- 
what different orientation. Assuming that it does save 
at least a few class days, what should we do with them? 
I suggest that a good use would be to attempt to foster 
better problem solving capability among our students. 

The problems might be mathematical ones. Virtu- 
ally every meeting of a calculus class offers the opportu- 
nity to expand on the day's assignment, to go a little off 
the prescribed path, and to explore interesting related 
material. If there is a little extra time in a course, this 
would be a good way to spend it. It might even help 
to attract to our discipline some of the many very good 
students who now see no attractive future in the serious 
study of mathematics. 

Another possibility is to do more in the area of appli- 
cations and mathematical modeling. I am not particu- 
larly enthusiastic about "realistic" applications. They 
must often be couched in terminology unfamiliar to 
many <^tudcnts and require too much time to describe 
the underlying problem. 

It is better to use simple problems and models (even 
if "unrealistic") so that everyone can understand them. 
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Even simple problems can be embellished and modified 
so as to illustrate the ideas and principles of mathemat- 
ical modeling.. Given students* paucity of experience 
in mathematical modeling, even the simplest problems 
(other than the standard template problems) will prove 
challenging enough for almost all students. 

Finally, what is needed as much as anything in teach- 
ing calculus is the proper attitude: a recognition that 
the computer is here to stay; that it offers insight into 
the phenomena of change; and that it can provide a 
springboard for the discussion of interesting mathemat- 



ical questions, including many of those that are now 
part of standard calculus courses. 



William E. BoyCE is Professor of Mathematical 
Sciences at Rensselaer Polytechnic Institute. He is for- 
merly Managing Edhor of SIAM Review and Vice-President 
for Publications of SIAM. He is author (with Richard C. 
DiPrima) of Elementary Differential Equations and Bound- 
ary Value Problems, 



The Role of the Calculator Industry 



Michael Ckrohak 
Texas Instruments 



To make calculus instruction more applicable to 
real-world probleins, educators must focus more on 
fundamental ideas, off-loading the mechanics of ex- 
ecuting formulcis and equations to modern comput- 
ing aids. Embracing such tools — specifically, hand- 
held calculators — will bring about instructional changes 
needed to better prepare students for tasks in advanced 
education and the workplace. 

Several issues must be addressed by eduv tors and 
calculator manufacturers if this tool is to be incorpo- 
rated effectively into calculus and lower-level mathe- 
matics programs. 

First, calculator manufacturers must tailor their 
products, based on guidance from educators, to meet 
maintained education requirements. Close communica- 
tion with the educational community must be, v/ith new 
designs being based on the special requirements of the 
classroom. Sometimes this can be as simple as unclut- 
terirg a keyboard, thereby preserving and accentuating 
required functions. 

The design of the TI-30 SLR+ calculator is one ex- 
ample where this collaboration between educators and 
industry has been effective. Specifically tailored to re- 
quirements at the high school level, this calculator was 
constructed with a hard shell case for increased dura- 
bility. Solar power was chosen to eliminate the need for 
batteries. Large, brightly-colored keyc were incorpo- 
rated to identify mathematics function groups, to pro- 
vide for ease-of-use, and to stimulate learning. 

Second, proper use of calculators in the classroom re- 
quires textbooks developed with the calculator in mind. 



Indeed, some states already are making this a require- 
ment. For instance, in California, publishers must now 
detail the use of calculators in their text, not as a sup- 
plement, but as part of each lesson. To achieve this, 
manufacturers, educators, and publishers must work to- 
gether, incorporating effective use of calculators into in- 
structional materials. 

An example of planned technology emerging in the 
textbook industry can be found in a classroom calcu- 
lator kit developed by TI and Addison- Wesley. The 
two companies have worked together to produce instruc- 
tional material that incorporates the use of a hand-held 
arithmetic calculator for an elementary mathematics 
curriculum. 

Third, the use of calculators in testing is another key 
issue. If students are taught with calculators, it follows 
that they should be tested with them as well. Today, 
testing materials incorporating the use of calculators dv 
not exist. Manufacturers can assist in the creation of 
new testing materials, providing development support 
as well as inputs bised on the design and operation of 
their products. 

Currently, the Mathematical Association of Amer- 
ica (MAA) has begun to reform mathematics education 
with a calculator-based placement test program. This 
effort is under the direction of the MAA's Committee 
on Placement Exams (COPE), managed by John Har- 
vey of the University of Wisconsin at Madison, with TI 
providing funding since 1986. 

Testing with calculators at the high school level will 
help to ensure that students have proficiency of calcu- 
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lator use by the time they reach college. Today, this is 
usually not the case. 

While the calculator itself should never be the main 
focus in mathematics instruction, it should be viewed 
as an important tool to eissist in the educational pro- 
cess. Calculator manufacturers should be included in 
future mathematics reform, ensuring that calculators 
for the classroom are designed appropriately, and that 
they integrate well into textbook formats and testing 



materials. 



Michael ChrOBAK is Scientific Calculator Manager 
of Texas Instruments, Dallas, Texas. Previously, he served 
Texas Instruments as a Project Engineer and a Program 
Manager for financial and scientific calculators. He holds a 
B.S.E. from the New Jersey Institute of Technology, and an 
M.B.A. from Texas Technological University. 



Calculus: Changes for the Better 

Ronald M, Davis 

Northern Virginia Community Collegl 

Calculus is the mathematical study of change. Yet, 
for the large pari, calculus has changed little in the past 
thirty years. It has remained static in a continuously 
clianging environment. 

I strongly agree that our present calculus content and 
the way in which we teach it needs revision. Calculus 
needs to provide students with the abilities of reasoning, 
logic, and judgment. Calculus courses need to empha- 
size clear thinking and not merely symbol manipulation. 
There is an underlying fundamental importance of cal- 
culus for the i5ciences and technologies. We as teachers 
must comprehend this and must share this knowledge 
with our students. 

As teachers of calculus we cannot ignore the vast 
array of available technologies that can enhance our ef- 
forts. We must incorporate calculators and computers 
as aids for our teaching and as tools for our students. 
These tools will not only simplify calculation and sym- 
bol manipulation, but will also require students and 
teachers to heighten their understanding of and insight 
into the concepts of calculus. 

I am convinced that change will only be accomplished 
through a concerted TirA coordinated effort from indus- 
try, business, government, and education. For two-year 
college faculty, the effort will be exceptionally taxing. 
Teaching loads of fifteen hours or more often provide lit- 
tle time for curriculum development. Minimal comput- 
ing support at two-year colleges restricts student and 
teacher access to computers. 

Sine the transfer of courses requires two-year col- 
lege calculus courses to be accountable to four-year col- 
leges, two-year college faculty will move slowly in mak- 



ing changes. Development of a dynamic calculus course 
will require a joint effort on the part of the mathematics 
faculties at two-year and four-year colleges. 

A sense of isolation exists for the calculus teacher at 
many two-year colleges cis their departments often have 
little or no travel funds. They have limited opportuni- 
ties to meet with other calculus teachers from two-year 
and four-year colleges. Since calculus constitutes only 
10% of the course load at two-year colleges, it cannot 
often be given the added attention that a revision would 
require. 

I strongly believe that a mathematics course that 
involves a dynamic approach to calculus and portions 
of discrete mathematics needs to be developed and im- 
plemented in place of the present-day calculus. The 
teaching of such a course will reqr're much preparation 
and retraining. I am, therefore, concerned that two- 
year colleges may be unable to commit the resources to 
prepare their faculty adequately to teach this dynamic 
course. 

As a teacher I become invigorated with each oppor- 
tunity to rethink course content and instructional ap- 
proach. I am excited at the prospect of a new, dynamic 
calculus course. 



Ronald M. Davis is Professor of Mathematics at 
Northern Community College, Alexandria Campus. He has 
served as Second Vice President of the Mathematical As- 
sociation of America, and as Chair of the AMATYC-MAA 
Subcommittee on Curriculum at Two- Year Colleges. He re- 
ceived a Ph.D. in mathematics education from the Univer- 
sity of Maryland. 
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Imperatives for High School Mathematics 

Walter R. Dodge 

New Trier High School 



The high schools' perspective of calculus is two- 
pronged. For some of our students calculus will le a 
course they take in high school. This course will con- 
sist of our ablest students taught in smcill classes by 
our most capable teachers. For others, calculus will 
be taken following high school. For these students 
the high school's objective is to prepare them in the 
best possible manner with the mathematical concepts 
cind skills required for success in a college calculus pro- 
gram. 

The universities' view of calculus is quite different 
from that of the secondary school. For them very of- 
ten calculus is the loT/est course offered, populated by 
students of varying abilities, and with teachers who are 
often not the ablest. In addition, quite often the class 
size is very large. Although this is a problem on a na- 
tional scale, I do not believe it can be solved on a na- 
tional basis. It must be solved within each local insti- 
tution. 

If we are truly to bring about calculus reform we 
must not only change the curriculum, but must also 
change drastically our delivery systems. If calculus is 
to become more conceptual and more intuitive, edu- 
cational structures must allow this to occur: student- 
faculty interaction, group discussions, and laboratory 
experiences must be given top priority. A change in 
the content of the course without parallel change in the 
method and quality of instruction is doomed to fail- 
ure. 

One has to ask if there really is need for change in 
calculus? One very clear outcome of the Conference is 
that there is a compelling need to change the content 

well as the conceptual nature of the course. The 
graphical, algebraic, and numerical capability of calcu- 
lators and computers has definitely made many of the 
skills of a traditional calculus course very suspect, if not 
archaic. 



Numerical methods of solution, implemented via the 
calculator or computer, open a whole new arena of cal- 
culus to the beginning calculus student. The graphi- 
cal capabilities of both calcv^lators and computers can 
enhance a student's understanding of the fundamental 
ideas of calculus. Therefore change should occur both 
for the improvement of the curriculum and the under- 
standing of the student. 

Exactly v/hat parts of the traditional course can be 
eliminated is not clear. Just how much skill work is 
necessary and how much can be eliminated is a cru- 
cial question — often mentioned at the Conference — that 
must be answered. 

The entire curriculum of the high school will be 
affected by these changes. If students are to be 
successful in college, the school curriculum will also 
have to become more conceptual and will need to 
incorporate technology. Skills will have to be de- 
veloped in the use of both the calculator and com- 
puter. Approximation, estimation, and reasonable- 
ness of answers must be emphasized. Mathematics 
will become more "decimalized." Algorithmic rea- 
soning will also become a high priority educational 
need. 

The Conference has certainly stimulated thinking 
and planted the seeds for a change in the calculus. 
If this change is to co ne about, cooperative efforts 
between secondary school teachers and college faculty 
must be organized. Changes at one level have effects 
on the other, and the success of ore will depend upon 
change in the other. 



Walter R. Dodge is a mathematics teacher at New 
'XVier High School in LHnois. He has been a member of 
the AP Calculus Exam Committee, an AP Calculus Reader, 
Table Leader and Exam Leader. He is currently President- 
Elect of the Metropolitan Mathematics Club of Chicago. 
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An Effective Class Size For Calculus 

John D. Fulton 
CiiEMSoN University 



To create a Calculus for a New Century, more has 
to change in the calculus of today than course content. 
Calculus is not suited for mass education, yet calculus 
in many if not most colleges and universities is for the 
academic treasury the most productive "cash cow" in 
the university. 

To be sure, English writing courses have more stu- 
dent enrollments than does calculus. But English writ- 
ing classes are taught in sections of sizes twenty to 
twenty-five students. While writing courses generate 
more revenue for the universitv^ they have been suc- 
cessfully portrayed to U!iivp;sity administrators as be- 
ing more labor intensive with respect to commitment of 
teaching staff". As a result, they cost more per section 
to teach. 

In the September 1987 issue of College English, the 
Natioiial Council of Teachers of Eiiglish published its 
recently adopted standards "No more than 20 students 
should be permitted in any writing class. Ideally, classes 
should be limited to 15." 

The justification given by this Council for the class 
size is that 

. . . the work load of English facv«ity [f.honld] be rea- 
sonable enough to guarantee that every sti»dent re- 
ceive the time and attention for genuine improvement. 
Faculty members must be given adequate time to ful- 
fill their responsibility to their students, their depart- 
ments, their institutions, their profession, the larger 
community, and to themselves. Without that time, 
they cannot teach effectively. Ij.iless English teachers 
are giv n reasonable loads, students cannot make the 
progrets the public demands. 

Interchange "Mathematics" with "English" and a rea- 
sonable case for calculus is made as well. 

Calculus for a New Century will be labor intensive 
with respect to teaching staff". In the early stages of 
development of a new calculus, considerable experimen- 
tation will be necessary. Guidelines for a new calculus 
likely wir !'dHow from such a body as CUPM. Text ma- 
terial incorporating the guidelines can be expected to 
follow. In the development period, experimental classes 
taught by faculty would seem of necessity to be small 
classes, as would the control classes with which they 
would be compared. Faculty teaching the classes would 
require released time from other duties to lead this de- 
velopment. 



If calculus ultimately incorporates many of the ideas 
and recommendations discussed at the Colloquium, 
then it will be essential that the new calculus be con- 
siderably more labor intensive than the old. Also, it 
seems clear that a new calculus must rely more heavily 
upon experienced and committed faculty and less upon 
part-time faculty and graduate leaching assistants. 

A new calculus must be taught with more attention 
to concepts than was the old. The assignin3 and grad- 
ing of nonstandard problems as homework, more class- 
room discussion, board work, and class presentations 
by students, more word problems, and more questions 
requiring essay responses address the effective teaching 
of concepts, but do not lend themselves to a calculus 
class with thirty-five or more students per instructor. 

If the new calculus uses technology effectively — as it 
must — expect it to be more labor intensive, not less. In 
addition to the concepts of change, limit, and summa- 
tion of the old calculus, expect hand-held, micro- and 
mainframe computers to be used creatively in the new 
calculus to instill concepts such as approximation, esti- 
mation, error analysis, asymptotic behavior, and good- 
ness of fit. 

More frequent and longer discourse with students will 
be required to instill these numerical concepts. It has 
been alternately predicted over the years that radio, 
television, and now computers, videotapes, and elec- 
tronic blackboards, would make classroom teaching ob- 
solete. All of those predictions have been wrong. Likc- 
\.ise, we expect that the principal value of any cleverly 
devised expert system for the teaching of calculus will 
only be to enhance the effects of good classroom teach- 
ing. 

The practitioners in our client disciplines — the en- 
gineers, the biological and physical scientists, the so- 
cial scientists, the business and economic scientists — 
expect a lean and lively calculus to contain examples 
and problems for students which reflect applications in 
their disciplines. Faculty will have to lead in determin- 
ing these applications and translating them hito the 
teaching mode for the new calculus. This effort will 
not only be labor intensive, but quite likely it cannot 
b** done by graduate teaching assistants. We expect 
applied problems to be nonroutine, troublesome to stu- 
dents of calculus, and requiring considerable discourse 
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with knowledgeable teaching staff. 

One goal of a Calculus for a New Century must be to 
assist more students, especially students from minority 
groups, through the filter which calculus represents and 
into the life stream of science, mathematics, and tech- 
nology. The Professional Development Program for cal- 
culus students at the University of California, Berkeley 
(described in the background paper "Success for All" by 
Shirley Malcolm and Uri TVeisman) seems to have had 
spectacular success for minority students w5th mathe- 
matics SAT scores in the 200 to 460 range. Its small 
group workshop methods seem transferable to all stu- 
dents. Its fifteen- to twenty-student recitation sections 
must, however, be regarded as labor-intensive. More- 
over, it would seem that any successful program for sig- 
nificantly increasing the student success rate with cal- 
culus will be just cis labor-intensive. 

Calculus is with us now. A Calculus for a New Cen- 
tury will evolve from our present calculus, yet at too 
many colleges and universities an insuflScient teaching 
staff* is currently assigned to calculus. Its "cash cow" 
status with many university administrators is shameful. 

Through student tuitions and in some cases through 
formula funding, calculus enrollments generate consid- 
erable funds for college and university coff'ers. With ex- 
penditures only for the teaching of large course sections, 
all too frequently taught by part-time faculty, with help 
from graduate teaching assistants, and with supplies 
limited to a little chalk, perhaps an overhead projector, 
and some transparencies, the net profit from calculus 
teaching can be considerable. Moreover, at many uni- 
versities, graduate teaching assistants tend to pay their 
own salaries by paying their own tuitions and through 
formula funding generated by their own course registra- 
tions. 

No calculus, old or new, can be eff'ectively taught 
without sufficient teaching staff* to allow regular and ex- 
tensive feedback from students. Homework and quizzes 
must be graded Hne by line. Tests to eff'ectively mea- 
sure students' grasp of concepts in calculus should not 
be "multiple choice" tests. (Even Advanced Placement 
calculus exams have their essay pcriions.) 

Like no other course at the freshmen-sophomore 
level, calculus concepts build with each successive class. 
A student who gets behind in the first few classes al- 
most certainly will be lost for the entire course. Early 



and regular student feedback is thus essential for the 
course. Assessment of each student^s grasp of concepts 
must begin early in the course and continue frequently 
thereafter. Conferences with students, often extensive, 
should be held regularly. 

There is a need for teachers of calculus to instill in 
their students the ability to communicate scientifically, 
or mathematically. To at least some degree, then, cal- 
culus teachers are teaching writing. The circling of an- 
swers indicated as (a), (b), (c), or (d) on a multiple 
choice quiz will not stop a student from writing such 
mathematical garbage as3x4=12— 1= 11-1-4 = 
15/3 = 5, which just as frequently occurs on student 
papers as in calculator instruction books. 

Only close scrutiny of student homework and quizzes, 
essay questions or quizzes, classroom discussion of con- 
cepts, and student classroom or office presentations can 
assist in meeting an eff'ective mathematical communica- 
tion objective for the teaching of calculus. The very na- 
ture of the calculus, new or old, suggests that it should 
be labor intensive. 

If mathematics faculty have failed to communicate 
the need for eff'ective class size for calculus co university 
administrators, it may well be a major cause of the in- 
adequacy of the old calculus. We should not necessarily 
call for small sections, but for a sufficient teaching staflf 
to be assigned to calculus to allow for regular feedback 
for students. 

If we have allowed class size in calculus to increase 
beyond that which is pedagogically sound, then this 
Colloquium has given us a new opportunely, a new be- 
ginning. We must communicate the new enthusiasm for 
a new calculus — perhaps a lean and lively calculus — 
wc i,hy of support by mathematics faculty, by faculty 
from client disciplines, and by academic administrators. 
Since the new calculus will evolve from present calculus, 
however, effecti/e class size for calculus classes should 
be communicated as an imperative for the present. 



John D. Fulton is Professor of Mathematics and 
Head of the MaJhematical Sciences Department at Clem- 
son University. He is a member of JPBM Committee for 
Department Chairs, and Chair of the MAA ad hoc Commit- 
tee on Accreditation. He received his Ph.D. in mathematics 
from North Carolina State University. 
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Don^t! 

Richard W. Hamming 
Naval Postgraduate School 

I have attended a number of similar conferences, de- 
voted a lot of time to worrying about the calculus as it 
is currently taught, have thought long and hard about 
the topic, and decided that action is worth far more 
than endless talk. As a consequence, I have written a 
book that I thought would meet my standards of what 
the calculus course should be for the future. There are 
many other possible books besides the one I wrote, but 
at least it is something to go on rather than endless 
talk. 

Listening to all the talk has caused me to compile a 
list of "don'ts:" 

1. Don't try to optimize the calculus course. We are 
trying to provide a mathematical education, and the 
optimization of individual courses leaves too much 
to fall between them. We should view calculus as 
part of a student's total mathematical education, 
as a means to an end and not as an end in it- 
self. 

2. Don't look to the past. Our society has passed re- 
cently from a manufactaring society to a service so- 
ciety, and our teaching should be directed towards 
our students' future needs, not to our past activi- 
ties. 

3. Don't try writing a textbook by a committee. All 
too many of our texts are v/ritten by uninspired sec- 
ond and thL J rate minds, and it is foolish to expect 
students to respond well to them. You need, more 
than anything else, an inspiring book. The particular 
contents are of less importance. 

4. Don't think that you can move by small steps from 
where you arc to where you want to be. We are 
at present at a local optimum, as can be seen by 
the fact that we have essentially only one text. The 
various books that are widely used so resemble each 
other that even the proofs arc the same. Anyone 
who knows the least about the calculus theory of op- 
timization must realize that any small step from the 
local optimum v/ill be a degradation. To get to a 
better relative optimum you must move a large dis- 
tance. 

5. Don't think that discrete and continuous mathe- 
matics are separate topics. Any competent math- 



ematician is well aware of the fact that the Rie- 
mann zeta function and prime numbers arc closely 
related. 

6. Don't think that calculus is only the development of 
tangent and area problems. It is also used widely 
to get new identities from old ones and to han- 
dle generating functions that arise just below the 
surface of combinatorial problems. The conver- 
gence of these generating functions is of no impor- 
tance. 

7. Don't neglect complex numbers as we now do; they 
fiiQ basic for the unification of various parts of 
mathematics as well as being essential in many ar- 
eas. 

8. Don't think that the old mechanical problems are of 
interest to the current crop of students — they are not! 
Both probability and statistics are of much more in- 
terest, are more useful, and can provide much more 
interesting problems. Furthermore, those engineers 
who claim that mechanics is more important to them 
than are probability and statistics are simply living 
in the past. 

9. Don't think that money can buy the changes you 
want: you must use persuasion. The "New Math" is 
a perf3ct example of what not to do. 

10. Don't present mathematics as a fixed, known thing 
for all eternity. Present the changing definitions 
that v/e actually have, the various attitudes to- 
wards mathematics, and the philosophy of mathe- 
matics. We nre educating students, not just training 
them. 

11. Don't emphasize the d^ng of algorithms. A friend 
of mine in Computer Science recently said to me: 
"Why think when you can program?" Adjusting this 
to the teaching of calculus: "Why teach the students 
to think when you can train them to follow algo- 
rithms?" 

12. Don't start abstractly and move to the definite and 
concrete; rather start with the definite and exhibit 
the process of abstraction, extension, and general- 
ization. They are the heart of mathematics. You 
cannot get motivation otherwise. 

13. Don't teach huge classes of 500 students. Education 
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14. 



appears to require more personal contact. I hear that 
the large classes are for reasons of economy. I sus- 
pect they are also to let 19 professors escape teaching 
calculus. No wonder so few students major in math- 
ematics! 

Don't continue to act as if mathematics was the ex- 
clusive consumer of the calculus courses. If you want 
reality to respond, you must pay far, far more atten- 
tion to the vast sea of user's needs. 



— — — • 



Richard W. Hamming is Adjunct Professor of Math- 
ematics at the Naval Postgraduate School in Monterey, Cal- 
ifornia. He worked at Los Alamos during the war, and from 
1946 to 1976 at Bell Telephone Laboratories. He is active in 
the Association of Computing Machinery, IEEE, ond various 
statistical societies. He received his Ph.D. in mathematics 
from the University of Illinois. 



Evolution in the Teaching of Calculus 

Bernard R. Hodgson 
Univbrsitb Laval 



Plutoi la iete bien faiie que bien pleine 
Montaigne, Essais 

One of the most remarkable features of this Collo- 
quium is the huge number of attendees (above 600), 
much more, we are told, than the organizers originally 
expected. While such a level of participation may be 
interpreted as reflecting the extreme intensity of an ac- 
tual "crisis in calculus," it can more simply be seen as 
an indication of a greater av»>-eness among the math- 
ematics community of the inif isibility of keeping cal- 
culus teaching essentially unchanged, as it has been for 
so many decades. 

The fact that computers, micro-computers, and even 
hand-held calculators are compelling changes in the 
way all mathematics, and especially calculus, is being 
taught, has been advocated over the years by various 
people. But time now finally seems to be ripe for real 
collective action to be initiated. 

It might be instructive to recall briefly a few publica- 
tions and meetings that have taken place since 1980 that 
have contributed to efforts to modify the way computer 
science is being perceived in influencing both mathe- 
matics and its teaching. Although by no means exhai's- 
tive, the following list nevertheless reveals the actual 
situation as an evolution which started slowly among a 
few enthusiasts and has progressed steadily so that now 
it concerns a great many people in various countries. 

1980: Publication of the book Mindsiorms: Children, 
Computers and Powerful Ideas, by Seymour Pa- 
pert. The computer is presented as an "object-to- 
think-with." 



1981: In a paper published in the American Mathemati- 
cal Monthly (88 (1981) 472-485), Anthony Ralston 
argues for the consideration of a separate math- 
ematics curriculum for computer science under- 
graduates, beginning with a discrete mathematics 
course rather than calculus. 

The paper "Computer Algebra" (by Pavelle, et a/, 
Scieniific American, Dec. 1981) makes symbolic 
manipulation systems known to the general (sci- 
entific) public. 

1982: A distant early-warning signal by Herbert Wilf: 
"The disk with a college education" {Amer. Math. 
Monthly 89 (1982) 4-8). 

1983: Proceedings of a Sloan Foundation conference cen- 
tered around Ralston*s thesis on the balance be- 
tween calculus and discrete mathematics: The Fu- 
ture of College Mathematics (Springer- Verlag). 

1984: Some sessions of ICME-5 (Adelaide) devoted to 
the teaching of calculus and the effects of sym- 
bolic manipulation systems on the mathematics 
curriculum. 

NCTM 1984 Yearbook on Computers and Educa- 
tion, 

1985: NCTM 1985 Yearbook {The Secondary School 
Mathematics Curriculum) includes papers related 
to the issues raised by symbolic computation. 

A symposium is organized by ICMI (The Interna- 
tional Commission on Mathematical Instruction) 
in Strasbourg on the topic: The Influence of Com- 
puters and Informatics on Mathematics and its 
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Teaching (Proceedings published by Cambridge 
University Press, 1986). 

1986: The Tulane Conference: Toward a Lean and Lively 
Calculus, 

A symposium takes place in Tunisia on the in- 
fluence of computer science on the teaching of 
mathematics as it relates especially to developing 
countries. (Proceedings published by the Inter- 
national Council for Mathematics in Developing 
Countries.) 

1987: The International Federation for Information Pro- 
cessing organizes a working conference in Bulgaria 
on the subject: "Informatics and the Teaching of 
Mathematics." 

This Colloquium: Calculus for a New Century. 

1988: The programs of both the AMS-MAA annual 
meeting and ICME-6 meeting (Budapest) con- 
tain many activities related to computers and the 
teaching of mathematics (and especially of calcu- 
lus). 

A recent event has definitely served as catalyst in 
accelerating the evolution suggested by the preceding 
milestones, namely the commercial availability of hand- 
held calculators with graphic or symbolic capabilities 
(like the Hewlett^'^ackard 28C, the Casio fxlOOOG, or 
the Sharp EL5200). In spite of several inherent lim- 
itations and their often awkward usage, these devices 
have already had a considerable effect among teachers 
of mathematics: if many of these teachers still believed 
they could safely ignore Wilf's early-warning signal of 
1982, a vast majority now realize that these calculators 
arc here to stay, that they can only become cheaper and 
more powerful over the years, and that students will be 
expecting to use them. 

In addition, symbolic ^lanipulation systems, reserved 
to a small group of specialists only a decade ago, have 
now become sufficiently widespread that both mathe- 
maticians and users of mathematics are aware of their 
usefulness. These systems have created a situation 
where a mere technician, with little mathematical back- 
ground, could work on problems which, because of their 
mathematical sophistication, would escape the exper- 
tise of today's typical engineer. What sense will this 
technician make of the "answer" (numeric, symbolic, or 
graphic) produced by the computer? How can such a 
technician appreciate the validity and limitations of the 
mathematical model being used? 

This raises forcefully the difficult question of mini- 
mal competency in mathcmM* :s for engineers and other 



users of mathematics. One is reminded here of a sim- 
ilar situation actually occurring in statistics, where al- 
most anyone can use commercially-available packages 
like SAS or SPSS to painlessly have the computer print 
pages and pages of output in all forms (tables, pie 
charts, bar graphs, etc.), often without having the inter- 
pretative abilities to thoughtfully use this information. 
(And here enters the consultant statistician!) 

But things have evolved greatly ovei the last ten 
years in the teaching of statistics. Instead of concen- 
trating on tricks for the calculation of various statis- 
tical parameters, teachers of statistics now stress the 
development of a sense of appreciation and judgment. 
Exploratory data analysis is quite typical of the shift in 
approach, where the calculator or the computer plays a 
central role in working with the data. 

Altboug*. 'Jie inertia of the system is far greater in 
the case of calculus, a similar change will occur. It is 
compelled on us by the v/idc availability of calculators 
and numeric, symbolic, or graphical software which our 
customer departments are quite eager to use. Even if 
no clear relationship has yet been identified between, 
say, procedural skills developed by lengthy hand manip- 
ulations of algebraic expressions and the understanding 
of the underlying algebraic concepts, it seems beyond 
doubt that a shift will take place from purely computa- 
tional to more complex interpretative abilities — in other 
words from calculation to meaning. More than ever, the 
adage of the bonhomme Montaigne prevails, and devel- 
opment of mathematics judgment greatly contributes to 
this "ieie bien faite." 

A lot of people in different places arc now getting 
their feet wet in trying new approaches ^to calculus 
teaching. Attendance to this Colloquium indicates that 
this corresponds to a real need. We are now in a phase 
where experiments need to be performed, evaluated, 
and communicated to others. Identification of new cur- 
ricula and production of related materials is a alHicult 
and unrewarding task. But only such efforts can pro- 
duce, cis was wished by Robert M. White in his keynote 
address, a calculus that is no longer a filter but a pump 
in the scientific pipeline. 



Bernard R. Hodgson is Professor of Mathematics at 
Universite Laval (Quebec). Besides his research interests in 
mathematical logic and theoretical computer science, he is 
an active member of the Canadian Mathematics Education 
Study Group and regularly teaches courses for elementary 
school teachers. He received his Ph.D. degree from the Uni- 
versite de Montreal. 



63 



Knight: Dreaming or Planning? 



51 



Collective Dreaming or Collaborative Planning? 

Genevieve M. Knight 
CoppiN State College 



The halls of the National Academy of Sciences echoed 
the voices of 600 plus persons who gathered to reflect 
on the current status and future direction of Calculus! 
Messages were loud and clear that today's profile of cal- 
culus compares poorly with the world of reality. If one 
moves away from the innovational uses of disks, sym- 
bolic algebra, and calculators not much is going on. The 
future complexion of calculus must mirror with zest the 
magnitude in which science and technology are cheing- 
ing. 

The presenters spoke of urgency: 

• For the calculus reform to consider the effort a na- 
tional collaborative one (however, the effort must be 
generated at local levels and coordinated through 
networking). 

• For collegiate mathematics to be less isolated and to 
link to other subjects, to professional users external 
to the classroom, and to secondary school mathemat- 
ics. 

• For an in-depth analysis of the practice of teaching 
calculus that focuses on purpose, content, method- 
olo£;v, and assessment — beyond two-hour tests and a 
final examination. 

• For the keepers of calculus to "do something" about 
what is and and what should be. 

• For the teaching arena to capture the beauty of the 
subject with meaningful instructional activities cen- 
tered around jiucicTiis' understanding and needs. 
After several speakers, I began to become concerned 

that too much time y, "S being allocated to talking about 
"issues." Flooding my mind were the reflections gath- 
ered from readins the background papers, from personal 
Interactions with colleagues, and from my own twenty 
plus years of teaching calculus. As a practitioner I was 
ready to engage in an intellectual mental brainstorm 
embracing reality with the host of talent in the meeting 
room. At this junction the voices representing NSF 
chimed softly, "We are listening to the mathematics 
sciences community and here is our proposal. Reach 
beyond the "talking stage" and initiate the process to 
develop this new calculus curriculum." 

Lunch time was alive with groups of voices buzzing 
about the points of view presented during the morning 
session. As I circulated among the crowd listening to 
bits and pieces of conversations, I began to sense that 



the initial steps had commenced and the mathematics 
sciences community was generating the seeds for curric- 
ula reforms in calculus. 

Speakers at the afternoon session artfully integrated 
the morning discussions to reflect their positions as 
"clients" and "administrators.** The images of calcu- 
lus we project to users and others are pictures that 
are fuzzy and out-of-focus. The Colloquium challenged 
mathematics professors to stop, to reflect, to regroup — 
and to enter into the world of technology and the 21si 
century. 

The picture of calculus now takes on many differ- 
ent forms for the individuals who attended this confer- 
ence. I leave with a commitment to share my notes with 
colleagues back home. In addition, 1*11 shepherd some 
fine-tune analysis by all departments whose students 
are required to take the calculus sequences. At least 30 
different topics, issues, and concerns were voiced dur- 
ing the conference. I urge readers to generate from the 
following list questions to be answered by their mathe- 
matical science faculty: 

• Purpose and sincerity of calculus reform 

• Management of resource and materials 

• Calculus textbooks 

• Faculty 

• Placement and assessment 

• Discrete mathematics 

• Methodology 

• Composition of calculus topics 

• Use of technology 

• Demographic data 

• Drop In supply of human resources 

The collective dream can become a reality. What- 
ever we are now calling calculus will not survive in the 
new century. Mathematicians must assume the respon- 
sibility for what will replace It. 



Genevieve M. Knight is Professor of Mathematics 
and Director of Mathematics Staff Development Programs, 
K-8, at Coppin State College. She received a Ph.D. de- 
gree from the University of Maryland at College Park. Her 
research interests are in non-traditional approaches to the 
teaching and learning of mathematics in an urban school 
district. 
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Calculus — A Call to Arms 

Timothy O'Meara 
University op Notre Dame 

This colloquium will either be a watershed in math- 
ematxcs education or a flop. Which it is depends en- 
tirely on the kind of follow-up that will be taken in 
generating interest in the mathematical community at 
large. 

My initial reaction during the first few hours of 
the Colloquium was one of bewilderment and dis- 
appointment. Based on the announced title of the 
event, I subconsciously expected to be presented with 
a brand new calculus on a platter. In actual fact, I 
heard a lecitation of the problems facing us in mathe- 
matics and science education, apocalyptic predictions 
for the year 2000, philosophical messages from our 
sponsors in science and engineering, and a call for 
mobilizing all sorts of forces in our society. Self- 
analysis and self-criticism were conspicuous by their ab- 
sence. 

My moment of truth came at the cocktail hour 
at the end of the first day. First, I realized that 
our real concern was with mathematics education at 
the college level, not with calculus. The word cal- 
culus was just a snappy way of putting it all to- 
gether. More importantly, I realized that Calculus for 
a New Century is far from being a final product — it 
is still a movement. We are in process. The next 
step in the process must be an awakening, followed 
by an involvement of the entire mathematics commu- 
nity. 

We are all aware of the crises in mathematics and 
science education in our country today: a severe short- 
age of mathematicians; few decent teachers in our 
schools; alarming drop-out a!id fculure rates in many 
of our colleges; problems with the pipeHne; depen- 
dency on foreign talent; a disgraceful inability to nur- 
ture mathematicians on our own soil and in our own 
culture. In fact, we are so accustomed to this recita- 
tion that we have been lulled into accepting it as im- 
mutable. 

This was the starting point of the Colloquium. It 
will have to be repeated and repeated as the process 
continues. Those with a mercenary turn of mind will 
be interested to know that calculus accounts for half a 
billion dollars of business each year. 



On the apocalyptic side, we were reminded that 
push-button calculus is just around the corner. So why 
teach students how to find one volume of revolution 
after the other. The calculator will surely tell us all. 
Will calculus become strictly utilitarian? Need its in- 
ner workings be known to any but the elite? If calculus 
is just a skill, should it be taught in our universities? I 
would hope not. Will discrete mathematics replace the 
continuous? 

Mathematics will continue to flourish, but w^here will 
its creativity come from? From our economists, our bi- 
ologists, our engineers? Will our mathematicians be 
sufficiently flexible and imaginative? I hope so, but I 
am not convinced. 

Interestingly enough, little wes said of the intrinsic 
beauty of mathematics. Epsilons and deltas were men- 
tioned in whispers. Mathematics as part of liberal edu- 
cation for the new century was not mentioned at all. I 
find that alarming. 

Mathematics education at the college level will have 
to be stripped of rote. Concepts will have to be 
emphasized. Research mathematicians will have to 
view teaching as an honorable part of their lives. 
And this will have to be transmitted by example to 
their doctoral students who will become the next gen- 
eration of professors. All of us will have to con- 
vey our enthusiasm for our subject, not only to each 
other as we now do, but also to our deans who con- 
trol the purse strings, and most of all to our stu- 
dents. 

The next step in the process is up to us. If the sur- 
prisingly large turnout at the Colloquium is any indi- 
cation, then I think we are on our way. 



Timothy O'Meara is Kcnna Professor of Mathemat- 
ics and Provost of the University of Notre Dame. In his 
tenth year as Provost, he maintains his research interests in 
algebra and number theory. He has published three books in 
these areas; a fourth, The Classical Groups and K-Theory, 
coauthorcd with Alex Hahn, will be published by Springer- 
Vcrlag in 1988. He received his Ph.D. from Princeton Uni- 
versity. 



Surprises 

William M. Priestley 
University of the South 



On a "typical" find examination in a calculus cours" 
last year, a student who was given permission to push 
buttons intelligently on the latest hand-held calculator 
could easily have ensured himself of a passing grade. 
Yet the failure rate among college calculus courses is 
surprbmgly high, and surprisingly few guch courses in- 
corporate any use of a computer. At the same time, a 
study of enrollment trends leads to a prediction that the 
next century will find more students studying calculus 
in secondary schools than in colleges and universities. 

These unwelcome surprises from the conference "Cal- 
culus for a New Century" call for concerted effort to 
avoid a fin de Steele crisis in the teaching of cdculus. 
For some of us who teach wrong mathematics in liberctl 
arts colleges, however, a pleasant surprise came out of 
the conference as well. This was the response of a small 
but significant number of participants who endorsed as 
a partial remedy our most cherished forlorn hope and 
lost cause: the insistence upon clear writing in English 
by students of calculus. 

These bewildered students have been so ill condi- 
tioned by rcvititive drill problems whose answers are 
so transparent as to require no explanation that they 
think the proper response to every mathematics prob- 
lem is to dispose of it as quickly as possible without 
one word of explanation to the intended reader of their 
work. The reader, of course, is their dedicated instruc- 
tor (whose role will later in life be played by their exas- 
perated boss) whom they confidently expect to reward 
them highly if the correct answer can be found scribbled 
anywliere at all in their chaotic ramblings. 

The most overlooked shortcoming in the teaching of 
mathematics is the failure of teachers to insist that their 
ctudents justify their answers — if not with complete sen- 
tences, at least with a few suggestive English phrases. 
In the case of an optimization problem in calculus, for 
example, it is surprising how much good is done by a 
teacher who demands that students 

• Never put an "equals** sign between unequal expres- 
sions, and 

• Pepper their computation with the proper use of a 
small glossary of words like let, denote, if, then, so, 
because, attain, and when. 

Students understand the theory behind the technique 
of optimization if and only if they can carry out these 
demands. 



But the list of worthwhile changes to bring to the cal- 
culus is never-ending. A dean and professor of English, 
who was surely sympathetic with the idea of writing* 
admonished conference participants not to try to teach 
writing. She had already heard aboiit too many other 
things to do. Surely almost everyone agreed with htr. 

The major problem my students have at the outset uf 
a calculus course, however, is that they don*t (or can*t) 
learn from reading the textbook. No one needs to do 
a statistical survry to know that this is true generally, 
and teachers who give tests that calculators can pass 
probably don't expect their students to be able to read 
mathematics. 

How can this problem be solved? Recall how Ncv/- 
ton solved a famous problem and discovered the calcu- 
lus: he calculated the area beneath a curve between 0 
and 1 by attacking instead the problem of finding the 
area between 0 and x. The technique of solving a hard 
problem by attacking in its place a still harder problem 
that ought to have been impossible is one of the most 
surprising methods learned in mathematics. 

The solution to the hard problem of getting students 
to read the textbook is to attack instead the impossible 
problem of teaching them how to write. What would 
happen if all of us who instruct should insist to our 
students that we really expect them to learn to write? 
What would happen if we told our classes that a stu- 
dent cannot learn to think like a mathematician without 
learning to write like a mathematician? Some students 
might actually learn, grow up and study analysis, and 
attain the background needed to teach calculus to all 
those high school students of the next century. 

As for the rest, they may never learn to write. But 
if they try to learn how to write, they will liavc the 
biggest surprise of their mathematical lives. They will 
learn how to read. 



William M. Priestley is Professor of Mathemat- 
ics at the University of the South and author of a calculus 
textbook written for liberal arts students. He has published 
papers in analysis, participated in an NEH-sponsorcd sum- 
mer seminar on Frcge and the foundations of mathematics, 
and is interested in using the history of mathematics to pro- 
mote the better teaching of mathematics. He received his 
Ph.D. degree in mathematics from Princeton University. 
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Calculus for a Purpose 

Gilbert Strang 

Massachusetts Institute of Technology 

The following comments are not so much about what 
was said in Washington, as about questions that were 
momentarily raised, and then dropped. Som' of the 
unspoken or barely spoken needs are fundamental to 
success in the classroom — and the success of this whole 
initiative. 

One is the student's need for a clear sense of pur- 
pose, and for a response that encourages more effort. 
Actually the instructor has the same need. Our ques> 
tions to the panei represcnt-ing the "client" disciplines 
might have been combined into a single question: What 
is calculus for? If the course is to be recognized as 
valuable and purposeful by students, that has to be an- 
swered. The afternoon audience was asking the right 
question! 

It may seem astonishing that we who teach the sub- 
ject don't know everything about that question. Of 
course it is not at all cistonishing. First, there are too 
many answers. No one can be familiar with all the 
uses of calculus. But that is more than the students 
are asking, and more than they could be told. Stu- 
dents need to have some clear purpose. There is a 
second reason why we don't answer well — we are very 
much Hiside the subject, teaching it but not seeing 
it. 

Calculus is a language, but what do we have to say in 
that language? There are many texts that explain the 
**grammar" of calculus — the rules of the 'anguage — but 
that is not the same as learning to speak it. We need 
ideas to express, things to say and do, or it is a dead 
language. 

I was struck that in Tom Tucker's list of groups 
that have to contribute to a reform, authors were 
n'>t mentioned. It was an oversight, but I think 
they are at least as important as publishers. I am 
convinced that the textbook itself is absolutely cru- 
cial in explaining the purpose as well as the rules. 
That is the job of the book, and I think it can be 
done. 

I was fascinated by the observation that calculus 
courses reflect so little of the last 100 years — almost 
nothing since Riemann. Students cannot ^ail to see 
that in the biographies and to draw conclusions. But 



new ideas have developed, as well as many n^ ap- 
plications. The instructor and the book are rt ,.on- 
sible for making time for new ideas in the class- 
room. 

My Icxst comments are in a different, direction — about 
computers. It is one thing to believe, as we do, that they 
will come to have a tremendous part to play in calculus. 
It is quite another thing to see clearly what that part 
will be. 

I can see one effect, which may not be central 
but will make a big diffrrence. Lynn Steen men- 
tioned a recent study that revealed that in more than 
half of the couues, horneworks are not graded (or 
even looked at). In other words, the student gets 
no response. That zero is worse than any grade. 
To work well without recognition is a lot to ask. 
We ask xi because of pressures of time and of stu- 
dent numbers. Those are pressures that the com- 
puter is made for. I believe we will approach (slowly) 
a homework design in which the computer does the 
time-consuming part and we do tae thought-producing 
part. 

One difficulty is obvious, but not yet discussed. The 
computer is too quick. If we ask a direct question — 
a definite integral, or a system of linear equations — 
it answers immediately. The human part, is reduced 
to input of the problem. The student becomes — and 
knows it — the slowest and v/eakest link in the system. 
That is frustrating, not educating. This difficulty will 
be overcome, and I hope there will be publicity for 
successes (even partial successes) in finding the an- 
swer. 

I hope the other difficulty will also be overcome — to 
make this course not a barrier but a door. We need first 
to see clearly where it leads. 



Gilbert Strang is Professor of Mathematics at MIT. 
He is the author of the textbooks Linear Algebra and Its Ap- 
plieations nnd hUroduetion to Applied Mathcmaties. An ear- 
lier book on the finite element method reflected his research 
in analysis and partial difTerential equations. His advanced 
degrees are from Oxford University and the University of 
California at Los Angeles. 
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Yes, Virginia ... 

Sallie A. Watkins 

American Institute of Physics 

Yes, Virginia, there »s a Santa Glaus. And yes, 
fledglL^g physicist, ther^ Is a gift in the making for you. 
Thoughtful; rnnctinttl persons are designing a new cal- 
culus course for your generation. It will be lean, lively, 
anv^ troc. I*m going to guess some of its other charac- 
teristic. 

If you learn integration, it won*t be to build char- 
acter; you will use calculators and computers cis natu- 
ral tools in the course; you will learn to solve diffo 
ential and difference equations; you will develop t^e 
power and know the satisfaction of .Tiathcmatical proof; 
you will learn to make valid approximations, to do 
modeling; you will sec where all of this is going, be- 
cause there will be a steady supply of real-life appli- 
cations; you will solve related problems as homework 
to oe turned in for grading; you will see a symbiotic 
relationship between continuous and discrete mathe- 
matics in your course. Your calculus will be a richer 
course ^'^an today*s, but your text will have a mass of 
less th>' 3.4 kilograms. There you have it, in a nut- 
shell. 

But there remains a burning question which will con- 
cern us both, Virginia: How will the lean and lively 
calculus affect the field of physics? We physicists 
talk about "the calculus-based introductory physics 
course" — and we mean it. Calculus is the mainstay of 
physics. 

Only yesterday, the world we physicists were able 
to study was a perfect one. We neglected f:)ction; we 
talked about physical phenomena in first approxima- 
tion; we generally did violence to reality so as to arrive 
at solutions in closed form. 

Take Newton*s second law of motion. In point 
of fact, F does not equal ma. Nor does F equal 
— except in first approximation. 

Wc live and move and have our being in a nonlinear 
world. Suddenly we have the mathematical capability 



of treating that world as it is. Shall we have a burninj^ 
of the physics boohs and charge our physicists to begix* 
the disciplini* anew? 

Rcscurch in the learning theory of physics has shown 
that students are hampered by the baggage of a world 
view that insists on the existence of friction. Would 
these students have an ecisier time with a course in 
which they could feel more conceptually at home, even 
though the mathematics were messier? 

But would something be lost If wc were to redo 
physics to match the nonlinear world it studies? If 
Galileo and Newton had had the capability of han- 
dling the mathematics that we have today, would our 
physics be the beautiful, simple, clear structure that it 
is? 

I submit that one aspect of the unique character of 
physics as a discipline is that it empowers its practition- 
ers to abstract the simple o\ii of the cornp!:)x, to sense 
which features of complexity can be suppressed or ig- 
nored without loss of validity, and to construct sweeping 
generalizations. 

Yes, students of the new lean and lively calculus will 
be cc^uipped to deal with the nonlinear world as, indeed, 
it presents itself— but if they limit themselves (and us) 
to this level of information, wc will find ourselves in a 
lose-lose situation. 

Not everything that can be done should be done, 
Virginia. 



Sallie A. Watkins is Senior Education Fellow of the 
American Institute of Physics, on leave from her position 
as Dean of the College of Science and Mathematics at the 
University of Southern Colorado. Her field of research is the 
history of physics. Dr. Watkins received a Ph.D. in physics 
from the Catholic University of America. 
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Calculus for Physical Sciences 



First Discussion Session 

Jack M. Wilson and Donald J. Albers 

We began by considering the following agenda of is- 
sues: 

• Should numerical techniques be taught cis part of cal- 
culus? 

• Should topics from linear algebra be included? 

• Probability and statistics. 

• What role for statements or proofs? 

• Should mathematics teachers be required to have 
more of a background in physical science? 

• Should discipline examples be included? if so, how? 

• Role of drill and practice. 

• Role of problem formulation and conception. 

• Should there be formal instruction in problem solving 
techniques? 

• Is there a special relationship between phvsics and 
calculus? 

• Visualization of solutions. Graphics. 

• Making physical sense of solutions. 

• Relevance to the workplace. 

• Should we do everything, or a few things well? 

• What's in? What's out? 

• The TA problem: language, time, training, motiva- 
tion. 

• Should calculus be taught as an umbrella course or 
partitioned into various courses for various majors? 

• How do we handle large sections of calculus? 

• Is (should) technology be the driving force behind 
the new calculus? 

After initial discussion to consolidate these diverse 
issues, the group prioritized the major issuer iis follows: 

A. Should we do everything in calculus or a few things 
well? What should be left out? What should be 
added? 

B. What should be the role of pro< f? 

C. Is (should) technology (be) the driving force behind 
the new calculus? 

D. Visualization of solutions, graphics, and making 
physical sense of solutions. 

E. Should numerical techniques be taught as part of cal- 
culus? 

The absence of the other issues fiom this priority list 
means that either group members were in agreement on 
the issue or that they did rot view the issue as contro- 
versial. 



We first discussed what items should be excluded 
from calculus and what should be added. There was 
general agreement that we could not develop a detailed 
list in the allotted time, but could examine a short list 
of possibilities. 

Several participants suggested that a zero-based bud- 
geting approach be employed. There was consensus 
that we should reduce the amount of time spent on 
closed-form integration techniques. Some suggested 
that trigonometric substitutions provide students with 
a valuable review of trigonometry. Others argued that 
practice with integration methods help to teach pattern- 
recognition skills. 

The suggestion that work v/ith volumes of solids of 
revolution and the computation of centroids be elimi- 
nated did not get much suppo'-t. Participants empha- 
sized the need for applications such as those in which 
the integral is seen as a limit of sums. 

Intuition, Calculation, and Proof 

The elimination of epsilon-delta proofs in presenting 
limits was supported by all participants except the high 
school teachers, who said they must teach such ideas 
because of the presence of epsilon-delta questions on 
Advanced Placement examinations. 

A reduction of time on derivative calculations was 
suggested by our group. The presence of calculators and 
computers that easily and quickly compute derivatives 
lends support to this call for reduction. 

Our group also recommended the addition of more 
work with qualitative examples and exercises. For ex- 
ample, students might be asked to construct the graph 
of the derivative of a function given the graph of the 
function. 

The group next considered the place of numerical 
techniques, including some elementary r'vjpects of nu- 
merical analysis. There was general agreement that a 
careful selection of strategically-placed numerical meth- 
ods should be included, but that they should not simply 
be grafted on to a standard text. 

The question of the lole of proof in a first course in 
calculus was sharply debated. A few argued that some 
formal proofs are essential to attract strong students ^.o 
mathematics. A few mentioned that client disciplines 
often apply pressure on ca*. ulus instructors to mini- 
mize proofs. Some suggested that intuitive nroofs be 
included. All agreed that concept building is a funda- 
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mental goal. To that end, it is essential to give clear, 
concise statements of theorems, and that changes in the 
hypotheses be explored to help motivate theorems. 

Technology 

The group felt that the question "Is calculus reform 
driven by the new technology?" in some way sub- 
sumed other questions on numerical techniques, on the 
statement-proof approach, and on developing a physical 
or graphical sense of solutions. This topic brought on 
an animated discussion, but there was a surprising con- 
sensus that calculus is being driven by the technology 
and that it may not be a bad thing. Although the use 
of computers in calculus teaching is very low, it was felt 
that the use of new technology by faculty \s growing. 

Several individuals noted that the computer allowed 
them to present old topics from a better and more easily 
understood perspective. There was also a discussion of 
the powerful graphic presentations now possible and the 
ability of the computer to explore qualitative features 
of complicated systems — a form of intuition building. 

The availability of powerful symbolic manipulation 
progranis, such as those provided by the HP-28C, will 
change the terrain of calculus instruction. Skills once 
important will now be available with the punch of a 
button- It will still be necessary to teach some of these 
skills, but how much and in what way remain open ques- 
tions. This is one area that may free time for teaching 
other kills which now may be more important. 

There was considerable discussion of the difficulty of 
retraining faculty. Students are coming to class expect- 
ing the faculty to have certain skills that they may not 
possess. This problem is as severe, or even more se- 
vere, at the college and university level as it is at the 
secondary level. 

It was also noted that the computei has radically 
changed physics research and engineering practice, but 
that these changes have not yet been fully reflected in 
the teaching of these subjects. 

Implementation 

It Wcis generally agreed that calculus courses are un- 
likely to change much until new textbooks and other 
instructional materials 'e produced. As a first step, 
the group recommends the formation of a blue-ribbon 
writing team made up of teachers of calculus from all 
levels. The team might have an advisory board com- 
posed of individuals from client disciplines in academe 
and industry. The first task of the writing team would 
be the creation of a draft syllabus for !»he new calcu- 
lus. This syllabus would then be revised through review 



processes that might include meetings of focus groups 
at local, regional, and state levels, by professional or- 
ganizations of teachers of mathematics, as well as at 
meetings of client discipline organizations. The revised 
syllabus could then serve as the basis for new calculus 
texts. 

It is likely that several individual effo **s toward the 
creation new textbooks could use this syllabus as a 
place to start. Established authors might be influenced 
to include ideas from this syllabus. 

It was also suggested that a sourcebook of applica- 
tions from client disciplines be produced in order to 
heighten the appreciation of calculus by both students 
and teachers of calculus. 

On the technology side, calculator manufacturers are 
urged to produce devices that are very user-friendly. 
Such efforts are likely to increase their acceptance by 
teachers and their use in calculus Instruction. 



Jack M. Wilson is Professor oi .^hysics at the Uni- 
versity of Maryland, College Park, and Executive Director 
of the American Association of Physics Teachers. He is also 
co-director of the Maryland University Project in Physics 
and Educational Technology and has published frequently in 
chemical physics, educational physics, computers in physics 
education, and public policy issues. He received his Ph.D. 
degree from Kent State University. 

Donald J. AlBERS is Associate Dean and Chairman 
of the Department of Mathematics and Computer Science at 
Menlo College. He has served as Editor of the College Math- 
ematics Journal and as Gh^rman of the Survey Committee 
of the Conference Board of the Mathematical Sciences. He 
is co-editor of Mathematical People, He is currently Chair- 
man of the Committee on Publications of the Mathematical 
Association of America. 



Second Discussion Session 

Ronald D. Archer and James S. Armstrong 

This session, which consisted of a well-balanced mix 
of mathematicians and physical scientists, identified 
several major issues dealing with calculus content and 
instruction. Foremost among them was the need for 
continuing dialogue between mathematics faculty and 
physical science faculty. 

The calculus course should be designed by mathe- 
maticians for mathematics majors, both pure aid ap- 
plied, and coordinated whenever possible with members 
of the physical science faculty. Whereas it is important 
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for mathematicians to consider the needs of the scien- 
tist, conflicts should be resolved in a manner consistent 
with the goals of the calculus course. 

Although all participants agreed that applications 
can be motivating, some cautioned against distorting 
calculus with an exaggerated emphasis on physical ap- 
plications. Other participants expressed uneasiness 
with their own ability to discuss certain applications 
outside their own discipline, especially since their stu- 
dents often lack the necessary background to fully ap- 
preciate these applications. 

Technology 

Concerning the impact of technology on calculus in- 
struction, there was strong consensus on se/eral aspects 
of this issue: 

• Technology is here and we must deal with it. 

• Paper-and-pencil drill must precede student use of 
electronic devices. 

• These devices should ultimately enhance students' 
understanding of the complexities and intricacies of 
f^e calculus. 

• xhe proper balance between the use of electronic de- 
vices and traditional methods has yet to be deter- 
mined. 

• Caution must be exercised to avoid adding topics to 
^r. already over-crowded calculus curriculum just be- 
cause technological advances allow teaching certain 
topics more quickly and efficiently. 

• A need exists for a well-publicized national clearing 
house for calculus software. 

Core Concepts 

In thinking about a core for calculus courses, the 
group conceded that it was probably inappropriate to 
develop a curricular outline in one morning without 
adequate time for reflection. Nevertheless, there v;as 
widespread support for incorporating the following four 
major concepts as identified in the recent publication 
Toward a Lean and Lively Calculus: 

• Change and stasis. 

• Behavior at an instant. 

• Behavior in the average. 

• Approximation and error bounds. 

There was also strong support for including formal 
proofs in the study of calculus, including epsilon and 
delta proofs. Most participants felt, however, that ep- 
silon and delta proofs should be delayed until the sec- 
ond semester. Participants urged that it is vitally neces- 
sary to know your audience rnd their bc^ckground before 
launching into thes-* more sophisticated concepts. 



Important pedagogical considerations related to the 
teaching of calculus were diic issed at length. It was 
noted that the flavor of the calculus course should em- 
phasize: 

• The spirit and natural beauty of mathemaUcs. 

• The way mathematicians do mathematics. 

• The intuitive dimension of mathematics. 

For example, it is highly instructive for students to 
see the teacher develop the solution to a problem from 
scratch. 

Textbooks 

Much of the concern about calculus instruction cen- 
ters on current textbooks. Weaknesses in current cal- 
culus textbooks include too much "plug-and-chug,'' too 
many topics, excessive use of highlighting and summa- 
rizing sections, and too many "template" word prob- 
lems. 

New textbooks, written to support calculus curricu- 
lum reforms, should minimize highlighting and, in fact, 
encourage students to read the mathematics. There is a 
strong feeling among mathematicians that the student 
must know how to read mathematics before they can 
write good mathematics. New textbooks should also 
include physical application problems carefully chosen 
from other physical science disciplines. 

Homework should be assigneu, collected, and graded 
at frequent intervals. Examinations and homework 
should reflect the course objectives. There appears to 
be significant faculty resistance f'^ the use of common 
departmental examinations. Nevertheless, close super- 
vision must be exercised over the preparation of exam- 
inations by less-experienced teachers. 

Serious concern was expressed over the lack of i- 
phasis on a cohesive mathematics-science curruaiar 
thread throughout the K-12 curriculum. This makes 
it extremely difficult for college faculties to use the nat- 
ural connections between mathematics and the physical 
sciences in order to motivate the study of mathematics. 

Good teaching must be rewarded in the same manner 
that good research is rewarded. The teaching of calculus 
can be exciting to both the teacher and the students, if 
we appropriately harness the new technologies, interact 
with our colkagues, and eitablish a reasonable core. 



Ronald D. Archer is Professor of Chemistry at the 
University of Massachusetts, Amherst. He has served as 
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cational Testing Service. An active research chemist, Dr. 
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Calculus for Engineering Students 



First Discussion Session 

Dovald E. Carlson and Denny Gulick 

Among the 30 participants in our session nearly ev- 
eryone spoke at one time or another, and showed the 
diversity in types of departments and academic institu- 
tions from which they came. The participants included 
high school teas^ie^s, college-university teachers, and a 
representative from a well-known publishing firm. Most 
were mathematicians; a few were engineers. 

Syllabus 

Most of the discussion centered on the topics of the 
calculus syllabus and the problems identified with stu- 
dents in calculus. Among the suggestions for inclusion 
in the calculus courses were: 

• real-life applications and modeling, 

• heavier use of approximation methods, 

• computer graphics, 

• symbolic manipulation, and 

• discrete mathematics. 

Real-life applications and models would tend to make 
more meaningful the concepts presented in the calculus. 
Not only are approximation methods important from 
the standpoint of all rtuuents of the calculus, but also 
they can be very fruitful in motivating certain cispects 
of calculus, especially if observational data provide the 
bcisis for these approximations. 

Computer graphics can give not only a visual image 
of various concepts, but also a much more realistic im- 
age of functions such as exponentials and polynomials. 
In addition, symbolic manipulation, which is only now 
beginning to cone into the classroom, could minimize 
the tedium of routine calculations. 

Finally, we recognize the recent effort to incorpo- 
rate discrete mathematics * . ^ the first years of college 
mathematics. In all likelihood discrete and continuous 
mathematics should be interminglf> ^. How sho ^Id it be 
effected? 



If there arc to be new items added to the calculus 
course, it is agreed that some topics in the already too- 
full syllabus would have to be eliminated. Although 
our session did not dwell on which topics should be 
eliminated, the question of including only some of the 
techniques of integration arose. Also, it was suggested 
that perhaps some geometric applications of the integral 
could be replaced by applications more indigenous to 
engineering and physics. Finally, should less clacj time 
be devoted to series? 

At the same time certain participants emphasized 
that the fundamental concepts in calculus must remain 
in ,>.e course, along with at least a certain amount 
of drill work to develop manipulative skill. We must 
minimize the tedium of working problems where no 
thought at all is necessary. A basic question is the fol- 
lowing: What would be an appropriate blond between 
geometrically-motivated concepts, definitions and theo- 
rems, relevant applications, and rigorous proofs? 

Students 

The second major topic centered on the calculus stu- 
dent: diverse backgrounds, work ethic, and retention of 
calculus concepts. 

We are all aware that high school preparation in pre- 
calculus topics varies greatly. In addition, ever more 
students come to college having already encountered 
some calculus. Should colleges and universities meet 
the students "where they are," giving them a special 
calculus course? Ir mathematics, how should colleges 
and universities interface with the high school? 

Several members of the session indicated that stu- 
dents nowadays do not seem to be highly motivated 
to study (calculus). Is that because the course is not 
packaged well? Or because the students have improper 
backgrounds? In order to have a real impact on the 
calculus curriculum, the "work e*hic" of the calculus 
student will need to be changed. 

Many students have difficulty retaining the methods 
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and the concepts of the calculus. Can effective reten- 
tion be accomplished primarily through routine prac- 
tice and by graded homework exercises? Should it be 
accomplished through exemplary applications? Proba- 
bly the answer lies in a mix of l e two. Again, before 
the calculus curriculum can be really 3uccessful, we will 
need to find an appropriate mix. 

In conclusion, the participants noted that nothing 
that we suggest can have much effect on the calculus 
curriculum unless 

• publishers are receptive to innovative texts and soft- 
ware; 

• communication between mathematics departments 
and engineering and science departments is fostered; 

• academic institutions demonstrate their concern for 
improved undergraduate education and reward ef- 
forts to that end. 

We hope thr.t the present symposium will help give 
new vigor to the calculus curriculum. 



Donald E. Carlson is Professor of Theoretical and 
Applied Mechanics at the T'niversity of Illinois at Urbana- 
Champaign. He is active in mathematics education in Illi- 
nois and is educated in both engineering and mathematics. 
He received his Ph.D. degree in applied mathematics from 
Brown University. 

Denny GulicK is Professor of Mathematics at the 
University of Maryland. He has served as chairman of the 
undergraduate mathematics program at the University of 
Maryland and is co-author (with Robert Ellis) of a calculus 
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Second Discussion Session 

Charles W, Haines and Phyllis 0. Boutilier 

The six major issues that were identified by our 
group are 

1. How do we develop mathematical maturity so that 
students are better able to adapt to new situations 
in the future? 

2. Personal computers and sophisticated hand calcula- 
tors will soon be in the hands of many, if not, all our 
students. How do we make the best use of >!liem? 

3. Many of the engineering disciplines are seeking ad- 
ditional topics in calculus a. I changed emphasis in 
the first two years. 



4. Student success rate in the first year is affected 
algebra and trigonometric skills, life styles of the stu- 
dents, and faculty or teaching assistant enthusiasm 
for th** course. 

5. Suitable textbooks for some anticipated changes are 
not widely available. 

6. And finally, where do we go from here? 

The issue of mathematical maturity arose from a dis- 
cussion of particular topics that might or might not be 
kept in a calculus course for the future, and from, the 
realization that we cannot predict what will be needed. 
Thus, one of the primary aims of the mathematics cur- 
riculum, along with oth*^." parts of the curriculum, is 
to teach students how to learn by developing the fun- 
damental skills and mathematical maturity it takes to 
learn on their own now and in the future. Some partic- 
ular suggestions (not meant to be exhaustive) are: 

• Get students comfortable with the concept of func- 
tions and families of functions. 

• Encourage inferences from functions concerning their 
graphs and vice versa. 

• Make much more use of the conceptual approach, 
which lies between pure skills and pure theory. Il- 
lustrate with geometrical proofs and convincing or 
plausible arguments. Pure theory probably is not 
desirable in an engineering calculus course. 

• Allow time to linger over concepts, to consider con- 
sequences, etc. 

• Do examples and then generalize. 

• Emphasize relationship between symbols and ideas. 

• Develop the ability in students to read and then do 
examples. 

• Develop the material concerning topics such as se- 
ries, differentials, optimization problems, substitu- 
tions, and others in light of the above. 

• Develop two- and three-dimensional concepts thor- 
oughly, then extend to n-dimensions. 

Computers and Software 

There was an overwhelming consensus that we must 
address the proper use of the newest generation of hand 
calculators and PC software in the calculus course, cis 
they are already here and students will be using them 
even if we, as faculty, don't. Some criteria and issues for 
consideration when employing these technologies are; 

• They can't be introduced as an add-on; they must 
be integrated properly into the course. 

• Wheu developing examples, make sure the proposer 
does the examples to make sure they work, as some 
current programs don't do what iiiey say they do. 
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• Concepts must be developed and understood first, 
before being used on a calculator or a computer. This 
approach can be used to enhance and expand an un- 
derstanding of a concept or procedure, but we can't 
reduce mathematics to a "black box approach." 

• The empLasis should always be — are the answers rea- 
sonable? 

• This technology can assist with placing more empha- 
sis on geometrical concepts ^xnd intuition. 

• The idea of challenging students to "crack" software 
was proposed, as it is an interesting way of having 
them learn the concept in order to "get around it." 
The issue of repackaging the first two years of engi- 
neering mathematics was discussed only briefly, as there 
were only a few representatives from engineering. Some 
of the pressures for changing the first two years comes 
from the diverse needs of the different engineering cur- 
ricula. Discrete mathematics, linear algebra, numerical 
concepts, probability and statistics were mentioned cis 
candidates for incorporation into the first two years. 

Questions and concerns these topics raise are: 

1. What topics do we cut from the current courses? 

2. Are the engineering disciplines willing to add another 
quarter or semester of mathematics? 

3. Should there be a common first year calculus for all 
engineering disciplines, with the second year more 
tailored to each department's need? 

4. Should some foreign engineering educational systems 
be studied to gain insight into other ways of ap- 
proaching this problem? (This could also be ex- 
panded to cover other issues identified in this report.) 

5. The use of the hand calculator and PC software also 
needs to be considered here in light of "repackaging." 

6*. "Lean" calculus may not be appropriate for the en- 
gineering disciplines. 

Student Preparation 

The issue of n:any students starting college under- 
prepared in algebra or trigonometry drew many com- 
ments. Consensus st Mned to be that pretesting and 
placement programs can be reasonable and effective. 
With more minority students and re-entry students be- 
ing recruited for careers in engineering, placement pro- 
grams for calculus and precalculus mathematics will be 
desirable. 

Student.* should not be forced to repeat what they a' 
ready know, as boredom will . ,fflict the class, nor should 
they be in a calculus class where they are "down the 
drain" in the first two weeks due to lack of skills in 
algebra and trigonometry. Beyond carefully-designed 
placement programs, further reducing attrition in the 



calculus sequence must address other factors such as 
the students' study habits and mol»vation and faculty 
attitudes toward the course. 

The large number of over-sized textbooks, most of 
which differ only by the number of exercises or by the 
color of the graphics, drew many comments. Most 
participants would like to see new lively texts but no 
consensus was reached regarding the content of these 
new texts. The mathematics community will be wary 
of adopting "non-standard" texts and publishers want 
reasonable expectation of sales before publishing a new 
text. 

Follow-up Activities 

Most of ihe participants put great emphasis on post- 
conference activities. Those activities should include: 

• Local campus seminars by participants to inform and 
excite his or her colleagues in mathematics and en- 
gineering. 

• District or regional workshops to exchange ideas and 
experiences. 

• Information distributed uationally through as many 
vehicles as possible to infoi i the engineering com- 
munity of this national initiative, as very few en- 
gineers attended this Colloquium. At the national 
level two societies come to mind, ASEE and SIAM. 
Other discipline-specific national societies should be 
informed. Involvement of engineering faculty is nec- 
essary for success. 

• Curriculum development, experiment; at ion, assess- 
ment, follow-up, feedback, i.e., a closed loop which 
if shared through a newsletter compiled and edited 
by a national committee could lead toward a better 
calculus course. 

• A national committee to oversee and collect ideas, 
initiatives, experiments, etc., and to edit and dissem- 
inate the material to mathematics faculty and other 
involved persons including secondary school faculty 
throughout the country. This committee needs am- 
ple financial support over a five to ten year period. 
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Third Discussion Session 

Carl A, Erdman and J J. Malone 

After discussing & wide variety of topics related 
to calculus instruction, the participants in our group 
decided — by majority vote — that there were four areas 
of major concern, which are presented below without 
regard to priority. 

Student Background 

Many stiidents arrive at college not prepared to take 
calculus. Placement tests can help remedy some of the 
problem, but they are not a cure. Calculus courses 
should not be split into fast and slow tracks cis a way 
of responding to student differences. It is preferable 
to have students take * re-calculus courses even though 
this may be resisted by students (and their parents). 

If calculus is taught on the secondary level, it must 
follow a standard syllabus such as AP. The quality of 
this course is very important, since students may be 
turned on or oft to mathematics from this experience. 
Indeed, the seventh and eighth grade experiences in 
mathematics may have already fixed student attitudes, 
a major problem which needs attention. Clearly, entry 
into a high school calculus course should not be at the 
expense of adequate exposure to algebraic skills. There 
is some suspicion of high school courses which are not 
similar to AP courses. 

Syllabus Issues 

The present calculus syllabus is overloaded; there is 
just too much material in the courses. However, there 
is no agreement as to what might be left out. We need 
some mechanism for deciding on what can be omitted. 
All of this is tied to a quantiiy-versus-quality agree- 
ment. 

It is worth noting that only one-third of the partici- 
pants felt that there Wcis a strong need to change calcu- 
lus in a dramatic fashion; many felt that we currently 
do a good job in calculus instruction. This may be 
a reflection of the group's makeup; a!! but one person 
(excluding the session leader) were calculus teachers. 



and they generally came from schools with good calcu- 
lus prograins. However, there were several comments 
concerning the need to have more time to deal with 
problem solving. A question was raised as to whether 
there was too much emphasis on training rather than 
on education. 

There V"^s a feeling that the engineering community 
wanted some discrete mathematics topics introduced, 
but probably did not want to give up much in the way 
of traditional topics. However, it wasn't clear that "dis- 
crete mathematics" meant the same thing to engineers 
as it means to mathematicians. There is a need here to 
define terms. 

Technology 

Those who :jaw a need lor con.«itlorablc revision in cal- 
culus often cited the n'jed to incorporate new technolo- 
gies as a motivating force. Computers can be used to de- 
velop intuition, to improve the pedagogy of the course, 
and to influence the choice of topics to be taught. These 
thoughts seemed to be broadly accepted. 

There seemed to be agreement on the benefits of 
freshmen having (or having access to) a personal com- 
puter. However, there was no consensus as to whether 
the College should provide personal computer facilities 
or whether* students should be required to buy them. 

Goals and Implementation 

What is the essence of calculus and how should we 
teach it? Certainly, it is not the repetitive working of 
routine problems. Some of the current calculus discus- 
sion should be directed toward a better definition of the 
objectives of calculus. The role of ideas or concepts as 
opposed to the role of techniques needs to be addressed. 
Some participants believed it Wcis possible to teach con- 
cepts without using € — 6 techniques. 

oi'.rvcys of final examinations indicate there arc few 
questions of the "state and prove" type. Is this a re- 
flection of the goals of the course? It was noted that 
there is a need to stress understanding. But, when this 
is done, students often complain that the course is too 
theoretical. It appears that calculus instruction does 
nou do a good Job with either concepts or applications. 
An interesting question was posed as to whether engi- 
neers really care if their students have seen proofs in 
calculus. 

It was strongly felt that there should noibe separate 
sequences for each of the various engineering disciplines. 
This wasn't practical, and the course and educational 
objectives were better served with a variety of students 
in the course. 
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Other Issues 

The issue of class size and the use of TA's was raised 
as an area of much less concern than were the previ- 
ous four areas. It was noted that horror stories about 
non-English-speaking TA's abound and that some of 
them are true. But it was also said that s^ome TA's 
are very good and that having a professor as instructor 
is no guarantee of good teaching. Some feelings were 
expressed that a valuable personal touch was lost with 
sections of large size. 

Concerns with pressures produced by the engineer- 
ing curriculum weic also discussed. It was thought that 
engineering schools press for too hectic a pace; that 
they are forcing a compression in the mathematics pre- 
sentation. One cause is the fact that most engineering 
schools will not openly admit that engineering is, in 
fact, no longer a four-year program. 

Several participants suggested that a mathematics 
department resident in the engineering college made co- 
operation much easier and led to good curriculum plan- 
ning. If the only mathematics department is in the arts 



and sciences college, campus poiitics can make cooper- 
ation much more difficult. 

The x\ni\\ point was that engineering faculty needed 
to provide the mathematics faculty with examples of the 
kinds of applications they would like to see incorporated 
into the calculus. 
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Calculus for the Life Sciences 

William Bossert and William G. Chinn 



Biologists complain that the mathematics curriculum 
is designed to meet the specifications of physicists and 
engineers and that our concerns and the needs of their 
students are ignored. Is this true? Are their needs for 
mathematical training really different and if so, how 
are they different and how could they be better met 
with changes in the mathematics curriculum? Several 
observations are frequently made by biologists. 

Mathematics has been less central to the life sciences 
than the physical sciences. Perhaps this was true dur- 
ing the development of biology when description v/as 
more important than theory, but it is certainly not the 
case today. The vast majorit ^f articles in some impor- 
tant biological journals from .finical medicine to ecol- 
ogy present mathematical models or the application of 
mathematical technique. The biology major in most 
colleges requires physics and physical chemistry courses 
that themselves need fundamental mathematical i,rain- 
ing. Many biology educators refuse to recognize the im- 
portance of mathematical training, however, and allot 
only two semesters in the crowded biology curriculum 
for it. 



Within mathematics, calculus is less central to biol- 
ogy than are other subjects. Although there are many 
important applications of the calculus in all areas of bi- 
ology, many fundamental biological research results — 
which should be included in college biology courses — 
depend on applications of modern algebra, particularly 
combinatorics, of probability, of statistics, and of linear 
algebra. (Some illustrations are given in the background 
paper of Simon Lev'n.) If we do not encourage young 
biologists to take more than two or three semesters of 
mathematics in college, should they all be devoted to 
the calculus? 

For the life sciences, training in formulating prob- 
lems is as important as training in solving them. Too 
often calculus courses present illustrative problems that 
are carefully selected to show off the technique. In biol- 
ogy the problems that students face even in element.ary 
courses are either not well formulated or do not yield 
to simple techniques. Perhaps in engineering the best 
part of one's activity is applying well-studied models 
and their associated techniques to new situations, but 
that is not true for biology. Students must learn to ab- 
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stract simpler formal descriptions from problems that 
they cannot solve, and need to be shown how to de- 
pend more on qualitative and numerical methods than 
on those traditionally taught in the calculus. 

If the mathematical needs of the life sciences do differ 
in these ways, and others, what should be done about 
it? A first thought is to start from scratch and design 
a new course in college mathematics specially for biol- 
ogists. In two or three semesters we could package all 
of the broader range of mathematics that biologists feel 
are needed, taught with a problem first and qualitative 
style. 

This is not easy to do. Although some have tried it 
and several textbooks labeled "mathematics for the life 
sciences" are available, the efforts are not altogether 
successful. A simplistic critique holds that they are 
merely expositions of the same topics of traditional pre- 
calculus and calculus courses, perhaps reordered and 
with biological illustrations, and do not involve a new 
selection of topics and a "problem first then technique" 
attitude that might be required. Also, they regularly 
achieve breadth by simply being longer and placing 
more demands on our students. 

There are some strong reasons for avoiding special 
discipline-oriented calculus courses. First, many stu- 
dents take this first course in college mathematics be- 
fore their career directions are set. Many liberal arts 
colleges do not allow students to select a major until al- 
ter the freshman year when the course would normally 
be taken. Second, the value of a mathematics course as 
a liberal arts experience is compromised if it is taught 
with a narrow disciplinary focus. 

Third, and most important, there is a danger that 
the specialization of the calculus course will obscure the 
generality of the mathematical way of thinking that sep- 
arate disciplines have come to mathematics to gain. It 
is useful for students to see that the mathematical mod- 
elling process and even some specific models transcend 
disciplinary boundaries. 

Separate courses may be justified when resources per- 
mit, and when disciplinary education can be more ef- 
ficiently begun in the calculus course. Studenta might 
also be usefully taught in separate sections that recog- 
nize their differences in previous experience and com- 
mitment to further training. Care must be taken, then, 
that the courses do not lose the conceptual and aesthetic 
essence of the mathematics. 

It might be better to depend upon significant changes 
in the calculus curriculum, such as will surely come from 
this conference, rather than striking i>ut on our own. If 
so, what changes would be particularly important to us 
that could also be desirable for other "client" fields and 
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hence possible to be adopted? Some first thoughts arc: 

1. More illustrative 'examples from the life sciences. 
This obvious improvement is not a problem. Math- 
ematics educators are regularly asking for teaching 
examples from applied fields. 

2. More mathematical modelling. More time should be 
spent developing models, not just to apply known 
techniques for drill, but to introduce new topics 
which are required because of the model and not the 
reverse. 

3. More linear algebra. Many applied fields deal with 
systems of differential equations v;hich can be taught 
efficiently only after students can deal with matrices. 
This topic is also important biology as the basis 
of multivariate statistics, which Is too often left un- 
til late in the mathematical curriculum, or worse to 
computer packages. 

4. More qualitative and numerical methods. The lim- 
ited presentation of numerical methods in elementary 
mathematics courses is a puzzle to most biologists. 
Taylor's theorem should be exploited eaily and of- 
ten in demonstrating nuir :rical solutions of differen- 
tiai equations and optimization problems. Matrices 
-ire regularly taught by the presentation of important 
numerical algorithms. This might be another good 
reason for having some linear algebra in our calculus 
course: as a good example. 

5. More applications of probability and statistics. Least 
squares rarely appear in calculus courses although 
it may be more appropriate there than in a good 
statistics course. 

There is no disagreement on the value cf more bio- 
logical illustrations in calculus courses. We simply need 
to generate more catalogs of appropriate problems like 
the "Mathematical Models in Biology" complied by the 
MAA some years ago. These could enrich the calcu- 
lus course greatly, since the life sciences at the current 
time depend on numerous realistic, yet simple models 
that may be more appropriate to elementary calculus 
courses than arc those fi'om physics or engineering. 

There should be better communication between life 
sciences and mathematics faculty at a college to pro- 
vide this input. Perhaps team teaching of the calculus 
course or specialty sections oi adjunct courses in sep- 
arate disciplines could present the biological relevance 
of the calculus. Convincing students of the relevance 
requires more than adding biology illustrations to a 
mathematics course. Biologists must increase the use 
of mathematics in their own courses. 

In general, changes which broaden the range of top- 
ics and deal with real problems, perhaps in qualitative 
or numerical ways if they are the only ones available. 
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would be desirable for biologists. In return we must un- 
derstand that as mathematics becomes more central to 
the study and advancement of the life sciences, we can- 
not relegate it to the remains of the biology curriculum, 
with a priority lower than chemistry or physics. 

One year of college mathematics is simply not suf- 
ficient, not for the study of organs, cells, organisms 
or populations and communities of organisms, and cer- 
tainly not for the study and practice of medicine. Biolo- 
gists will not be satisfied with the calculus curriculum, 
or the mathematical programs that biologists, to the 
dismay of many mathematicians, lump under the name 
of calculus, until enough time is allowed for it to be 
taught properly. 
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Calculus for Business and Social Science Students 



First Discussion Session 

Dagobert L. Brito and Donald Y. Goldberg 

Mathematics courses in Ainericaii colleges and uni- 
versities serve a diversity of students, programs, and in- 
terests and are provided by a diverse collectio*' of iiisti- 
tutions of higher education. Their traditional functions 
have been to provide a set of conceptual and computa- 
tional skills and to serve as a screen for the allocation 
of scarce positions in various programs, both at the un- 
dergraduate and graduate level. Advances in computing 
technology as weP as development of new mathematics 
have raised questions about the appropriate choice of 
concepts and skills which fulfill the first role. Changes 
in the composition of the undergraduate student body 
have raised questions about the second. 

Diversity 

Programs in business and economics vary widely to 
meet the needs of students who have a diversity of math- 
ematical preparation and career aspirations. Some un- 
dergraduate business programs are open to all students, 
otJiers find it necessary to limit admission. Many degree 
requirements include a calculus course, some require 
success in a calcuhu course (or sequence of couises) for 
admission to the program. 

Graduate management school curricula, in the tradi- 
tioii of the "case method," have little or no need for for- 
mal mathematics. However, case method schools, and 
even a few law schools, may requ! e a calculus course 



for admission. Other curricula are more quantitative in 
their focus and require a higher level of mathematical 
sophistication. These quantitative schools have more 
stringent mathematical requirements such as optimiza- 
tion theory and econometrics, which may use differen- 
tial equations, Knear algebra, and other advanced math- 
ematics. 

The demand for mathematical training by economics 
program^ varies similarly. The traditional economic? 
major may require a calculus course for the bachelors 
degree but very often calculus is not a prerequisite for 
any specific courses in the economics department. Stu- 
dents who plan to do graduate work in economics, or 
to enter a quantitatively oriented business school, are 
encouraged to study a substantial amount of mathe- 
matics, often equivalent to a strong mathematics minor 
or even a mathematics major. 

Other undergraduate economics majors, for whom 
the degree is terminal or who plan to attend law school 
or a non-quantitative business school, find no need 
to take mathematics beyond the minimum required. 
A substantial number of students enroll in economics 
courses as part of their general education or as a re- 
quirement for another major; therefore, economics de- 
partments arc reluctant to impose a calculuw prerequi- 
site for most courses. There is, however, a consensus 
that training in calculus is very useful. 

in other areas of social science, some statistical meth- 
ods courses are calculus-based, others are not. Other 
social science and business courses which use discrete 
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mathematical techniques may require a prerequisite 
mathematics course, but not necessarily calculus. 

Functions of Calculus Courses 

One difficulty encountered by the discussion group 
was identifying the variety of interrelated functions of 
the calculus courses. One function, a systetaic one, is 
as a screening mechanism for admission into degree pro- 
grams. Other functions identified in the discussion are 
to teach particular calculation skills, to inculcate math- 
ematical maturity, and to provide significant experience 
with mathematical models. 

The screening function is often resented by instruc- 
tors of business calculus or calculus for social science 
courses. Yet with this burden come obvious benefits 
to mathematics departments: large enrollments in the 
"short" calculus can be "bread and butter" for many de- 
partments. Use of calculus — or indeed of discrete math- 
ematics, of principles of economics, or other courses — as 
ari allocation mechanism is not necessarily inappropri- 
ate. 

Participants in the discussion, principally from state 
and community colleges, recognized the screening func- 
tion of their courses. Brc "der social questions of the 
appropriateness of using courses as specific screening 
devices and implications for gender and ethnic diver- 
sity in the professions were not raised in the discussion. 

Basic calculus skills — much of the algebra and geom- 
etry prerequisite, manipulation of functions and simple 
differentiation and integration — were seen as essential 
to the calculus course itself. The advent of the super- 
calculators certainly has lessened the need for exten- 
sive technical competence, especially for students tak- 
ing a "short" ca^nulus course; yet the group agreed 
that hands-on pencil-and-paper experience with some 
Cr^Iculus techniques is a necessary condition for stu- 
dents to understand the fundamental concepts. For 
quantitatively-oriented students in the social sciences, 
the traditional mainstream calculus course can be ex- 
pected to provide in the future, as it has in the past, 
foundations for further study of mathematics. 

The development of some mathematical maturity in 
students was identified by many participants as a key 
function of calculus courses in which management stu- 
dents and others enroll. One participant referred to the 
development of a "reading knowledge" of mathematics; 
as an example, understanding the notion of a differen- 
tial equation, even without the techniques to solve one, 
was viewed as a worthy goal of an introductory course. 

Another example was that a glimpse — even with- 
out mastery— of an important and subtle mathemati- 
cal structure can aid the development of mathematical 



maturity. Understanding the nature of mathematical 
abstraction and developing confidence in using the con- 
cepts of functions were viewed by others as important 
steps in the ability to use mathematics profitably. 

The one function of the calculus course-— indeed of 
any introductory mathematics course— which was most 
enthusiastically endorsed by the group was the devel- 
opment of skills and understanding in mathematical 
modelling. It may be unclear whether "modelling" 
is an identifiable skill to be taught, but all agreed 
that it is essential for students to be able to represent 
particular problems — in business, economics, or other 
disciplines— in the language of mathematics. It w/as 
clear to all that the increasing power and avaiJability 
nf calculators and computers, whatever their implica- 
tions for skills instruction, heighten the need for student 
capability in modelling. 

Why Calculus? 

One question frequently asked by students, social sci- 
entists, and many mathematicians, is "Why calculus?" 
As noted above, some business and social science pro- 
grams require a calculus course for the degree but not 
as a prerequisite for any course. One participant, tVom 
a state college, helped develop a course tailored to the 
needs of her institution's business program: the demand 
was not for calculus but for a mastery of the notion of 
numerical functions, particularly exponentials and log- 
arithms, sequences, matrix algebra, and introductions 
to linear programming and probability. 

William Lucas, of the Ciaremont Colleges and NSF, 
rejected the notion of calculus as "the mathematics 
of change." Continuous change, yes — but discrete 
changes, especially those of human beings and hu- 
man organizations may be modelled using new discrete 
mathematics, much of it being developed outside of 
mathematics departments. 

Gordon Pricliett of Babson described the Quantita- 
tive Methods course at his institution, an undergrad- 
uate business college. The course begins with a dis- 
crete approach to fundamental algebra skills in the con- 
text of linear modelling. Difference equations, differen- 
tial equations, and some calculus techniques are con- 
sidered; a follow-up course introduces some statistical 
concepts, using the integral. The Babson course ex- 
ploits classroom computers, linear programming pack- 
ages, and symbolic manipulations; another notable fea- 
ture is the requirement of homework collected daily. 

For the Record 

The discussion group, with few exceptic \s, was com- 
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posed of college an." high school mathematics faculty. 
As "providers" rather than "users'* of calculus couues, 
the group sensed a need to learn from social bcienMsfi 
what, in fact, their students require in their mathen': 
ics courses. Some unresolved questions and commei 
follow: 

• Has there been significant research to determine 
which mathematics skills and concepts arc 'ascd in 
business and social science programs? 

* Will calculus reform efforts be directed — in term rif 
grants — to social science calculus courses, or only to 
the mainstream course for physical science students? 
One participant suggested that grant funds be allo^ 
cated to development areas on the basis of student 
enrollments. (It Wcis noted, in this regard, that the 
mainstream calculus mass may be too large to move; 
change may be more likely on the periphery.) 

The discussion group participants urged calcuhis re- 
form leaderr to acknowledge the importance of the non- 
physical science course in general education, in prepar- 
ing students for non-i'cience profr.osious, and in educat- 
ing many of the nation's future leaders. 
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Second Discussion Session 

Gerald Egerer and Raymond J. Cannon 

The die ;ussants were primarily drawn from the field 
of mathematics. A variety of viewpoints were presented, 
reflecting the diverse nature of the participants* insti- 
tutions and their personal experiences. 

It quickly became clear that there is not one ideal 
calculus course for business and social science students, 
since the mathematics requirements at represented in- 
stitutions varies from one to four semesters. There 
are also wide differences among student backgrounds. 
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mathematical preparation, and motivation. However, 
->ar» xipants did agree on the importance of a wide range 

hematics departments need to estiiblish moi- 
a\ collaboration with other disciplines. Suggested 
points of departure include interdisciplinary seminars, 
joint t^^aching of courses, consultation regarding course 
prerequisites, and the revision of the content of courses 
of mutual interest. 

Participants further agreed that mathematical tech- 
niques should be routinely und extensively used in eco- 
nomics courses so that the formal mathematical require- 
ments become genuine prerequisites. This is because 
economics is becoming as mathematical as physics, as a 
cursory perusal of the major journals makes cl^ar. The 
need for mathe^ litics in business studies, while not so 
intense, remains nonetheless real, e.g., inventory con- 
trol, production theory, operations research, statistics 
and probability 

It was generally felt that the mathematics commu* 
nity should not be overly defensive in its view of the 
need for a minimum level of mathematical sophistica- 
tion on the part of business students. Some of the 
benefits accruing these s'cudents as a result of such 
courses include increaaed analytical ability and hence 
greater acceptability by graduate schools or improved 
career opportunities. Furthermore mathematics courses 
can provide students with an important opportunity to 
construct, articulate, and interpret formal models in the 
context of their own discipline. 

Nonetheless, there was a lack of consensus as to 
how hcst to serve the needs of these business students. 
Should, for example, their calculus courses begin with a 
review of needed algebraic techniques or with a discus- 
sion of rates of change, with the algebra to be covered as 
needed? Should the mathematics be presented in a con- 
crete context (such as the theory of the firm) or should 
it be presented more "purely" so that its universality is 
st essed? (The value of UMAP modules as a source of 
appHcations was noted by several participants.) 

Some concern was expressed about the general at- 
mosphere in which learning takes place. While society 
is broadly appreciative of the results of technology, it 
is at best indifferent to the underlying basic scientific 
activity. 

Discussion then turned to the effect which comput- 
ers and calculators are likely to have on classroom in- 
struction. Questions were raised as to whether "black 
box" technology (for integration, as an examplr) is an 
acceptable substitute for understanding analytical con- 
cepts and procedures. What is the relationship between 
developing computational skills on the one hand and 
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conceptual understanding on the other? 

Finally, concern Wcis expressed that Instructors, be- 
cause they feel uneasy discussing applications outside 
their own field, might omit a certain amount of other- 
wise instructive and helpful material. 
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Calculus for Computing Science Students 

Paul Young and Marjory Blumenthal 



According to Hamblen [1], over 25.000 bachelors de- 
grees were awarded in 1983 to students who majored 
in some form of computer science, information science, 
or computing technology. Hamblen estimates that this 
total will have reached over 50,000 students per year 
by 1988. This is about twice the combined total for 
mathematics, statistics, chemistry, and physics. 

Of these 50,000 students, there are no reliable esti- 
mates of how many are in technically-oriented pr0(3rams 
for computer science and computer engineering, which 
typically require calculus as a prerequisite or at least as 
a corequisite. Nevertheless, accrediting organizations 
for undergraduate programs in both computer science 
and computer engineering require calculus as a part of 
accredited programs. 

In addition, a variety of recommendations, by vari- 
ous ACM committees have included calculus as part of 
the recommended course sequence for computer science 
students. Thus, it can be expected that in the imme- 
diate future there will continue to be be significant de- 
mand from computer science students for calculus as a 
"service" courtje. 

In spite of this, it is sometimes difficult to pinpoint 
the ex&ct calculus topics which are valuable for com- 
pletion .of the typical coix:puter science program. Obvi- 
ously students ^aking numerical analysis must be well- 
grounded in most of the topics covered in introductory 
calcuhis and Unear algebra courses. But numerical anal- 
ysis is not a required portion of all undergraduate (or 
even graduate) programs in computer science. 

Students taking courses in simulation and perfor- 
mance evaluation must similarly be well trained in the 



c^nalytic methods required for series analysis, statistics, 
and queueing theory. Eut, again, performance evalua- 
tion and modeling courses are not required of all com- 
puter science undergraduates. Students taking courses 
in computer graphics and image analysis must be pre- 
pared to handle the underlying analytic techniques for 
analysis of two- and three-dimensional bodies iii space. 
And generally, as computer science becomes more ex- 
perimental, it can be expected that increcisingly sophis- 
ticated statistical techniques will be employed in com- 
puter science, and these should depend on knowledge of 
the underlying analytical techniques. 

While it is possible for many computer science un- 
dergraduates to pass through their .ntire undergradu- 
ate curriculum seeing little or no use of analytic tech- 
niques, and to use no such techniques when employed 
after griduation, academic computer scientists gener- 
ally see enough analytic applications, and potential for 
more such applications, that they are reluctant to allow 
undergraduates to complete undergraduate programs in 
computing with no exposure to analytic methods. 

Furthermore, students planning graduate careers in 
computer science are more likely to see the application 
of such techniques in simulation and modeling, ? ^per- 
formance evaluation, in image processing and graphics, 
in statistics, and occasionally in analysis of algorithms. 
Hence, most of the better programs in computer science 
now require calculus. This requirement is reinforced by 
the common belief that calculus should be part of the 
universal culture for all scientists and engineers. 

Finally, many computer scientists regard their disci- 
pline as requiring the same sort of mathematical skills 
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and abilities as required for mathematics generally. 
Hence any course which enhances, or checks, students' 
"mathematical maturity" is often welcomed. 

Still, it is safe to say that means of the analytic 
techniques (e.g., solving differential equations) taught 
in the current standard calculus sequence have little or 
no direct bearing on the core areas of computer science, 
including programming languages and compilers, soft- 
ware and operating systCii: , architecture and haidware, 
and perhaps even theory and analysis of algorithms. 
(In the latter area students occcisionally use integration 
to place upper- or lower-bounds on the running times 
of algorithms, and sometimes use generating functions 
to produce solutions to recurrence relations wliich arise 
naturally in the analysis of algorithms.) 

Purpose of Calculus 

Given the above, it follows that computer scientists 
are not looking for particular collections of applica- 
tions skills for computer science students ta» 'ng cal- 
culus. Fundamental understanding of the underlying 
concepts is what is important for those students. 

Thus, what is important in calculus for computer sci- 
entists is mastery of fundamental concepts, the ability 
to perform bcisic symbolic manipulations, and abo^'^'; all 
the ability to use analytic m^^dels in real applications, 
to know what analytic techniques are applicable, and 
understanding how to use them. "Plug and chug" for 
fast applications ih some particular application domain 
is sftMom, if ever, useful for computer science students 
in these programs. 

This analysis does not imply that current approaches 
to teaching calculus are satisfactory for computer sci- 
ence students, but it does imply that what may be good 
for computer science students .nay well be good for 
quite a variety of other students <xs weU: 

1. Students should be taught, and must understand un- 
derlying concepts and intuitions. 

2. Students should be given problems that involve mod- 
eling real-world problems analytically and solving 
them. Analytic, closed-form solutions should be 
stressed when appropriate, but numerical approxi- 
mations should also be explored so that students gain 
an understanding both of the relationship of discrete, 
approximate solutions to continuous processes and 
of the notion of modeling large finite processes us- 
ing continuous models. Integration, differentiation, 
and series summations all provide examples where 
the interplay between the discrete and the continu- 
ous should be apparent. 

3. Series summations also provides an example where 
there is an opportunity to teach induction, recursion. 



and closed-form solutions of finite summations in the 
context of the calculus sequence. Recursion and its 
relation to induction is so fundamental to computer 
science that these topics must be taugiit in calcu- 
lus cour es designed to mee^ the needs of computer 
science students. 

Using Computers 

The panelists also discussed the role of programming 
and of computer aids in teaching calculus. It was gener- 
ally believed that it was impractical, and indeed objec- 
tionable, to require programming ability as a prerequi- 
site to calculus. It Wcis felt not only that programming 
cannot reasonably be required of all students taking the 
course, but that in fact packaged mathematical software 
will often be the only omputational technique that will 
ever be needed by many students. (Editorial comment: 
The panel did not discuss what could be achieved if an 
introductory computer science course were required as 
a prerequisite to the cDrCulus.) 

In view of the fact that calculus is seldom required as 
a prerequisite to any standard undergraduate computer 
science course except numerical analysis, this seems un- 
fortunate. It is surely true that a calculus course taught 
to students uiio are proficient in programming could be 
designed so that it simultaneously enhanced the stu- 
dents' understanding of the relationship between anal- 
ysis and computing and theit understanding of basic 
mathematical principles. 

While use of certain software packages (e.g., those 
which display convergence of rectilinear approximations 
to the area under a curve or convergence of tangential 
approximations to a derivative) may provide useful vi- 
sual tools in helping all students understand analyUcal 
methods, such tools clearly do not addr^sss underlying 
issues connecting analysis to computer science. 

Discrete Mathematics 

Although calculus — not discrete mathematics — wcis 
the topic for panel discussion, it was clear from the gen- 
eral discussion that, with respect to comput'^r science, 
the problem of teaching discrete mathematics for com- 
puter science majors was of more concern to the pan 
elists than the problems of teaching calculus. Computer 
scientists typically believe that discrete mathematics, 
including mathematical logic at various levels, elemen- 
tary set theory, at least introductory graph theory, and 
above all combinatorics at all levels are more important 
to computer scien^ thnn the calculus course. 

Those mathematics departments that have failed to 
offer such courses for computer science studeii^s have 
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frequently found their computer science departments 
teaching these courses. Indeed, so.ne computer scien- 
tists believe that such courses are better taught by com- 
puter scieni,ists who are more familiar with the apph- 
catiop.<(, or equally typically, many computer scientists 
believe that tiic more clemei: ry topics often cover<*d 
in discrete mathematics courses are best Cone directly 
in the context of the computing appli^,ations, where the 
underlying concepts (say of graphs, sets, and proposi- 
tional logic) are both e<xsi\y motivated and simply de- 
fined. 

One view of elementary discrete mathematics sup- 
ported by the panelists was that much of this material, 
e.g., elementary graph theory, propositional logic., ele- 
mentary set theory, etc., might be better taught in high 
schools rather than in the universities, and might more 
reasonably be taught in the schools than the calculus. 
One way to encourage such a development might be for 
mathematicians to dv^velop an advanced placement test 
in discrete mathematics. 

V/hile sorae panelists questioned the ability of the 
mathematics community to influence the schools and 
the Educational Testing Service, others pointed out that 
30,000 university mathematicians having two profes- 
sional societies with faculty who had to read advanced 
placement tests should be influential in getting such a 
reform instituted in the schools and the Educational 
Testing Service. 

It was also believed that placing the more elemen- 
tary prirts of discrete mathematics in the schools, and 
emphcisi^ing the relationship between discrete and con- 
tinuous mathematics in the calculus sequence, (e.g., in 
the study of limits of sequences) world not satisfy com- 
puter scientists' need for training in more difficult topics 
in discrete mati^ematics, but there was little agre ment 
on what Wcis important. 

One view expressed Wcis that the appropriate discrete 
mathematics for mathematicians to teach for computer 
scientists is the analysis of (nonana lytic) algoritiims. 
But computer scientists like to teach this themselves, 
regarding it as integral and bcisic to computer science. 
What is needed is help in essentially mathematical top- 
ics, including probability theory and statistics, combi- 
natorics, and mathematical logic. 

There was little belief among the panelists that this 
sort of discrete mathematics could be integrated mto 
the calculus curriculum, but there was recognition that 
some of it, for example elements of statistics and per- 
haps generatiT)g functions, could at leeist be introduced 
in the calculus sequence, so that students would at least 
understand the applicability of analytical methods to 
these areeis when ihey meet these topics later in their 



careers as computer scientists. In the long run, mathe- 
maticians should be alert to the possibility that discrete 
mathematics mry replace calculus <is a bcisic mathemat- 
ical prerequisite for computer science students. 

A Final Suggestion 

The paneJ also discussed, not entirely successfully, 
the question of finding suitable computer science exam- 
ples out* de of numerical methods to integrate into the 
elementary calculus curriculum. The difficulty here, un- 
like for more traditional fields like physics, economics, 
and some fields of engineering, reflects both the pan- 
elists' inexperience with various subfields of computer 
science, and the fact that applications are scattered 
throughout various subfields of computer science which 
are often not part of the core of the discipline. 

Nevertheless, there Wcis general agreement that com- 
puter scientists, students from most other client disci- 
plines, and indeed prospective mathematicians are not 
well served by calculus courses vh'ch do not success- 
fully integrate real problems inl the course. Word 
problems, problems from client disciplines, and prob- 
lems that require students to think about the meaning 
of their solutions arc all important in calculus courses, 
and generally not well treated in current courses. 

To help with this problem, it was suggested that a 
problem bank with motivating problems from a vari- 
ety of client disciplines could be developed. Problems 
could be tailored and clcissified by client discipline, by 
relevance to standard course topics, and by degree of 
difficulty. Ideally, a data bcise of such problems could 
be maintained and distributed "on-line" via computer 
network. Such a resource coulr even be continually 
updated. One way to launch such a data base would 
be through a special panel, perhaps federally-funded. 
The panel could generate potential problems and ex- 
amples, discuss their suggested problems and examples 
with coll'.agues frori the client disciplines, and revise 
them bcised on feedback from colleagues ana students. 
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Encouraging Success by Minority Students 

Rogers J. Newman and Eilei n L, Poiani 



If minority students are to participate in Calculus for 
a New Century, then all those involved in and respon- 
sible for its instruction must be concerned about what 
is happening in the present decode. 

7JheJarge and. increasing minority population (in this 
report, "minority" is defined to be Black, Hispanic, or 
Native American) in the United States offers a crUical 
national resource for the mathematical scien^'.j. De 
mographic data show that by the late 1990's, one-third 
of American elementary school students will be of His- 
panic orig I. 

At the same time, the proportion of minority stu- 
dents entering and persisting in higher education is slip- 
ping. According to data from the American Council on 
Education Office of Minority Concerns, between 1980 
and 1984, BLjk undergraduate enrollment declined by 
4%, while Black enrollment at <;he graduate level fell 
by 12%. During this "jriod, Hispanic enrollment in 
higher education increased by 12% while American In- 
dians/Alaskan naHves experienced a 1% aeciine. More 
than half (54%) of the Hispanics enrolled in higher jed- 
ucation attended two-year institutions. At the same 
time, the proportion of Black and H^r^panic full-time col- 
legiate faculty remained about the jame (4% and less 
than 2%, respectively). 

Among the measures of "success" in mathematics as 
perceived by the public is performance on the Scholas- 
tic Aptitude Test and the American College Testing 
Program. Students from most minority groups showed 
improved scores in 1987 when compared with those in 
1985. 

Pundfmental Issues 

To launch a discission of encouraging success in 
mathematics by -minority students, the following issues 
were laised: 

1. There is no .loticcable difference in the mathemati- 
cal performance of minority students when compared 



with majority students with comparable mathemat- 
ical background. The differences are caused by dis- 
parities in background preparation. 

2. Many teachers have low level of expectations for mi- 
nority-student achievement. 

3. Teachers, counselors and school administrators pro- 
vide inadequate encouragement for minority students 
to pursue solid mathematics courses, such as Algebra 
I and II, as well as additional senior-level mathemat- 
ics courses. 

1. Small numbers of minority students aspire to careers 
in mathematics or related fields, both on the under- 
graduate and the graduate levels. Indeed, there has 
been a decline in enrollment of minority students in 
the calculus, and consequently among mathematics 
majors and in all other programs leading t,, profes- 
sional careers in the mathematical sciences. There 
is a real need to attract high achieving minority stu- 
dents to mathematics-related majors. 

5. Teachers need to foe .33 on minority student strengths 
and to emphasize the need for academic discipUne. 
Students must be encouraged to work hard. Most 
low income minority students do not have the family 
support system or tradition of exposure to higher 
education necessary to promote success. 

6. Studenti, must be able to read well in order to make 
fuh use of textbooks and notes. 

7. We need to identify mathematically-talented stu- 
dents at an early age and nurture them through ele- 
mentary and secondary school. 

Pre-College Preparation 

The group discussed several areas in which work 
should be done to address these issues. began with 
a list of tivities to improve pre-college mathematical 
preparation of minority students: 
• Develop rappori with school systems for the purpose 

of encouraging more minority students to take at 
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least two years of algebra and at least one advanced 
mathematics course in the .^tnior year. 

• Provide enrichment opportun:ties, especially for stu- 
dents from low income backgrouiids, including cul- 
tural programs and field trips to science centers, tech- 
nical industries, and college campuses. 

• Develop summer enrichment programs for minority 
students by collaborative initiatives among colleges 
and universities, school systems, and funding agen- 
cies. 

• Share pedagogical ideas about teaching matheiratics 
in a way that makes it more inspiring and appealing 
and makes the image of mathematics more positive. 

• Use television and related media to promote math- 
ematics. For example, perhaps Bill Cosby could be 
persuaded to include a mathematician, or at least 
people using mathematics, in the scripts of this pro- 
grams. 

• Mathematics professional organizations should coop- 
erate to support initiatives which identify and nur- 
ture talented minority students in grades K-12. 

Collegiate Students 

The major part of our discussion concerned colle- 
ginte-level mathematics. Everyone agreed that it is es- 
sential to maintain standards of quality and high level 
of expectations for all students in mathematics courses. 
In addition, it is especially important to identify and 
make use of minority student strengths while teaching 
mathematics. 

>Vhen students have difficulty in mathen;atics, it is 
sometimes (but not always) caused by poor preparation. 
Here are some suggestions foi encouraging success in 
calculus among students who enter college with poor 
preparation in mathematics: 

• Provide the opportunity for personal attention so 
that instructors get to know each student as an indi- 
vidual and can follow his or her progress in course- 
work. This is easier to achieve in small class set- 
tings; it will require innovative approaches if the 
large lecture-recitation model cannot be modified. 

• Enforce regular class attendance to complement the 
continuity of the calculus content. Motivation must 
be reinforced among poorly-prepared students. 

• If "Desk-Top Calculus" is to become the norm, finan- 
cial resources will be needed to enable low income 
students, many of whom are minority students, to 
acquire personal computers. 

When students with good preparation in mathemat- 
ics fall behind in calculus, it is usually for lack of moti- 
vation. Here are some suggestions for ways to promote 
success among such students: 



• Expose students to reasons why calculus in its 
present and future forms serves as a critical entree 
Into majors that lead to higher paying technical and 
professional careers. 

• Integrate the resources of the personal computer with 
the teaching and learning of calculus. 

• Invite guest lecturers (e.g., successful alumni/alum- 
nae, ^r colleagues from client disciplines) to address 
the usefulness of calculus in other fields. (Note par- 
ticularly the resources of the BAM and WAM pro- 
grams of the Mathematical Association of America.) 

• Provide a network of ''mathematics mentors" to help 
motivate those who need support and to guide those 
already committed to the mathematical pipeline. 

• Develop interactive approaches to the teaching and 
learning of calculus. 

Adult Learners 

Adult learners form an increasing percentage of those 
studying calculus. They bring to the classroom an in- 
tellectual maturity and curiosity which demands more 
depth of understanding about the relationship between 
mathematics and the real world than most textbooks 
provye. New materials must be developed to meet this 
growing and important need. 

The pc. cent age of adult learners is especially high 
in two-y.:ar colleges, a group of institutions that was 
not specially addi-essed at the Colloquium. Perhaps 
it should have been. Many graduates of two-year col- 
leges often do not pursue highei education, so calculus 
becomes their last mathematics course. The need.o of 
these . istitutions and their students require consider- 
ation well beyond the brief time that we were able to 
provide. 

Increcising the involvement and success of minority 
students in calculus for non-mathematics major pro- 
grams as well as for the mathematics major should be 
a national priority. Otherwise our nation will miss the 
opportunity to make full use of the potential of all of 
its students. 

To encourage continued discussion of these impor- 
tant issues, our group recommends a national confer- 
ence of educators and mathematicians at all levels to 
discuss issues surrounding the encouragement of minor- 
ity success in matheniatics. 



Rogers J. Newman is Professor of Mathematics at 
Southern University at Baton Rouge, v/here he served as 
department chair for twelve ycms. He is President of the 
National Association of Mathematicians and served as Dean 
of the College of Sciences and Humanities at Alabama State 
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of Michigan. 
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Role of Teaching Assistants 

Bettye Anne Case and Allan C. Cochran 



The discussion group was concerned with the use of 
teaching assistants (TA's) in a "lean and lively" cal- 
culus. Unsure of the exact nature of such a course, 
we made an attempt to consider some of the mcv 
jor issues of calculus instruction by TA's and other 
non-regular-faculty, and to project possible effects of 
change. 

Realities of the current situation, like a bad back, 
will continue to plague us whether or not we change 
the content or teaching of calculus. These grim reali- 
*'es include a lack of money, poorly prepared and scarce 
faculty, inadequate facilities, inadequate prep<;ration of 
students, tension between research, teaching and service 
demands, and more. 

Much of the discussion of this group reflected the 
problems expressed in Teaching Assistants and Part- 
time Instructors: A Challenge [1]. The Foreword to 
that work began the discussion and seems appropriate 
here; 

The dilemma of the beginning professor in our publish- 
fast-or-perish academic world is whether to devote 
time almost entirely to research or to put effort in 
teaching. Graduate teaching assistants must walk, 
even more, a thin line to acquit their teaching duties 
effectively and responsibly and enj\y teaching while 
efficiently pursuing studies and research. Discovering 
how to help them is our goal. 

In most mathematics departments there is a se- 
rious effort to help graduate students teach effec- 
tively, but the number of regular faculty members in- 
volved in this effort if necessarily small. Those in- 
volved faculty members mz.j not find much agree- 
ment among their colleagues on these matters, and 
they find even less information on helpful activities. 
Compounding the problem is tho current diversity 
of college teachers who are not in ♦•he professorial 
ranks. Doth graduate departments with graduate 
teaching assistixnts and two- and four year college de- 
partments may have part-time and temporary tccxch- 



ers. In graduate departments they teach the same 
level courses fis graduate teaching assistants and are 
drawn from graduate students in other disciplines, 
unf'ergrad nates, moonlighters who ?ire employed iu 
government, industry, high schools or other colleges, 
and those who are sometimes called "gypsy schol- 
ars." 

The role of teaching assistants (and other non-regular 
faculty) in the teac mg of calculus (lean and lively or 
not) is of serious concern. A recent survey of colleges 
conducted by the Mathematical Association of Amer- 
ica Survey Committee shows the percentage distribu- 
tion by type of faculty for all singlc-insti actor sectionr, 
[2): 



Faculty Type: 



Mainstream 
I II 



III 



Non- Mainstream 
I II 



FT' Professor 
FT Instructor 
Part-time 
Teach. Assist. 



70% 73% 82% 

9% 14% 10% 

6% 4% 3% 

15% 9% 5% 



47% 15% 

13% 12% 

13% 20% 

25% 23% 



More teaching by non-professorial faculty is indicated 
when the survey population is restricted lo v'.epartmcnts 
having graduate programs (3): 

Individual Calculus Classes (< 65) Taught By: 





Tenure 


Other 


Fulltime: 




Pt-time 




Track 


PhD 


Non-PhD 


TA 


Instr. 


GPl-2 


46% 


2% 


5% 


41% 


6% 


GP 3 


61% 


1% 


7% 


23% 


7% 


MA-TA 


74% 


2% 


11% 


3% 


10% 


MA 


73% 


6% 


8% 


0% 


13% 



The categories GPl-2 and GP 3 stand for insti- 
tutions with doctoral programs classified according 
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to (4j. MA-TA stands for masters-granting depart- 
ments with teaching assistants, while MA stands for 
mailers-granting departments without teaching assis- 
tants. 

Many of the views expressed in this discussion group 
reflect a wide range of constraints on the participant 
schools, including many shared problems: 

• It might bp «*asier to effect change with teaching as- 
sistants th«n across the "hard-core" regular faculty. 
At the lecist, TA's would not present unsolvable prob- 
lems. One reason is that only the best teaching as- 
sistants teach calculus. 

• The exploitation of "gypsy scholar" and "permanent 
visitor" instructors is deplorable on both ethical ?vnd 
humanistic grou.-^ds. No one had realistic solutions 
for this problem. 

• There is tension between academic freedom and 
"what should be taught" which may be heightened 
by changes in the calculus. 

• There will be a lot of expense in training people 
for a new mode. A TA present in our group de- 
scribed current computer applications in his calcu- 
lus class; his supervising professor pointed out that 
this TA only teaches one section to allow time for 
preparation. A 50% drop lu productivity would 
be difficult (impossible) to handle in many depart- 
ments. 

• There were no good ideeis for how to retrain fac- 
ulty. 

• Hand-held calculators are fe<isible, but real computer 
experiences for all calculus students would not be 
feasible in a short or medium time frame at n ;st 
schools. 

• The need for gradual changes, for pilot sections and 
programs, was repeatedly mentioned. (Examples: 
Syracuse tried computer use in calculus in honors 
sections first; Clemson has three sections of calculus 
using the HP28C— furnished this one time at reduced 
cost.) 

• The need for sharing and keeping resource files from 
successful classroom e^.periences was mentioned as a 
great help in producing good instruction. 

• A large amount of time is needed for preparation, and 
there is a need for lead time in preparing demonstra- 
tions. 

Discussion of departmental "coping devices" pro- 
duced a variety of anecdotes and opinions: classes 
over size 60 (but under 100) having a grader but 
no recitations were often felt, given a suitable room, 
to work well. Lecture-recitation mode — 100 to 700 
^ students — was considered as a last resort by most par- 
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ticipants. Ho\vever, one member of the group related 
a case where a change to smaller sections brought 
more complaints id less enrollment. Subsequently, 
a change back to the lecturer-recitation mode was 
mfide. 

.Another "coping device," uniform departmental tests 
and syllabi, were blamed as the cause of "chug-and- 
plug" courses. Some felt that poor student perfor- 
mances over the years forced an easier course. The 
suggestion was made that, in fact, the major coping 
device — the common syllabus — did not go far enough 
in prescribing word problems and simple proofs. 

The single recurrent theme of this discussion group 
was that teaching by teaching assistants and part- 
time instructors, although a very significant problem 
at schools with graduate programs, would not be the, 
or even a, major hindrance to changes in the teaching or 
content of calculus. A generally positive attitude w*is 
held concerning teaching by these people, along with 
concern for the dual demands of being a student and 
being a teacher. 
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First Discussion Session 

John W. Kenelly and Robert C. Eslinger 

The discussion group participants represented a va- 
riety of experiences with computer algebra systems 
(CAS). They ranged from individuals with no iiist-hand 
personal experience to authors of some of the current 
systems. At legist on'^-third of the paiticipants were cur- 
rently engaged in curricular activities using CAS. (A list 
of the projects represented in the group is included at 
the end of this report.) 

Amidst a lively discussion, the group reached agree- 
ment on several major issues. These included recog- 
nition of several forces for change in the approach to 
calculus instruction. Future students will be entering 
college with increeising experience with technology, in 
particular with graphing calculators and microcomput- 
ers. With this experience they will tend to see much of 
the current instructional material as being out-of-date, 
and to some extend irrelevant in today *s environment. 

Pressure for change will be exerted, many believe, 
by faculty in allied departments. They will see the con- 
tent of the current calculus course as inappropriate for 
their students who operate in a computer-oriented at 
mosphere. In addition to these technological forces, the 
group felt we need to be sensitive to the pedagogical 
implications of research in cognitive psychology. 

Many in the grc-ip were concerned about skepticism 
of their mathematical colleagues toward the use of CAS 
in calculus instruction. It Wcis noted that the math- 
ematical community was, in general, very conservative 
in their choice of textbooks and reluctant to supplement 
textual material with their own notes or assignments. 
This reluctance is incongruent with the accepted need 
for experimental text material to support change in cal- 
culus instruction. Unfortunately, there was no agree- 
ment on the mechanisms to develop theee materials. 

This discussion group benefitted especially from the 
contributions of several calculus text authors. In par- 
ticular, the authors noted that the content of current 
texts reflects market pressures of conservative faculty 
interests in including specific topics. Id this context, 
the group agreed tliat they could not select specific al- 
gebraic skills, for example, that would be rendered ob- 
solete by the use of CAS. 
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Black Box Syndrome 

There were also issues on which participants voiced 
disagreement. A primary point of dispute could be char- 
acterized as the **black box syndrome." Some partici- 
pants were concerned that students would use mechani- 
cal systems without understanding underlying concepts. 
Others argued that the3e systems allow students to con- 
centrate on higher-level reasoning instead of on lower- 
level manipulative skills. 

For example, on-going projects were described in 
which solutions to word problems were broken down 
into appropriate steps by students using CAS. It Wcis 
also pointed out that these systems facilitate student 
exploration, thereby leading to discovery learning. 

Disagreement also arose over the complexity of the 
user interface with CAS. Some felt that the difficulty in 
learning these systems v/cis sufficient to inhibit their use 
by many faculty and students. It was argued ^hal, fac- 
ulty were reluctant to abandon traditional. approaches 
to teaching for uncertain results with a system that 
required a substantial investment in time in order to 
meister. There was also concern that students' mathe- 
matical matuiity upon entering calculus Wcis inadequate 
to use these systems productively. In contreist, partici- 
pants who were using CAS indicated that initial train- 
ing in its use Wcis not a significant barrier. 

In summary, participants in this CAS discussion 
group concluded that the mathematical community is 
in the experimental phcise of developing effective use of 
CAS in the teaching of calculus. Some expressed frus- 
tration with the lack of a clear statement either iden- 
tifying problems with current practice in calculus in- 
struction or outlining objectives for change. However, 
the following major issues were identified by the group: 

• Student preparation for calculus. 

• Balance between conceptual understanding and cal- 
culation. 

• Relevance of Iculus to allied fields. 

• Utilization > current technologies. 

• Resistance to change. 

• Evaluation of experimental methodologies. 

CAS Projects 

TryL Ager, Stanford University: Building an on-line 
calculus instructional system which uses REDUCE sts 
an "algebra engine*' and interactive graphics cis an ex- 
pository device. The project Is directed toward pre- 
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college ceilculus, but covers all material in the AP cal- 
culus syllabus. 

George Andrews (with Michael Henle), Oberlin Col- 
lege: Supplementary materials for calculus sections us- 
ing Maple. Each exercise is designed tc fit into the tra- 
ditional curriculum and provide a deeper understanding 
of some aspect of the calculus. 

Dwayne Cameron, Old Rochester Regional School 
District: Using muMath in honors algebra II, precal- 
culus, and calculus classes to a limited degree. 

J Douglas Child, Rollins College: Macintosh Inter- 
face to Maple. Experimentfil lab course to better under- 
stand (and improve) student problem-solving processes. 

Joel Cohen, University of Denver: Teaching a junior- 
senior level course in symbol manipulation for applied 
mathematicians, physicists, an d engineers, using a num- 
ber of computer algebra systems; also experimenting 
some with Maple in calculus. 

Abdollah Darai, Western Illinois University: Using 
MACSYMA for the first time in a first-year calculus 
course. 

Franklin Demana (with Bert Waits), Ohio State Uni- 
versity: Developing a precalculus text that makes sig- 
nificant use of graphing calculators or computer-based 
graphics. 

John S. Devitt, University of Saskatchewan: Using 
Maple as an electronic blackboard. 

Harley Flanders, University of Michigan: Developing 
software specifically for teaching cdculus (and precalcu- 
lus). Includes symbolic manipulation, plane and space 
graphics. Classroom testing. 

Richard P. Goblirsch, College of St. Thomas: Have 
offered calculus with numerical emphasis using comput- 
ers; have hegun experiments with SMP. 

Edward L. Green, Virginia Polytechnic Institute: 
Employ IBM PC in c£.:culus sequence; have partially 
developed graphics packages. 

Don Hancock, Pepperdine University: Developing 
material for a calculus course using MACSYMA. The 
curriculum will emphasize the interplay between dis- 
crete and continuous ideas. 

Alan Heckcnbach, Iowa State University: Using 
Flanders* Microcalc for Calculuv* using muMath in 
Master of School Mathematics Program. 

M. Kathleen Heid, Pennsylvania State University: 
Projects using symbol manipulation programs: 

1. Algebra with Computers. Continuing and pending 
NSF projects using muMath and programming in 
high school algebra; e.xamines the numeric, graph- 
ical, and symbol-manipulative connections. 

2. Computer-based general mathematics, using mu- 
Math for 10th and Uth grade students. 



3. Applied calculus course using muMath and graphi- 
cal programs to refocus course on applications and 
concepts. (Report in upcoming issue of Journal for 
Research in Mathematics Education,) 

4. Algebra I with muMath, focuses on word problems 
using the symbol manipulator to perform routine 
procedures prior to student mcistery. 

Jamc*' F. Hurley, University of Connecticut: Com- 
puter laboratory course using TrueBasic to graph and 
do numerical experimentation directly tied to concepts 
of calculus, and to motivate them. 

John Kenelly, Clcmson University: 

1. Freshman calculus section covering regular depart- 
mental syllabus. Students are issued individual 
Hewlett-Packard HP 28C calculators. 

2. State grant for 160 secondary mathematics teachers 
to !eceive and be trained in the use of Sharp EL5200 
super-scientific graphic calculator. Study of curricu- 
lum implications of graphing calculator technology 
are part of the course. 

Andrew Sterrett, Denison University: Using Maple 
in two sections of calculus. 
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ceived his Ph.D. degree from the University of Florida. 

Robert C. EsLINGER is Associate PuTessor of Math- 
ematics at Hendrix College. Until this year he served as 
Chairman of the Depzirtment of Mathematics and Head of 
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Second Discussion Session 

Paul Zom and Steven 5. Viktora 

The discussion section began with a simulated dem- 
onstration of the compater algebra system SMP. Next, 
a large number of participants described computer- 
oriented calculus projects — some involving CAS — at a 
variety of institutions, large and small. 
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Computer Algebra Systems (CAS) already aflfect the 
teaching of calculus and will likely play an even greater 
role in the future. The defining feature of CAS is a 
symbol manipi'lator. Most systems do arithmetic, op- 
erations with polynomials, linear algebra, differential 
equations, calculus, abstract algebra, and graphs. The 
group discussed how CAS are used now and \ hat effect 
they may have on the teaching of calculus in the future. 

A surprisingly large number of colleges and universi- 
ties already use con^puters to aid in teaching calculus. 
Most approaches seejn to fall into one of two categories. 
Some institutions use what might be called special pur- 
pose pacl'^ges. Individual programs, whether locally or 
commercially produced, are typically used only for cer- 
tain topics, not for the whole calculus course. 

"Other institutions use "full service" CAS programs 
for a wide range of tasks. A common characteristic of 
these courses is an emphasis on problem solving. Ex- 
ploratory projects, realistic applications, and modeling 
are stressed. 

After participants described computer-oriented proj- 
ects at their own institutions, discussion turned t^ more 
general issues: problems, strategies, and prospects for 
the future. Four main themes and issues emerged: 

1. The need to define — and agree upon— goals and 
objectives for calculus insimciion. No clear consen- 
sus exists on what calculus is or should be. Perfect 
agreement is impossible, but it should be possible to 
agree upon a small finite number of acceptable calculus 
courses. 

Among the questions: Which particular traditional 
calculus skills and topics are really essential? More gen- 
erally, what balance should be struck between routine 
algorithm performance — differentiation, antidifferentia- 
tion. etc. — and "higher-order" activities — problem-solv- 
ing, mathematical ^xperimentatic-i, and understanding 
of concepts? Shall we proceed conservatively (tinkering 
with the present standard course) or radiccilly (design- 
ing a new course from the ground up)? 

There was no systematic effort to answer all of these 
questions. It was agreed, however, that future calculus 
courses V)ill differ significantly, not just in details, from 
present courses. Developments in computing will force 
such changes. 

2. How will computer algebra systems and other 
forms of computing drive, or be driven by, changes in 
calczlus instruction? Discussion centered on both cur- 
ricular and pedagogical matters. Among curricular ef- 
fects of computing, the following were cited: 

• Computers handle routine operations; hence, time 
can be spent on better things. 



• More realistic applications are possible when compu- 
tations are cheap. 

• Approximation and error analysis arc Important and 
useful dimensions of celculus, but they are compu- 
tationally expensive. Cheap, easy computing solves 
this problem. 

• Some traditional topics and methods arose histor- 
ically from the high (human) cost of computation. 
Cheap machine computation render- them obsolete. 

• Computing may save time in the cur^.^ulum. On the 
other hand, present calculus syllabi are crowded — it 
would be a mistake simply to add more material. 

• Whether we like it or not, the calculus curriculum 
will change. Hand-held machines, if nothing else, 
will force this; too many traditional exercises become 
inane when perfornried'by computer. 

The effects on calculus pedagogy of modern comput- 
ing are just beginning to be felt, and so are hard to 
predict confidently. They might include: 

• A more active, experir;ental attitude of students to- 
ward mathematics, supported by less painful manip- 
ulations. Conjectures can be made and understood 
cis part of the process of mathematical proof. 

• With computers, mathematical objects can be rep- 
resented graphically and numerically as well as alge- 
braically. This should lead to a deeper, more flexible 
understanding of "function," for example. 

• Computers permit a larger sheer number of examples 
and exercises to be worked out. This could speed 
students' development of .nath' Aiatical intuition. 

• Computers could support more qualitative reasoning 
in mathematics. E.g., students could see concretely 
that polynomials grow more slowly than cxponcr.fcial 
functions. 

• With computing to handle details, students can carry 
out multi-step problems without foundering in cal- 
culations. This should foster more elTective problem- 
solving. 

3. New approaches to calculus require new materi- 
als: books, software, problem sets, etc. Who will write 
them, and with what rewards? How will re-invention 
of the wheel be avoided? Many participants reported 
finding standard text and exercise materials unsuitable 
for computer-aided courses. Writing suitable material 
is difficult and tim^-consuniing. It was agreed that co- 
operation is essential in developing and sharing prob- 
lem materials. NSF was mentioned as a possible source 
of support for distributing materials outside the usual 
coiTwiercial channels. Meetings of pec Die involveu in 
computer projects would also help spread the word, and 
build morale. The Computer Algebra Systems in Edu- 
cation Newsletter, based at Colby College, is ^ start. 
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4. It is vndely agreed thai calculus courses should 
become more conceptual Clearly, computing can help 
support this goal But what problems do such changes 
raise, and how will we solve them? CAS's can do much 
of what we traditionally teach. If CAS's do handle such 
tasks, what will students do? Will their algebra skills 
atrophy, or perhaps, aided by better motivation and 
more varied experience, even improve? How will more 
conceptual matters be tested? Can a more conceptual 
calculus be taught successfully in large, bureaucratic 
settings? 

No agreement emerged on such questions. It was 
suggested, though, that we mathematicians should not 
apologize for asking for more resources to sJve the 
problems attendant upon improving calculus instruc- 
tion, any more than our natural science colleagues do 
for requiring their version of laboratory resources. 

The group v.'as unable to agree on, or even discuss at 
length, every issue raised. Some open questions raised 
during the discussion follow: 

1. How will the calculus syllabus be affected by CAS? 
What topics should stay, and which should go? What 
should be cidded? 

2. How will changes in college calculus affect the whole 
precollege curriculum, not just the Advanced Place- 



ment program? 

3. What is the "right" machine (if there is one)? 

4. What >,iakes a "friendly" CAS? How do we ensure 
tiiat CAS are easy for students to use? 

5. Should programming be taught? If so, how much? 

6. Where do hand-held calculators fit in? Present cal- 
culators are not yet as powerful as CAS, but they are 
relatively inexpensive and convenient. 
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Objectives, Teaching, and Assessment 



First Discuosion Session 

Alphonse Buccino & George Rosenstein, Jr. 

This group unanimously agreed that calculus teach- 
ing needs improvement. Opinions varied on the exis- 
tence and degree to crisis. Despite the diff'erences there 
was clear enthusiasm regarding the need for the "Cal- 
culus for a New Century" program. 

Objectives 

The objectives of the calculus sequence must be 
reformulated within the context of the objectives for 
the undergraduate mathematics major and of under- 
graduate education generally. Within this framework, 
we identified several rategories of objectives, includ- 
ing: 

• TVanscendent purposes: communicating the power, 
excitement and beauty of calculus. 



• Understanding: calculus as a tool for modeling real- 
ity. 

• Skill: symbolic manipulation. 

• Development of faculties: geometric intuition and de- 
ductive skill. 

• Rite of passage: calculus as a talent filter for 
mathematics majors and students in other disci- 
plines. 

• Generic skills: writing, reading, and note-taking. 
There was strong agreement that the higher-order 

cognitive objecti' <;s of insight and understanding should 
be emphasized. 

These higher-order objectives are strongly related 
to skill development and manipulation. In any re- 
examination of the objectives of calculus, the rela- 
tionship between objectWes at different cognitive levels 
must be emphasized. Additionally, the responsibility 
of mathematics and mathematicians toz/ard the other 
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disciplines that utilize calculus must be considered and 
clarified. Finally, calculus courses need to be fit into 
a context that includes goals for majors and for gen- 
eral education, as well as the preparation of students 
for calculus. 

Teaching 

The participants agreed that whatever objectives 
might emerge for a particular course, students ought to 
be cognizant of them. Daily interaction (e.g., quizzes, 
"board problems," graded homework) provide valuable 
information for the student about the objectives of 
the curses and the teacher's expectations, and for the 
teacher about the progress of the class and of individu- 
als. Feedback in this form must not be merely routine 
drill. 

Instructors are often too distant from their students 
and often are unaware of serious problems or signifi- 
cant successes ip'Jividuals may be experiencing. Conse- 
quently, a climate of sensitive awareness with substan- 
tial feedback should characterize calculus classes. Reg- 
ular accountability and close scanning to assess status 
and progress should occur. 

There was some discussion of the role of textbooks 
in teaching cak'jlus. To a large extent, books de- 
fine both the content and style of presentation in 
our standard courses. In particular, textbook prob- 
lems seem to stress drill and template applications, 
often relegating "interesting" problems, should they 
occur, to the end of a list of forty or fifty prob- 
lems. 

Although courses appear to depend on the textbook, 
it was noted that class time is frequently spent re- 
peating the material in the text. Many believed that 
this repetition is peculiar t. mathematics. Some par- 
ticipants, reported that students would read the book 
if the instructor made his or her expectations clear 
and endeavored to enforce them. Participants gener- 
ally agreed that teaching students to iv;ad the text Wcis 
worthwhile. 

Writing was another generic skill that teachers be- 
lieved was worthy of class time. Writing for clarity 
enhanced students* higher-order thinking skills, forced 
students to consider their results, and incrccised stu- 
dents' appreciation for the problems of writing for the 
benefit of others. Participants mentioned journals and 
summaries as post-learning activities and brief "write 
everything you know about ..." exercises as introduc- 
tions to topics. 



Assessment 

In discussing assessment, the group focused on test- 
ing to assess student progress and achievement. There 
is a substantial need for conscious nes.^ raising, friCulty 
development, and technical assistance in the construc- 
tion and administration of good tests bcxsed on current 
knowledge about asscssincnl. 

However, there is alno a substantial need for re- 
search and development on assessment and testing to 
advance the state-of-the-art, especially with reference 
to the higher-order cognitive objectives. 

Although some members of the group questioned 
the accuracy of the pjofile of present tests as 90% 
manipulation and tenipUite problems, there was gen- 
eral agreement that teyts frequently do not ask stu- 
dents to perform higher-order conceptual tasks. With 
some prodding, the group produced several kinds of 
questions that seemed l.o require more than routine 
skills 

AsiSessment of tr*inj;cendent objectives probably 
could lot be fit into a grading scale, but should be 
part o'* the evaluation of any coiirse. These objectives 
do not fit most teachin-j evaluation procedures either, 
nor, apparently do sonic other higher-level objectives. 
Several members of the group expressed the view that 
these evaluations thereby interfered with true teaching 
effectiveness. 

What To Do 

One major omission from the Colloquium program 
Wcis discussion of research and development on the 
teaching and learning of calculus. Development of a 
program providing support for coordinated research 
projects and activities is essential. In addition, the 
value of natural experiments that continually occur to 
improve calculus teaching and learning can be enhanced 
through support of such things as clearing houses, com- 
munication, reporting, and travel. Research and devel- 
opment should include investigation of experiences and 
prf'ictices in other nations. 

Dialogue with colleagues in other disciplines should 
occur. This can be a graos-roots effort involving such 
simple things as brovm-bag lunches. Efforts pyramid- 
ing upward to an integrated and synthesized perspective 
on calculus and its relation to other disciplines are also 
needed. 

Course and clcissroom testing is a major problem for 
all college teaching, and not just calculus. Instructors 
simply are not trained in even the rudiments of test 
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construction and administration. Each campus should 
address this problem and provide necessary technical 
assistance to improve the situation. 

ParticJ:^ant8 saw advanced technology as an oppor* 
tunity for re-examining the objectives of the calcu- 
lus. Because advanced calculators and recent com- 
puter software trivialize many of the computational 
skills on which many courses seem to be based, we will 
soon be forced to confront the inadequacies of these 
courses. 



AlpHONSE BuCCINO-is Dean of the College of Edu- 
cation at the University of Georgia. Previously he served 
in several management positions in the Directorate of Sci- 
ence Education at the National Science Foundation, and as 
Chairman of the Mathematics Department at DePaul Uni- 
vjrsity. He received a Ph.D. m mathematics from the Uni- 
versity of Chicago. 

George M. RoSENSTEIN, Jr., is Professor of Math- 
ematics at Franklin und Marshall College. He received his 
Ph.D. from Duke University in topology. His current re- 
search interest is in the history of American mathematics. 
He is presently Ihc Chief Reader for the Advanced Place- 
ment Examination in mathematics. 

Second Discussion Session 

Philip C, Curtis, Jr. and Robert A, Northcutt 

Our group discussed these three topics from two per- 
spectives: proposed changes in orientation of the calcu- 
lus course from one devoted primarily to technique to 
one devoted to conceptual understanding, and increas- 
ing ^utilization of computing technology in instruction 
both in calculus and in preparatory subjects. 

There was general agreement that a change of em- 
phasis in the teaching of calculus is a desirable goal — 
a change from a technique-oriented course with appli- 
cations to one where the major emph?e'*5 was on un- 
derstanding major concepts. There wa j consensus, 
however, on the extent to which this n w goal could be 
separated from the current goal of technical mcistery. 

If emphasis on concepts is to be achieved, however, 
there arft several necessary ingredients which are not 
now present. First, there has to be general agreement 
on the part of the teaching staff that this change is 
desirable and that individual efforts in this direction 
should form an important part of a faculty member ^s 
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professional life. Teaching techniques would then ne«d 
much more attention and support than is now the case. 

Secondly, the orientation of the textbooks nrMst 
change to include much more of an emphasis in both 
text and exercises on the understanding of concepts 
and their applications ^o problems. Centra) to this suc- 
ceso will be high-quality feedback from the instructor, 
teaching assistant, and homework reader. Understand- 
ing and communication of ideas on the part of the stu- 
dent will not be achieved without this feedback. 

The similarity to the problems encountered in the 
effective teaching of writing io inescapable here. Al- 
though technique-oriented questions will probably not 
disappear from examinations, concept-oriented ques- 
tions must form a more important part than is now the 
case. Both students and faculty should be well av/are 
that this is the orientation of the course and of its as- 
sessment. 

It clear that this change in orientation will not 
occur quickly; it will be difficult and mistakes will be 
made. It should be realized from the outset that if 
this change is to be successful it will be an evolutionary 
development rather than a revolutionary one. 

It is inescapable that technology in the form of in- 
creased computing power will play an increasingly im- 
portant role in the teaching of calculus. It already does 
to some extent and this role will increase rapidly. The 
challenge will be to manage the role of technology in a 
way that deepens the mathematical understanding and 
capabilities of students ra^.her than just replace what 
they now do by paper and pencil. 

The opportunities are many, understanding the 
function concept should be greatly enhanced by tac 
graphical capabilities of the new calculators. Deriva- 
tives as rates of change and areas as limits of sums can 
be easily visualized where this v^-** ^-^V imperfectly re- 
alized before. More realistic proDiems can be confronted 
where pcxrameters are not carefully chosen &o that solu- 
tions can be given in closed form. 

The role calculators will play in the elimination of 
symbolic calculation at this point is not as clear. Al- 
gebra is the language in which mathematical problems 
are p^ ^ed. Correctly stating the problem, organizing it 
in such a way that it can be attacked, and finding a 
route to a solution are always the more difficult parts 
of problem solving. It is certainly conventional wisdom 
that at this juncture technical mastery forms an impor- 
tant part of insight. The challenge will be to utilize the 
technology in such a way that will preserve and deepen 
the insight, but lessen the burden of tedi.. js algebraic 
and numerical calculation. 

Our challenge will be to manage the changes pro- 
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posed, rather than to let the many forces outside math- 
ematics dictate the directions. Historically, we have not 
done a good job in either the implementation of new di- 
rections or the necessary follow-up. "New math" is the 
classic example. The necessity to carefully plan, realis- 
tically implement, and train teachers are major obsta- 
cles. 

xVdining faculty through better apprcnticc/mcntor 
• Tograms, giving appropriate rewards lor successful 
teaching, and Increasing recognition of the professional 
aspect of calculus will help. Bad practices in class 
presentation, assessment, and materials must be elimi- 
nated. The mathematics profecsion must take an active 
role in this management process. Calculus is a part of 
the over-all fabric of mathematics and as such, instruc- 
tion prior to calculus and after calculus must reflect 
an awareness of what is happening in the calcLlus, and 
why. 

Many students do not now develop an overview es- 
sential to understanding calculus. Technology should 
allow instructors to broaden objectives in this area. 
The function concept, change, qualitative behavior, and 
global insights can become more accessible for students. 
Problems In background review, remediation, and prac- 
tice can be addressed using calculators and computers, 
but this alone will not solve the problem! oi apathy, mo- 
tivation, or attitudes. Students abo must bear respon- 
sibility for the process of their learning. Good teaching 
requires both an active teacher and an active student. 

The introduction of technology into the calculus 
classroom will not be devoid of problems. Technology 
has a good side in its utilization, but misuse can polar- 
ize many of our p»'esent faculty, instill a false expecta- 
tion in problem solving, and may give rise to a host of 
materials so specialized as to make faculty resistant to 
innovation. 

Finally, there should be a conscientious effort on the 
part of the mathematics profession to involve secondary 
school teachers in the design and in the implementa- 
tion of any proposed changes. It should be the goal 
of all concerned lo narrow the spectrum of preparation 
of students for calculus to an acceptable and accessible 
range. In the future, an increasing number of the better 
students will be receiving their single variable calculus 
instruction in the secondary schools. Conficquently, a 
cleare- understanding of the desired goals of calculus 
imUruction is essential at all levels. 



PhiLJK C. Curtis, Jr. is Professor of Mathemat- 
ics at the Uni /ersity of California at Los Angeles. He has 
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Third Discussion Session 

Lida K, Barrett and Elizabeiu J. Teles 

It is nn secret that calculus, as it is now taught, is 
not underftood or appreciated by most students. The 
mathematical power and beauty of calculus that math- 
ematicians know and relish cannot be delivered to stu- 
dents in the context of our present calculus course. Our 
group id<*ntified this problem as the crucid issue in cal- 
culus. 

There were basically iwo parts to our discussion. In 
the ' eginning part, the group identified five issues of 
importance. The first centered around the fact that 
students do not understand or appreciate calculus, but 
see it as a selection of rules and problems which they 
must memorize in order to be allowed to proceed. Cal- 
culus is therefore seen as a filter, or a rite of passage. 
According to Robtrt White, it is time for this to end: 
calculus must become a pump, not a filter. oruer for 
it to become this pump, mathematicians mu& market 
calculus as ihey know it both to students and to client 
disciplines. 

The second issue is that the content of calculus is seen 
as rigidly controlled by a large number of forces. Among 
these arc client disciplines, accreditation boards, de- 
partmental expectations, and tcxibooks. Accurate cur- 
rent information on the needs of client disciplines might 
yield a different perspective, perhaps even support for 
more teaching of concepts and less manipulations. 'TK* 
actual specifications of accreditation boards should uc 
determined. Faculty instead of the textbook should de- 
termine the syllabus and the course. 

A third constraint is the quality of instruction: teach- 
ing by increasing numbers of part-time faculty and grad- 
uate students; the inability of the faculty to communi- 
cate with students; and the insistence of most univer- 
sities that all tenured faculty carry on research. It wan 
general./ agreed that institutional rewards of rank :snd 
salary, in most settings, are greater for mathematical 
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research than for quality teaching, curriculum develop- 
ment, or research on teaching. 

In addition, international teaching assistants as- 
signed to recitation sections often f<ul to communicate 
with students, not only because of their accents but also 
because of their inability to comprehend the underlying 
meaning of the questions. Lastly, even though calculus 
teachers often give lip service to the problem-solving 
approach, it is often not the technique actually used in 
the classroom. 

Articulation among all levels of mathematics is a very 
important issue since success in calculus depends on the 
student's previous mathematical experience. In order 
that calculus be taught for understanding and appreci- 
ation, precalculus and other high school courses must 
support this endeavor. Of particular importance is ar- 
ticulation among high schools, two-year colleges, and 
four-year colleges and universities on the calculus course 
itself. 

Finally, the role of technology in the Calculus. for 
a New Century was explored. It was readily agreed 
that technology should play an important role but that 
its use should be carefully constrained. There is just 
as much danger in the improper use of technology as 
there is in ignoring it altogether. Technology must be 
a facilitator rather than an appendage. 

To address these issues will require changes first of 
all in the reward structure for faculty, supported by ad- 
ministrations and departments. Changes will also be 
needed in teaching methods brought about in part by 
the new technology. Other new methods could include 
greater use of a historical perspective, more student mo- 
tivation for problems by ensuring that they understand 
the question before they are asked to respond, and the 
teaching of differentiation and integration rather than 
the manipulative skills of differentiating and integrat- 
ing. Furthermore, long-term commitment to teaching 
must be encouraged. The primary resource needed — 
faculty time — must be made available and faculty effort 
must be rewarded. 

In the second half of the session, the group explored 
objectives, teaching, and assessment. Many suggestions 
were '^Iscussed in the short time available, and consen- 
sus was reached in many areas. 

Students must be taught how to thinic about new 
problems as well as how to solve template problems. 
An alliance must be built with client disciplines to aid 



not only in the development of courses but in the de- 
velopment of support for courses. Teaching* style and 
presentation of material must convey enthusiasm for 
knowledge and an appreciation of the beauty of cal- 
culus. 

To support better reaching, the group as a whole 
recommended a newsletter- type publication that would 
contain course outlines, teaching techniques, reports of 
experiments, and examples of new types of problems 
(e.g., open-ended problems and problems that use mul- 
tiple techniques). 

Of great in:portance to good teaching is a well- 
organized assessment program. Assessment was seen as 
needed in a variety of ways — assessment of students as 
they enter courses (i.e., placement, high enough as well 
as low enough), assessment of curriculum, assessment 
of faculty and teaching, and assessment of the c^ccom- 
plishments of the course. Whether a course meets its 
objectives is often difficult to determine. New courses, 
however, must be assessed by new standards, and not 
by standards established for old courses. 

The primary objective must be marketing of the new 
calculus as a gateway to future study in the majority of 
other disciplines. Some skills needed in client disciplines 
are changing, contact with these disciplines must be es- 
tablished in order to appropriately reflect their changes 
in our courses. However, it is up to mathematicians to 
convince others that a lean and lively calculus will meet 
their needs. It is important at this time that mathe- 
maticians become proactive rather than just reactive. 



LlDA K. Barrett is Dean of the College of Arts and 
Sciences at Mississippi State University. Previously, she was 
Associate Provost at Northern Illinois University and head 
of the Department of Mathematics at the University of Ten- 
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Calculus Reform: Is It Needed? Is It Possible? 



Gina Bari Kolata 
New York Times 

Calculus, the "gateway to all areas of science and en- 
Sineering," in the National Science Foundation's words, 
and the mathematics course most dreaded by hun- 
dreds of thousands of undergraduate students, is chang- 
ing. Mathematicians agree that because of advances in 
computer technology, calculus cannot remain the same 
course that it has always been. And there is a growing 
feeling within the mathematics and science community 
that the course is desperately in need of revitalization. 
So the real question is whether calculus will change hap- 
hazardly or whether its alterations can be planned and 
its subject matter and teaching invigorated. 

The National Academy of Sciences and the National 
Science Foundation hope initiate a national debate 
over how calculus can and t aid be changed. In order 
to start the debate, the Nai^ional Science Foundation 
would like to invest about $2 million a year for the next 
several years in conferences, workshops, and demonstra- 
tion projects. The program bjgan with a Colloquium 
on the future of calculus teaching, held in Washing- 
ton D.C. on October 28-29, 1987. The colloquium is 
supported by the Sloan Foundation and sponsored by 
the National Research Council of the National Academy 
and the Mathematics Association of America. 

An Unprecedented Effort 

The new effort to revitalize calculus is almost un- 
precedented in educational circles. It would affect 
mathematics departments, all of which teach calculus. 
In fact, calculus is the overwhelmingly dominant math- 
ematics course taught in colleges. It would affect the 
more than half a million students who enroll in calculus 
courses each year. It would affect textbook publishers, 
who invest substantial resources developing and pro- 
moting their calculus books, and it would affect other 
science departments who use the high failure rate in cal- 
culus courses as a means to eliminate weaker students 
and who frequently design their own courses around 
what students should have learned in calculus. 

The revitalization of calculus, however, is most em- 
phatically not another instance of a "new math" — the 
ill-fated attempt to change the teaching of mathemat- 
ics at the elementary level. Bernard Madison, a mathe- 
matician from the University of Arkansas and calculus 
project director for the National Research Council, says 



that this effort will In* carefully coordinated and will 
involve everyone whose life will be changed by a new 
calculus course. 



Mathematicians and educators have 
learned their lesson from the new 
xnatb^ 



Mathematicians and educators have learned their les- 
son from the new math. Changes cannot be imposed on 
people and they have l.o occur gradually. "This is not 
just a curriculum issue," says Madison. The entire in- 
frastructure of calculus must be changed. "We have to 
lay the groundwork for the project and give it the kind 
of visibility and prestige that is unquestionable. This is 
a political and social process.** 

Is Calculus Irrelevant? 

The movement to reinvigorate calculus began sev- 
eral years ago with challenges to the very existence of 
calculus. Some mathematicians said that calculus is ir- 
relevant for today*s students. It should be replaced by 
discrete mathematics, the sort used in computer sci- 
ence. 

But others argued strongly against this extreme 
view, saying that calculus is of central importance, al- 
though it may no longer be the course it should be. 
Several meetings were held, including one sponsored by 
the Sloan Foundation that took place at Tulane Uni- 
versity in January of 1986. The Tu'ane conference re- 
sulted in a now well-known collection of papers called 
^Toward a Lean and Lively Calculus** and published by 
The Mathematical Association of America. 

At the same time, the National Research Council 
through its Board on Mathematical Sciences and its 
Mathematical Sciences Education Board was examin- 
ing the state of university mathematics in general, and 
finding it wanting. Madison explains: "I*ve been look- 
ing at various aspects of mathematics instruction since 
1980, and I knew there was something wrong. Mathe- 
maticians in the early days thought they were just being 
mistreated and not given enough money.** Fewer and 
fewer students were selecting mathematics as a major 
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and even fewer were going on to get Ph.D.'s in math- 
ematics. Yet more students than ever before were tak- 
ing mathematics courses because other departments re- 
quired them. If mathematics, courses were truly excit- 
ing, more students might be lured to the department. 

"We have a faculty that is relatively inactive as pro- 
ducing scholars. Most are primarily teachers," said 
Madison. Many are uninspired by their subject mat- 
ter and fail to inspire their students. The National 
Research Council is now putting together an agenda 
to reinvigorate all of college and university mathemat- 
ics and it considers the calculus project a special — and 
crucially important — case. 



"We have a faculty that is relatively 
inactive as producing scholars. Most 
are primarily teachers. 



Last fall, the NSF requested funds from Congress to 
support a revitalization of calculus and now the agency 
expects that Congress will appropriate those funds. Re- 
formers believe that the groundwork is laid for a change. 
But no one expects that chan.'^e will be easy and no one 
expects that the impact of a new calculus course will 
be confined to mathematics departments. Calculus is 
not just an isolated course. It is essential for other sci- 
ences, including physics, chemistry, biology, computer 
science, and engineering. Many colleges and universities 
require that students majoring in business, psychology, 
and other social sciences take it as well. 

A Dor 'inant Course 

Of all the mathematics courses offered at universities, 
calculus is the most well known and most often taken. 
The best data on enrollment in college and university 
calculus courses derives from a survey conducted every 
five years under the auspices of the Conference Board of 
the Mathematical Sciences. According to Richard An- 
derson, a mathematician at Louisiana State University 
who directed the 1985 survey, more than 600,000 stu- 
dents took a calculus course at a college or university in 
the fall of 1985 — the most recent data. If anything, even 
more students are taking it today. More than 40,000 in- 
structors teach calculus. "It's an absolutely dominant 
course," Anderson says. 

For many students, their grade in calculus will de- 
termine wl*ether they go on to study mathematics or 
science. But, ac least in large universities, fewer than 
half of all students who enroll in an introductory calcu- 
lus course complete it with a grade of C or above. And 



many students who pass do so only after repeating the 
course. Ronald C. Douglas, a mathematician and dean 
of physical sciences at the State University of New York 
at Stony Brook, says that at his university as many as 
20 to 25 percent of stutlcnts in introductory calculus 
courses are taking the course for the second, third, or 
even fourth time. 



Many students who pass do so only 
after repeating the course. 



Because calculus is considered a difficult course, it 
frequently is used as a "lilter" — other departments use 
it as a way to eliminate of less-than-stellar students. 
"Math departments often complain that physics or 
chemistry departments don't want to kick out the stu- 
dents so they figure they'll just send the students over to 
the math department. T^^it will weed them out," says 
Ronald Graham, director of mathematics and statis- 
tics research at AT&T Bell Laboratories in Murray Hill, 
New Jersey. Any changes in calculus, then, will change 
departments' abilities to use the course in this way. 

It is even said that medical schools use calculus 
grades to distinguish among their applicants. Douglas 
says that he has often heard from students who moan 
that if their grade in calculus is not changed to an A, 
their dreams of becoming a doctor will be for naught. 

Those leading the movement to revitalize calculus 
are often asked, however, why they want the course to 
change and what, in fact, they mean by change. Cal- 
culus has been around for hundreds of years — it began 
with Isaac Newton and lias been developed by some 
of the greatest mathematicians that ever lived. It de- 
scribes such fundamental processes as motion in physics 
and diffusion in biology. Science students through the 
centuries have studied it. It is "a monument to the in- 
tellect," according to John Osborn of the University of 
Maryland. What is there to change? 



"What a subject is as part of the 
discipline is often quite dOFerent from 
what it is as a part of education.^^ 



First of all, says Kenneth Hoffman of MIT, it is in 
a sense misleading to talk of changing calculus. "Each 
branch of mathematics is whatever it is and each branch 
is to some extent unchanging," Hoffman explains. Cal- 
culus is calculus and no one imagines changing the 
mathematics itself. However, Hoffman continues, "what 
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a subject is as part of the discipline is often quite dif- 
ferent from what it is as a part of education. What 
calculus is as a part of mathematics is quite different 
from what we present to 19-year-old kids. We have 
come to realize that the way we look at calculus from a 
disciplinary point of view is not necessarily the way we 
should look at it when we teach it." 

So the real question for mathematicians and educa- 
tors is: What, if anything, is wrong with the way cal- 
culus is being taught and v/hat can be done to improve 
It? 

Reasons for Change 

The first point that the advocates of a new calcu- 
lus make is that what is being targht as calculus today 
bears little resemblance to the course 20 years ago. One 
reason for the change is that the group of students tak- 
ing calculus is different and the course has been adapted 
in response. 

During the past 20 to 30 years, college education has 
become more commonplace. Now the meisses, rather 
than just the wealthy and privileged, go to college, and 
their high school mathematics education frequently is 
woefully inadequate. To accommodate these students, 
calculus courses were made less demanding. No longer 
are students asked to do proofs, for example, only to 
work out simple problems that are exactly like worked- 
out examples^in their textbooks. 

Different departments at colleges and universities 
had their own reasons for wanting students to take cal- 
culus, and everyone has a say in the course material. 
"Every user of calculus got a word in and calculus be- 
came taught so that the leverage student could learn it," 
says Lynn Steen of St. Olaf College in Northfield, Min- 
nesota. "There was a major change in the philosophy 
of textbooks that no one had planned." 



"We no longer ask students to 
understand.^^ 



"We no longer ask students to understand," says 
Douglas. "Now it is manipulation, pure and simple," 
meaning that students are just plugging numbers or 
symbols into formulas. The calculus tests rtHect this. 
"What you test is what the students learn," Douglas 
points out. "In fact, we have a great deal of difficulty 
using class time on anything else besides what will be 
on the tests and we have abandoned testing anything 
but manipulation." 



Reducing Rote Learning 

Nearly everyone who has thought about an agenda 
for a revised calculus concludes that the course must 
include a renewed emphasis on mathematical concepts 
and understanding. "When you use calculus, you can't 
imagine that anyone will ever give you a problem like 
one on an exam," Douglas says. "What you might en- 
counter will be a conceptual underpinning or you might 
encounter a problem where the whole purpose would be 
to turn it into the kind^ of problem that occurs on an 
exam." Any student who just learned by rote to plug 
into formulas would be lost in the real world. 

"But," Douglas continues, "it's even worse than that. 
We now have computers and even hand calculators that 
will solve these calculus problems. There are now hand 
calculators that would get a B in most calculus courses. 
What we're teaching is not only the wrong thing — in 
that it is not what students will use — what we're teach- 
ing is obsolete. It is like spending all your time in ele- 
mentary school adding and subtracting and never being 
told what addition and fiubtraction are for." 

Mathematicians who are working to revitalize cal- 
culus feel quite strongly that the rote learning must go 
and that students should learn to rely on computers and 
hand calculators to do routine calculations. In place of 
the time now spent working out problems by hand, stu- 
dents should learn concepts — what mathematics is all 
about. 

Neglect of Teaching 

But, the revisionists argue, more than just the sub- 
ject matter of calculus must change. "There are links 
that we cannot deny and cannot ignore between what 
is taught, who teaches, and who is taught to," says 
Bernard Madison, of the National Research Council. 
And calculus teaching i:> also in drastic need of reform. 

The crisis in calculus teaching began in the late 
1960s, according to Douglas. "For a number of reasons, 
the resources, effort, and money put into teaching calcu- 
lus have fallen over the past 15 years," he says. During 
the 1970s mathematics departments found themselves 
squeezed for funds at the same time as mathematics en- 
rollments increased dramatically. Students enrolled in 
these courses in greater numbers, they were more likely 
to want to major in the physical, biological, or social 
sciences, and they were more likely to have to take cal- 
culus. 

So, to deal with the influx of calculus students, uni- 
versities and colleges increased the number of students 
in their classes. Now it is common for calculus classes 
to be taught in lecture sections of 250 or more students. 



102 



92 



Issues: Innovation 



Once or twice a week, the students break up into recita- 
tion sections, of size 30 or 40 in many schools, where a 
teaching assistant goes over the work with them. "In 
some places, the recitation sections are now larger than 
the classes used to be," Douglcis remarks. 



"The resources, effort, and money put 
into teaching calculus have fallen over 
the past 15 years." 



One of the problems with this method is that much 
of the teaching of calculus is relegated to teaching assis- 
tants. These graduate students may not be particularly 
interested in the course and may have difficulty commu- 
nicating even if they try. As many cis half of all teaching 
assistants are not U.S. citizens and they frequently have 
only a rudimentary command of English. 

Teaching assistants, says Graham, often "are not 
natural teachers. Many are not even math majors." In 
other cases mathematics departments press undergrcid- 
uate students into service. "I have seen sophomores 
teaching to freshmen," says Graham. But hard-pressed 
mathematics departments that have far too few faculty 
to handle the hoards that take calculus courses feel they 
have no choice but to use teaching assistants. 

Even when a bona-fide Ph.D. mathematician teaches 
calculus, the course has been made so instructor-proof 
by textbook writers that there is almost no opportunity 
for the mathematician to introduce any concepts that 
might reflect the beauty and excitement of the field. 
"At big universities, they standardize things and you 
teach by a syllabus," says Robert Ellis of the University 
of Minnesota. "You don*t need a mathematician to do 
this. It requires at most 5 minutes preparation to teach 
a class, and usually a mathematician can do it off the 
top of his head." 



Calculus requires that you know the 
material from the entire high school 
mathematics curriculum ...that's not 
true for most students. 



All too often, the mathematicians who teach calculus 
regard it as a boring burden. Typically, says Madison, 
*Sve will go to the classroom, teach section 3.4, go home, 
and mow the yard." Teaching calculus hcis become rou- 
tine and mindless for the professors. 

Although other departments have had some success 
with impersonal large lecture sections combined with 



smaller sections taught by teaching assistants, "at least 
in CcJculus, this did not work," Douglcis says. Calculus 
is different — it cannot be taught in an impersonal en- 
vironment, according to Douglas. "Suppose you come 
into another sort of course, say freshman psychology," 
Douglas says. "You start from scratch, you don^t build 
on anything. And you don^t need to have mastered 
what you learned one week to go on to the next week^s 
material. But calculus requires that you know *he ma- 
terial from the entire high school mathematics curricu- 
lum. Already, that^s not true for most students. And 
the other problem with calculus is not just that it builds 
but that you have to keep up. If you did not do well 
on one test, the chances are you will not do well on 
the next. There is no other course on the freshman- 
sophomore level like it." 

Personal Involvement 

To do well in calculus, most students need the per- 
sonal involvement of a professor or teaching assistant, 
according to Douglcis. **They need to have homework 
cissigned and they need to have homework collected and 
returned. If you are going to teach calculus well, you 
have to have someone reading papers, grading them, 
and returning them. That doesn't save money." 

The way it is now, all too many students have no 
personal involvement. Homework may not be assigned, 
and even if it is cissigned, it often is not collected. Stu- 
dents let the course slide, thinking they will learn the 
material at the last minute before an exam. "There is 
no feedback," Douglas says. "When students get the 
sense that no one is personally interested in what they 
are doing in the course, they put very little effort in. 
They put in what they think is the minimum work nec- 
essary, and, of course, they often judge wrong." 



The revitalized calculus ... ^^will be 
much more ditRcult to teach and will 
require much better prepared 
teachers.^^ 



A new calculus, which emphasizes understanding and 
concepts and in which no student can slip by learning 
to plug into formulas by rote, will require more money 
for teaching staff and it also will require that the staff 
put more effort into teaching and more time into giving 
students feedback. The revitalized calculus, Madison 
points out, "will be much more difficult to teach and 
will require much better prepared teachers." 

Yet some say that the new calculus might be effec- 
tively taught even with the resources now available and 
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even with the cost-cutting large lecture sections. "There 
are ways to teach better in large sections," says Donald 
Bushaw, who is vice-provost for instruction at Washing- 
ton State University. "It's just a matter of practical ad- 
vice, making the best use of the lecture and small group 
method. There is a good deal of conventional wisdom 
that is not being followed everywhere." Douglas points 
out that if calculus were better taught, fewer students 
would have to repeat it and this would also save money. 

Textbook Stagnation 

Still another issue for the calculus reformers is to en- 
courage the publication of a new kind of textbook. The 
current crop of textbooks would be all but useless for 
the new course. But developing new textbooks means 
going against an entrenched industry that seems very 
content to go on the way it always has. Fourteen new 
calculus books are scheduled to be published in the fall 
of 1988, according to Jeremiah Lyons, an editor at W.H. 
Freeman and Company, and none are innovative. 

Lyons explains that the textbooks have evolved to 
satisfy so many constituencies that publishers have gone 
beyond the bounds of reason. *The books published 
now are really our own fault," Lyons says. "We have 
gone well beyond an adequate number of exercises and 
worked-out examples." In addition to what many feel 
are bloateO and expensive books, the textbook publish- 
ers supply supplementary material to the instructors at 
no additional cost. This includes a solutions manual 
that consists of worked-out solutions to every problem 
in the text and computerized test banks — a computer- 
ized compendium of as many as 3000 questions so that 
instructors can easily give weekly quizzes, without hav- 
ing to make them up, and even have the quizzes printed 
for them. 



Educators ^Halk a great game of 
innovation, but if we move one 
standard deviation from the mean, 
they donH use our books.^^ 



For publishers, innovation involves risk. Educators, 
says Lyons, "talk a great game of innovation, but if we 
move one standard deviation from the mean, they don't 
use our books.** If publishers were to experiment with a 
new sort of calculus text, they would be wary of invest- 
ing the usual amount of money in it. For example, says 
Lyons, to take a chance on a new sort of text, publishers 
would want to forego the usual 1100 pages of text by 
providing far fewer worked-out examples and exercises. 



They would like to save money on illustrations — the 
typical calculus book now has a $75,000 art budget — by 
using computer-generated art, simplifying the illustra- 
tion program, and not using a second color. And they 
would like to get rid of the $50,000 to $100,000 budget 
for all supplementary materials for instructors. "If we 
lower the cost and reduce the basic Investment, we can 
gamble more," Lyons says. 

Links to Science Curricula 

Yet even if the textbooks change, there is still the 
problem of the responses of other departments to a new 
calculus. Any changes in calculus will have a ripple ef- 
fect in other sciences, particularly physics and engineer- 
ing. Courses will have to be revamped and re-thought, 
which further complicates efforts to change the mathe- 
matics curriculum. 

In physics, says Edward Redish, a physicist at the 
University of Maryland, "the physics curriculum is tied 
very, very closely to math." Physics students usually 
take calculus at the Stune time as they take introducto* 
physics and the two courses are coordinated so that as 
students learn a technique in calculus, they use it in 
physics. 

Finally, there must be some way to evaluate whether 
a revitalized calculus is, in fact, more effective. Mathe- 
maticians say that it is even difTicult to evaluate the ef- 
fectiveness of the cookbook, standardized calculus that 
IS being taught today. No one has ever done a national 
survey to determine such basic things as failure rates, 
pass rates, or even how many hours a week students 
spend in calculus classes. "We need that kind of data," 
says Anderson, for without it it would be impossible to 
even think of comparing a new calculus to the old. 

Among the issues that NSF and the calculus reform- 
ers would like to see debated on a national level are 
what sorts of changes in calculus would best suit other 
science departments and how those changes could be 
accomplished. So far, those who have thought about 
the issues have reached no consensus. 

Conflicting Advice 

Even when scientists from other departments do 
want to see calculus changed, they do not always agree 
on what changes should be made to better serve their 
majors. Redish would like to see more stress placed 
on approximation theory and on numerical solutions to 
differential equations. He would like to see a great deal 
more emphasis on methods of checking qualitatively to 
see whether a number that comes out of a computer is 
approximately what would be expected. 
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Biologist Simon Levin of Cornell University would 
like to see more emphasis on qualitative analysis and 
less on computations; he would especially like to sec 
his students introduced to partial differential equations, 
particularly as they describe diffusion. 

Gordon Prichett, dean of the faculty at Babson Col- 
lege, a business college just outside of Boston, says that 
although business students routinely take calculus, the 
course for them is, strictly speaking, unnecessary. So, 
he says, "if we are going to teach calculus in the busi- 
ness curriculum at all, it would be for breadth and for 
problem-solving ability." 

Advocates of the Status Quo 

Redish, Levin, and Prichett, however, want to see 
calculus changed. Not everyone does. Some argue that 
the course is a classic that heis withstood the test of 
time and that is crucially important for the other sci- 
ences. Most physicists, according to Redish, are happy 
with the status quo. Redish believes that this system, 
in which physics courses are developed around the cur- 
rent calculus courses, distorts physics and cheats stu- 
dents of a feeling for what physics, to say nothing of 
mathematics, is all about. But, Redish cautions, "I am 
not typical. Tm out here at the edge trying to pull my 
immense department. Most don't want to think about 
change. *If it ain't broke, don't fix it' is an attitude I 
sec a lot." 



Most donH want to think about 
change* 



Anderson, who has presented the idea of revitaliz- 
ing calculus to forums of engineers and other scientists, 
says that the engine'jrs and scientists frequently were 
uninterested in change. **They wanted students to have 
the same math that they had had," Anderson says. 
**They thought of it as good training and they would 
say, *What was good enough for me is good enough for 
my students'." 



"What was good enough for me is 
good enough for nay students 



Still others just do not want to be bothered. Cal- 
culus, they say, is a bread-and-butter course for mathe- 
matics departments — it is one of those courses that keep 
mathematics departments in business. But it is not re- 
ally worth the time and trouble to radically change it. 



And besides, any student who cannot pass calculus as 
it is currently taught ought to re-think his or her plans 
to become a scientist anyway. 

Others are concerned that if a committee starts tin- 
kering with calculus, the course is likely to become 
worse — less useful and less meaty. Ellis of the University 
of Minnesota thinks that it would be impossible to really 
teach mathematics — as opposed to routine formulas — 
to poorly-prepared and poorly-motivated students. The 
new calculus would be a much harder course than the 
course that is taught now, and it is not clear what could 
be done about the even higher fculure rates that might 
result. Ellis also notes that a true change in calculus 
will have to have widespread support. "You can't im- 
pose this from above. It has to be up to the professors,'* 
he says. 



The new calculus would be a much 
harder course than the course that is 
taught now, and it is not clear what 
could be done about the even higher 
failure rates that might result. 



Nelson Markley, the chairman of the University of 
Maryland's mathematics department, worries that if 
too much is done with a computer or hand calculator, 
the students will never really learn what the calculations 
mean. "I tend to think a great deal about the analogies 
between mathematics and music,'* he says. "You can't 
learn to play the piano by going to recitals. You can 
err in the direction of going tr«o far from actual calcu- 
lations." So far, the rcvitalization of calculus "is not 
something that I'm enthusiastic about," Markley says. 

But, Madison and others point out, change is coming 
anyway with the increasing sophistication of computers 
and calculators that do calculus problems. "The truth 
is that things :vre going to change," Madison remarks. 
"It is just a matter of whether we want to control that 
change and make it happen in a positive way or whether 
we will let it happen haphazardly. The only excuse 
for the argument for no change is that controlling the 
change is impossible. We never accepted that." 



GiNA Bari KolaTA is a science writer for The New 
York Times, Formerly, for more than a decade, she covered 
biology and mathematics for Sciencef the official journal of 
the American Association for the Advancement of Science. 
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Cipra: Calculus Instruction 

Recent Innovations in Calculus Instruction 

Barry A. Cipra 
St. Olaf College 



Good teaching doesn't come easily, and good teach- 
ers are rarely satisfied with the job they've done in the 
classroom. Even if calculus were not the linchpin of 
college mathematics, instructors would probably keep 
on tinkering with the course. But because of its promi- 
nence in the undergraduate curriculum, calculus is the 
focus of much educational innovation. This brief ar- 
ticle will describe some recent efforts to improve the 
way that calculus is taught. Since an exhaustive survey 
would require several volumes, w* rinly sample a few of 
many themes. 

Let the Computer Do It 

Much of the current innovation in calculus instruc- 
tion is centered around use of computers. As computers 
have become cheaper, smaller, friendlier, and also more 
powerful, many people have begun exploring their pos- 
sible applications to the calculus curriculum. The com- 
puter afi tedium-reliever, as expert draftsman, as super 
blackboard, and even as teacher, are some of the possi- 
bilities being looked at. 

There is widespread agreement that calculus courses 
tend to be excessively "technique-'* and "skill-oriented," 
with corresponding agreement that calculus ought to be 
a more "concept- and -^application-orierted" subject. "I 
would say the problem is that most calculus instruction 
c focuses on computational details," says John Hosack of 

Colby College. That is, Hosack explains, a student can 
pass the course by carrying out standard algorithms 
with little understanding of ideas. "We think that cal- 
culus should reorient itself toward concepts and appli- 
cations." 

The hypothesis at Colby and at a number of other 
colleges is that Computer Algebra Systems, such as 
MACSYMA, Maple, or SMP, will render obsolete the 
computational emphasis of traditional calculus instruc- 
tion. A typical Computer Algebra System can carry 
out all the routine steps of an algebra or calculus prob- 
lem, including formal differentiation and integration — 
precisely the skills that are at the core of the current 
curriculum. Most of these systems also house numerical 
equation-solving routines and superb graphics capabil- 
ities, two more topics traditionally treated in calculus. 
There is little doubt but that a Computer Algebra Sys- 
tem could do very well on a typical calculus exam; it 



would certainly make fewer mistakes than the students. 
Indeed, Herbert Wilf wrote in 1982 of one system (mu- 
Math), calling it ''the disk with the college education." 



A Computer Algebra System could do 
very well on a typical calculus ^xam; it 
would certainly make fewer mistakes 
than the students. 



Colby College, the University of Waterloo, Ober- 
lin College, St. Olaf College, Denison University, Har- 
vey Mudd College, and Rollins College are among the 
schools that have received grants from the Alfred P. 
Sloan Foundation or the Pi'nd for the Improvement of 
Post-Secondary Education (i ^PSE) to experiment with 
Computer Algebra Systems in calculus. Some projects 
involve software development. Doug Child of Rollins 
College, for instance, is adapting Maple for use on the 
Macintosh and writing an interface for what he calls an 
"interactive textbook." But the main thrust is toward 
rethinking the calculus curriculum to take advantage of 
these powerful programs. 

Two replacements have been suggested for the tradi- 
tional computational emphasis in calculus. One is "ex- 
ploratory computation," in which the student looks at 
a number of related examples, such as graphs of succes- 
sive Taylor polynomial approximations to the sine func- 
tion. The computer does all the unpleasant stuff, the 
point being to illustrate vividly some concept or — more 
ambitiously — to have the students discover concepts for 
themselves. According to David Smith of Duke Univer- 
sity, by the time students had seen the 19th-degree ap- 
proximation to sin X, they were asking if you couldn't 
just let the degree go to infinity. He adds that sequences 
and series went very smoothly thereafter. 

Every teacher's dream ic to have students who will 
play with the homework, modifying problems to see how 
I he answers change, and posing the dangerous question 
What if? But this goal gets lost in the press of routine 
exercises. Moreover, translating that ideal into prac- 
tice is not an easy thing to do. According to Paul Zorn 
of St. Olaf College, it's hard to convey what you mean 
by "experimental math," especially when students have 
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preconceptions about the type of problems they are sup- 
posed to do. Zorn suggests easing the students into the 
practice. "One way to do it is to give progressively more 
open-ended problems." Some instructors are now op- 
timistic that, with machines shouldering the algebraic 
burden, students will be more receptive to the idea of 
open-ended problems. 



Every teacher^s dream is to have 
students who will play ...modifying 
problems ...and posing the dangerous 
question What If? 



The other suggested alternative to the traditional 
emphasis cn technique is the inclusion of more realistic 
and complex applications — problems that are not artifi- 
cially tailored for simplicity (textbook arc-length prob- 
lems are frequently derided) but that require a num- 
ber of separate steps for their complete solution. Bruce 
Char and Peter Ponzo of the University of Waterloo 
cite the development of such multi-step, multi-concept 
problems as a major component of a Sloan grant there. 
The idea, Ponzo says, is to test the student's ability 
to put together a "long-winded" solution to a problem. 
The computer will handle the mundane ceJculations; 
the student v/ill concentrate on setting up the problem 
and deciding on the sequence of formal operations that 
will lead to the solution. 

One of the material goals of the Waterloo project is 
to compile problems into a "symbolic calculation work- 
book." Ponzo and Char both acknowledge that this 
has turned out to be rather more difficult than they 
had anticipated. Ponzo originally thought they would 
get hundreds of problems, but says "finding problems 
of that ilk ain*t easy." The goal now is several dozen, of 
which an initial batch of five was published last April. 

Another goal of the Waterloo project is to create 
computerized tutorials in calculus and to develop "user- 
friendly" software that will allow individual instructors 
to create their own tutorials in a nonprogramming, text- 
editing environment. The Waterloo project uses Maple, 
which was developed at the University of Waterloo in 
the early 1980s. ("Maple" is not an acronym; it stems 
from Canada's national symbol, the Maple leaf.) Maple 
is considered one of the easiest of the Computer Alge- 
bra Systems to learn, but Char, one of the group who 
created Maple, says that future work will look at mak- 
ing Maple even more user-friendly. "You still have to 
go through at least an hour of training in order to use 
Maple," he says, noting that this is a barrier to some 
calculus teachers who feel they don't have the time. 



Complexity and limited access are two factors lim- 
iting the use of Computer Algebra Systems in calculus 
instruction. Some faculty are themselves reluctant to 
learn the special grammar and vocabulary of the sys- 
tems. Others are concerned with the amount of class 
time required to instruct students in use of the systems; 
an hour spent on computer syntax is an hour not spent 
on the integral. 

"I don't even know how to log onto a computer," says 
Alvin White, at Harvey Mudd College, who has othei, 
more serious objections as well. "The more computer 
power we have, the less the students know what they're 
doin;^ . . . The infatuation with computers moves the 
student further and further from thinking and creating. 
The promise we were given by the calculator people is 
that we can spend more time on the underlying ideas. 
But in my experience, the time is spent on showing 
them more buttons to push." 



"The infatuation with computers 
moves the student further and further 
from thinking and creating.^^ 



Proponents of the Computer Algebra Systems, how- 
ever, claim that explaining the systems does not require 
an inordinate amount of class time; students tend to 
pick up what they need to know either from handouts 
or from each other. Paul Zorn, who has taught an SMP- 
based calculus course for several semesters, says that he 
spends "maybe half a lecture right at the start" giving 
an overview of the system. A big surprise, he adds, has 
been "how little frustration students seem to experience 
using the computer." The paradigm of giving a com- 
mand and getting an answer comes very quickly. "It 
doesn't seem to be a big distraction." 

Wade Ellis, Jr. of West Valley College in San Jose 
echoes this observation. Ellis and a colleague, Ed Lodi, 
wrote a computer activity book called Calculus Illus- 
iraied, which they used last spring at West Vall*y Col- 
lege with a group of 15 students. Ellis describes the 
student reaction as being more or less "isn't this what 
we're supposed to do?" — a change from the "why do 
we have to use computers?" reaction of five years ago. 
"Now everyone knows they have to use computers," El- 
lis says. 

A BASIC Disagreement 

For most proponents of Computer Algebra Systems, 
an important ease-of-use feature has been the removal 
of programming as a requirement for use of the sys- 
tems. Herb Greenberg of the University of Denver, 
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which has developed its own instructional software 
called "Calctool," says that students should not be 
aware of programming, only of the mathematical ap- 
plications. "We are not teaching programming, and the 
students are not doing programming,*^ Greenberg says 
of the program there. 

George Andrews of Oberlin College notes that about 
20 years ago he participated in developing an experi- 
mental text called Calculus: A Computer- Oriented Pre- 
SMtaiion, vfhich he tried in class but "bailed out** when 
he found that "the programming got in the way." David 
Smith of Duke University adds that enrollment at Duke 
in a supplementary "calculus and the computer" course, 
which involves programming, is way down, from 100 ap 
proximately five years ago to a recent class of 12. Smith 
feels that the dwindling enrollment may be due in part 
to students' reluctance to take on extra work. 

Jim Baumgartner of Dartmouth College disagrees 
vehemently with this anti-programming outlook. He 
disputes the idea that programming detracts from the 
ideas of the course. "If you choose the problems cor- 
rectly, they're simple, they're short, and they teach the 
essence of programming." Dartmouth emphasizes pro- 
gramming from the very beginning. "What we're doing 
is building a base for further down the line," Baum- 
gartner says, adding that lat^r courses, assume that stu- 
dents can program in TrueBASIC. (BASIC is particu- 
larly popular at Dartmouth.) 

Many students (Baumgartner estimates 70%) come 
to Dartmouth with Macintoshes, and these are net- 
worked throughout the campus. The mathematics de- 
partment gives each student a TrutBASIC disk with 
short demo programs, the idea being to give them some- 
thing simple that they ca i modify, together with prob- 
lems and solutions. 

James Hurley of the University of Connecticut also 
reports success with TrueBASIC programming in cal- 
culus there. "We give them something they can use 
later on," Hurley says. The programming component, 
however, is done only in special sections of "enhanced" 
calculus, which include a one-hour computer lab each 
week. Hurley adds that a big r'^ason for their success is 
the use of TrueBASIC ^ to which they switched in 1985. 
The Computer Science department, he says, had com- 
plained abou' their use of old versions of BASIC, which 
often encoura^;e "sloppy logic" and poor programming 
habits. 

The programming/anti-programming "dispute" is 
largely a comparison of apples and oranges; presumably 
thcr^ T room tV "-oth in the calculus diet. Nevertheless, 
*- se is a major selling point of the Computer Al- 

Lcm.«!. "If I had an extra hour per week," says 



Paul Zorn, "I'd still use SMP rather than i language 
like TrutBASIC, and do something else." 

The Super Calculator 

Access may turn out to be a more serious limita- 
tion than complexity, at least until Sun work stations 
show up on discount at K-Mart. Complexity is primar- 
ily a software problem, and thus amenable to program- 
ming improvements; but access is essentially an eco- 
nomic problem hrving to do with the cost and number 
of the machines required to run the software. According 
to John Harvey of the University of Wisccnsin, smaller 
colleges have an advantage in this regard over the larger 
state schools: accommodating a few hundred students 
on a Computer Algebra System is economically feasible; 
accommodating several thousand students is not. 

Harvey, who is project director for a Texas Instru- 
ments-funded grant to develop calculator-based place- 
ment exams for the MAA, believes that powerful pocket 
calculators will be the dominant innovation at large 
schools. It's not unreasonable, he says, to ask a stu- 
dent to buy a $100 calculator for three semesters of 
calculus. Harvey anticipates having experimental sec- 
tions of calcrlator-based calculus at Wisconsin by the 
fall of 1988. 



Powerful pocket calculators will be the 
dominant innovation at large schools. 



John Kenelly of Clen:son University is a strong ad- 
vocate of the new generation of pocket calculators, par- 
ticularly the Casio 7000, which primarily docs graph- 
ics, the Sharp 5200, and the Hewlitt Packard HP 28C. 
which does graphics and some symbolic manipulation. 
Kenelly, who has been called "the 28C salesman of the 
math community," had the HP 28C on secret loan from 
Hewlitt Packard for six months prior to its release in 
January, 1987. In the summer of 1987, Kenelly taught a 
three-week course to 16 teachers of advanced-placement 
high school calculus, funded by South Carolina. Par- 
ticipants were each given a Casio 7000 calculator, the 
purpose of the course being for the teachers to write 
curricula for use of the calculator in their AP courses. 

Clemson is embarking on a pilot program to begin 
using the HP 28C in freshman and sophomore engi- 
ntjering mathematics courses, from first-semester calcu- 
lus through differential equations, matrix algebra, and 
engineering statistics. Hewlitt Packard is loaning Clem- 
son some one hundred 28C's, v;hich the mathematics 
department will in turn issue each semester to students 
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who are signed up for the sections that will experiment 
with use of the calculator. 

In 1987-88, six faculty members will teach one course 
each, "playing" with the 28C at appropriate "moments 
of opportunity," according to Kenelly. These same six 
hope to spend the summer of 1988 rewriting the syllabi 
for their courses to incorporate the 28C in a substanticd 
way, and then teach experimental sections from these 
syllabi the following year. The cummer of 1989 is then 
projected for specicd early training sessions for TA's and 
other faculty members. In the fall of 1989, all sections 
of engineering Cedculus will be using the 28C. 

Kenelly observes that the faculty is excited by the 
project: "We have a colleague or two who think we're 
going to bring up a bunch of button-pushing dead- 
heads, but the bulk of the community is behind it." 

Kenelly adds that Clemson also heis a grant for the 
coming year to train local high school teachers — he an- 
ticipates a total of 160 participants — in curricular uses 
of the Sharp 5200 graphics ^ Jculator. (This is Kenelly's 
third calcubtor, and he predicts — safely enough — that 
the electr^aics industry will keep coming out with more. 
The 5200 currently sells for about $100, and Keneily 
foresees the price coming down to around $50.) Kenelly 
describes the 5200 as "very friendly," especially in its 
matrix capabilities; he says it will invert a 10x10 ma- 
trix in about 15 seconds. It also has a "solve"" key 
for finding zeros of functions, which Kenelly considers 
a "must" these days. 

The Super Blackboard 

In a curiously opposite extreme from the economi- 
cally smcdl pocket calculator, the computer as "super 
blackboard" is another technological innovation that 
holds promise for large universities as well e^s small col- 
leges. Much of what an instructor writes in chalk on a 
blackboard — especially graphs — could just as easily be 
done on a computer screen, if only the screen were large 
enough to be seen by more than the first two rows of 
students. But special equipment — either new attach- 
ments that feed the computer screen's output into an 
overhead projector or large monitors posted around the 
classroom — can overcome thai handicap. Using such 
displays an instructor can, for instance, draw an in- 
stant and accurate graph of t.*ie sine function on, say, 
the interval [-tt, tt], and superimpose graphs of the first 
several Taylor approximations. 

David Smith and David Kraines of Duke University 
are among the proponents of the computer as a super 
blackboard. With funds from Duke and the Pew Memo- 
rial Trust, they have equipped two classrooms with com- 
puters and display equipment (monitors). Smith and 



Kraines have written about their project in an arti- 
cle for The College Maihemaiics Journal. Their arti- 
cle is partly about the technical aspects of installation 
and display (and also about security from theft), but it 
also addresses the question of getting people to use the 
equipment. 



"Ease of operation is the key to more 
use of computers in teaching.^^ 



"Ease of operation is the key to more use of comput- 
ers in teaching," they write. "Only a few instructors will 
make any substantial effort to plan a computer demon- 
stration, especially if they must set up the computer 
We have not hounded our colleagues cis aggres- 
sively as we might have, but severed have found uses for 
the classroom computers, sometimes in ways that might 
not have occurred to us." 

Herb Greenberg reports that the University of Den- 
ver is planning to try out the Kodak Datashow, a device 
that transfers a computer screen display to an overhead 
projector. John Kenelly adds that Hewlitt Packard is 
working on a system to feed the infra-red signal from 
the HP 28C into the Kodak projector. 

The Super Tutor 

While the "super blackboard" uses the computer as 
a prop for the classroom instructor, a project under way 
at the Institute for Mathematical Studies in the Social 
Sciences at Stanford University is looking to replace the 
instructor altogether! A group headed by Tryg Ager 
under the supervision of Patrick Suppes began in 1985 
to develop an intelligent tutor that will give interactive 
lessons in calculus by checking the validity of a student's 
reasoning as he or she works through the steps of a com- 
plicated problem or proof. The goal of the project is not 
actually to do away with the teacher, but rather to de- 
sign a course "that could be taught with supervision by 
'J, teacher who is mainly playing the role of instructional 
manager," according to an interim report. 

Ager argues that a student's time with the computer 
is spent more efficiently than in traditional instruction. 
**You don't have the sort of low-intensity activity like 
sitting in lectures, and the frustrating activity of do- 
ing homework" with the long turn-around time between 
lectures, he says, adding that the computer doesn't get 
tired of giving feedback. 

The project, which is funded by NSF's Office of 
Applications of Advanced Technology, supplements the 
Computer Algebra System REDUCE with a system of 
"equational derivations" dubbed EQD. "The idea that 
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students construct complete solutions to complicated 
exercises dominates our pedagogical model," accord- 
ing to the interim report. The report cites the use of 
REDUCE and EQD as one of three themes, the other 
two being the development of interactive instructional 
graphics and the development of an interactive theorem- 
proving systeni. The latter is based on work of Suppes* 
group on proof logic, which was tried out earlier in an 
advanced course in axiomatic set theory. Ager calls it 
"a terribly difficult problem" in artificial intelligenc . 



A student^s time with the computer is 
spent more efficiently than in 
traditional instruction. 



The project is aimed at eventual application in high- 
school calculus instruction; Ager says they would like to 
begin tests next Fall (1988). The reason for targeting 
high schools, Ager explains, is that the majority of high 
schools (Ager estimates 75%) have only a handful of 
students ready to take calculus, too few to meet school- 
board requirements for minimum class size. 

Rural high schools especially are often too small to 
offer calculus. Tom Tucker, of Colgate University, par- 
ticipated in another solution to this problem, involving 
13 students in five rural schools in upstate New York: 
Tucker taught them calculus over the telephone! The 
class, which "met" one hour a week in 1985/86, was 
sponsored by the state of New York, which provided 
the conference line and some fancy electronic writing 
tablets. Each location could speak and write at any 
time, except that TUcker's electronic pen took prece- 
dence. 

Tucker says that several other states are mandating 
similar programs. Souf.h Carolina, for instance, is re- 
quiring high schools to offer advanced placement in at 
least one subject. John Kenelly says that South Car- 
olina is considering the same system that TUcker used 
in New York, but adds that they are looking down the 
road toward even more sophisticated, computer-based 
communication systems. 

Should High Schools Teach Calculus? 

The quality.of high-school calculus instruction — and 
mathematics instruction generally — is of concern to 
many at the college level. It is traditional for college 
professors to bemoan the poor preparation of their stu- 
dents, but the problem in mathematics seems to be 
acute. Indeed, The Underachieving Curriculum is the 
title of the American ref ort of the Second International 



Mathematics Study, which gathered data from eiglith- 
cind twelfth-grade level classes in 20 countries around 
the world. According to t! e report, "the mathematical 
yield of U.S. schools may be rated as among the lowest 
of any advanced industrialized country taking part in 
the Study." 

One of the culprits pointed to by the Study is the 
excessive repetition of material from one math course 
to the next: "I didn't learn much this year that I didn't 
already know from last year. Math is my favorite class, 
but we just did a lot of the same stuff we did last year," 
a fourth-grader named Andy is quoted as saying. 

The U.S. pattern is based on a valid educational the- 
ory that Jerome Bruner calls the "spiral curriculum," 
in which topics are introduced early and then revisited 
repeatedly in progressively more complex forms. How- 
ever, the Study points out that practice has not lived 
up to theory: "The logic of the spiral curriculum has 
degenerated into a spiral of almost constant radius — a 
curriculum that goes around in circles." 

"The logic of the spiral curriculum has 
degenerated into a spiral of almost 
constant radius — a curriculum that 
goes around in circles.^^ 



The problem in high schools is pertinent to college 
calculus courses, because many students in high schools 
that do offer calculus are getting what John Kenelly 
tersely refers to as "crap calculus," in the expectation 
that these students will take "real calculus" in college. 
Schools are teaching "trashy" calculus, Kenelly says, 
and kids are skipping fourth-year "real" math to take 
it, so that mother and father can brag about it down at 
the country club. 

Don Small, in a paper prepared for a January 1986 
calculus workshop at Tulane University, writes, "The 
lack of high standards and emphasis on understanding 
dangerously misleads students into thinking they know 
more than they really do. In this case, not only is the 
excitement [of learning calculus] taken away, but an un- 
founded feeling of subject mastery is fostered that can 
lead to serious problems in college calculus courses." 

Indeed, the problem is considered serious enough 
that a joint letter endorsed by the MAA and the NCTM 
was sent out in 1986 to .secondary school mathematics 
teachers nationwide, urging that calculus in high school 
be treated as a college level course and only be offered to 
students who have a full four years' preparation in alge- 
bra, g-eometry, trigonometry, and coordinate geometry. 
The rt :ommendation favored by the MAA and NCTM 
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is that high school calculus students take university- 
level calculus, with the expectation of placing out of 
the comparable college course. 



Advanced-placement high school 
students actually learn calculus better 
than college students^ even after 
^'ability level" is factored out. 



According to Kenelly, who has a long involvement 
with the calculus AP exam, advanced-placement high 
school students actually learn calculus better than col- 
lege students, even after "ability level" is factored out. 
John Harvey points out one possible explanation: high 
school students get nearly 180 hours of instruction, in 
smaller classes, and oftentimes with more careful in- 
struction. 

Should Colleges Teach Calculus? 

While it is easy and in sonie ways satisfying to point 
the finger of blame at high schools, there is concern 
about the quality of calculus instruction at the college 
level as well. Large lectures taught by disinterested fac- 
ulty, and classes taught by inexperienced TAs with min- 
imal supervision, are among the problems cited. Many 
critics feel that the computer will become part of the 
problem rather than a solution. And there is nearly uni- 
versal disgust with the current gargantuan textbooks. 



^^Getting the faculty back in calculus is 
the most significant thing that should 
be done these days." 



"Getting the faculty back in calculus is the most sig- 
nificant thing that should be done these days," says 
Robert Blumenthal of St. Louis University. Blumen- 
thal took over as lower-division supervisor in the math- 
ematics department at St. Louis University in 1986. 
The department was faced with declining enrollments 
in upper-level courses, due, it was deternuned, to poor 
teaching in the lower-division courses. Looked at more 
closely, the department found most of the complaints 
concerned non-permanent faculty — ^TAs and part-time 
instructors. Blumenthal's solution: have only full-time 
faculty teach calculus. 

"You need a department that feels calculus instruc- 
tion is important and deserves the attention of the fac- 
ulty. It's our bread and butter," Blumenthal says. 



In addition to moving away from TAs and part-time 
faculty, Blumenthal eliminated common finals in calcu- 
lus, which used to be multiple choice. Blumenthal was 
also unhappy with the textbook being used at the time. 
He feels that current calculus texts are too long and too 
wordy, end offers an interesting explanation: "These 
texts are written more to correct the deficiencies of the 
instructor than to help the student." Consequently he 
was "delighted" to find that Addison- Wesley has reis- 
sued the "classic" second edition of Thomas, which orig- 
inally appeared in the 1950s. His department changed 
to Thomas last year. 



There is nearly universal disgust witJi 
the current gargantuan textbooks. 



Morton Brown of the University of Michigan is 
adamant on the issue of classroom size. The mathe- 
matics department at Michigan tried large lectures for 
several years, but abandoned them in 1985 in favor of 
smaller classes of 30-35 students that meet four times 
a week with one instructor. "In math it's more like a 
language," Brown says. "You have to get in there and 
find out what the student is doing." Mopt of Michigan's 
40-50 sections of calculus each semester are taught by 
TAs, and most of the rest are taught by younger fac- 
ulty, but Brown feels this is preferable to the lecture- 
recitation format. "We think large lectures provide very 
poor teaching," he says. 

Peter Ponzo describes the opposite experience at the 
University of Waterloo. About 700 students at Water- 
loo take first-year calculus in lecture sections of 120-140 
students that meet three times a week. These sections 
are supplemented by a tv/o-hour "problem lab" of 30-40 
students which meets w:l.h the professor and some grad- 
uate students. Ponzo says the^ make a conscious effort 
to put the best teachers into calculus. The department 
used to have small classes, some taught by graduate 
students, but about ten years ago it was decided that 
graduate students are not good teachers for first-year 
students. Graduate assistants, Ponzo says, "like to im- 
press students with how much they know. They tend 
to make things far more complicated than they are." 

Should TAs Teach Calculus? 

The role and effeciivcncss of graduate teaching assis- 
tants is the focus of a yludy by the MAA Committee on 
Teaching Assistants and Part-Time Instructors, chaired 
by Bettye Anne Case of I'^lorida State University. With 
support from FIPSE, the committee surveyed nearly 
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500 departments with graduate programs to ascerttiin 
patterns of present practice and issues. A preliminary 
report was published in 1987, and the committee plans 
to publish a "Resource Manual" in 1988 which will con- 
toin additional data along with models of training pro- 
grams /or TAs and part-time instructors. 

The first survey found that the majority of doctoral- 
granting departments offer training programs, T^hcreas 
the majority of master's-granting programs do not. 
Members of the committee (all of whom are from 
doctoral-granting departments) consider training and 
supervision of TAs to be of paramount importance. 

Committee member Thomas BanchofF of Brown Uni- 
versity writes, "If the TA gets the impression that the 
professors themselves, especially those in charge of the 
courses TAs teach, care about teaching effectively, then 
they are likely to develop well themselves and pass on 
their experience to those coming after them. On the 
other hand, if the faculty is perceived as uninterested 
in teaching or in working with students, It is this atti- 
tude that the students will take to their own TA jobs 
and pass on to the new graduate students." 

The training of foreign TAs is of particular con- 
cern. Several schools have tightened their language 
proficiency requirements. At The Ohio State Univer- 
sity, for instance, international students must be cer- 
tified as having oral communication skills in English. 
This is done by the University, but the mathematics 
department then makes its own, independent judgment 
on whether to place the student in a clcissroom or hold 
him or her out for the first year as a grader. 

Beginning in 1985, students are given four quarters to 
become certified, and based on experience in 1986/87, 
the department now requires that international stu- 
dents come in the summer as a precondition for sup- 
port. According to Harry Allen, former chair of grad- 
uate studies for the mathematics department at OSU, 
all but one of the international students who came in 
the summer were certified by the end of the following 
spring, whereas of those who came in the fall, only a 
couple were certified. 

Allen feels that the program at OSU has been highly 
successful, and points to a "drastic decline" in the num- 
ber of complaints going to the undergraduate chair- 
man's office over the past few years. Moreover, the 
foreign TAs themselves are positive about the training, 
in part, Allen says, because "the people who are run- 
ning it are doing it the right way." 

Should Anyone Teach Calculus? 

Most college mathematics teachers learn their trade 



by the example of others and through their own expe- 
rience; few have any background in educational theory, 
and most have little interest in it. Stephen Monk, of the 
University of Washington, is one of the few. Monk de- 
scribes himself as a Piagetian, after the Swiss psycholo- 
gist Jean Piaget, who is well known for his studies of the 
intellectual development of young children. Monk was 
moved by Piaget*s stress on students* lecirning through 
their own activity. Students of calculus must proceed 
from their own intuition, he says, adding that calcu- 
lus, which is usually taught as a form?.l subject, can be 
understood in the way that arithmetic is understood. 

Consequently, Monk is keenly interested in the group 
dynamic of the classroom and the role — or function, as 
he discriminates it — of the teacher. "I was mildly flat- 
tered when I was asked to teach a large lecture course," 
he writes in an article in Learning in Groups. "The 
request indicated that I had joined a circle of compe- 
tent teachers in my department who could give the clear 
explanations that a large lecture demands; who cire suf- 
ficiently well organized, patient, and self-assured to get 
the subject across to a large, diverse audience; and who 
are free of the idiosyncrasies of style that are charm- 
ing in a teacher with a few students but dis^strou^ in 

a teacher with many Looking back to that time, I 

view my attempt to express my teacherly impulses as 
a lecturer in a large course as roughly parallel to at- 
tempts to express sensitivity for the less fortunate of 
our society as a county jailer." 



^^CoUective work is a key ingredient to 
intellectual growth.^^ 



Monk has worked with psychologist Donald Finkel, of 
the Evergreen State College, on the idea of using small 
"learning groups" in the classroom with the teacher 
distributing worksheets and then acting as a roving 
"helper" rather than as "the expert." "The evidence 
that collective work is a key ingredient to intellectual 
growth surrounds us," they write. "Yet to judge by 
the typical college course, most teachers do not believe 
that it is either appropriate or possible to foster these 
important processes in the classroom," They call this 
attitude in which the teacher shoulders all responsibility 
in the classroom the "Atlas complex." 

David Smith, of Duke University, has also embarked 
on another daring innovation in his calculus classes: 
writing assignments. "I^ailure to read and analyze in- 
structions prevents students from getting started on a 
problem, and their ability to understand a solution pro- 
cess is related to their abjlity to explain in English what 
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they have done," he writes in an article in SIAM News 
(March 1986). Smith now requires, on at least one 
problem from each assignment, that students explmn 
in complete sentences how they set up the problem, 
the sequence of operations, and their interpretation of 
the result. His exams, which are wide-open, take-home 
tests (he even allows collaboration!), require writing on 
almost all problems. Typical instructions: "Evaluate 
each of the following six limits, if possible. State in a 
sentence or two what your technique is. If the limit fails 
to exist, .«?ay why." 

A few of f'^e students at Duke were really hostile 
to the idea of writing, according to Smith. They did 
it to get the grade, but thought he was being unfair. 
Most, however, were intrigued with the idea. Smith de- 
scribes their course evaluations as being cautiously posi- 
tive. Faculty were also interested but somewhat nervous 
about the time commitments and their own competence 
in grading students' work. Smith acknowledges thv*t he 
was able to handle the time commitments (upwards of 
one hour per paper) in part because he had fewer stu- 
dents last year. However, he also points out that a writ- 
ing center workshop at Duke helped him learn what to 
look for. One piece of cidvice he found helpful: Look for 
key features in a paper; if these aren't there, don't try 
to read it, ask for a rewrite! 

The Rise (and Fall) of Discrete Math 

While calculus is traditionally considered the math- 
ematics course for first-year students, discrete inat he- 
matics has been proposed as an avant-garde alternative. 
Many of the modern usages of mathematics, particu- 
larly in computer science, are based not on the analysis 
of continuous phenomena, but rather on combinatorial 
and recursive principles. Engineers need calculus right 
away, computer scientists don't, the proponents of dis- 
crete mathematics argue. Why not teach people what 
they need to know? 

The answer may be that it just doesn't work very 
well. Two schools that tried putting discrete mathe- 
matics into the first year, Dartmouth College and the 
University of Denver, have taken it back out. 

In 1983 the mathematics department at Dartmouth 
College proposed a new curriculum in which a four- 
quarter sequence of calculus through uifferential equa^ 
tions was reduced to three, and a new course in discrete 
mathematics, which could be taken at any time after the 
first calculus course, was offered. "As it turned out, it 
was a disaster," says Jim Baumgartner. 

The main problems were with the discrete mathe- 
matics course and the second-quarter multivariate cal- 
culus course. The discrete mathematics course hadn't 



been placed in the sequence, and it therefore attracted a 
tremendous variety of students, with anywhere from one 
to five courses of mathematics in their backgrounds. It 
was also hard to know what to teach, Baumgartner says, 
so the course varied widely from quarter to quarter, de- 
pending on who taught it. He cidds that the Computer 
Science Department at Dartmouth dropped the course 
as a requirement, which also hurt. Finally, the Mathe- 
matics Department was hoping that the discrete math- 
ematics course would make things easier in upper-level 
courses by introducing proofs, induction, and so forth, 
but it didn't seem to be doing that. Discrete mathe- 
matics at Dartmouth, Baumgartner summarizes, was a 
"total failure." 

Multivariate calculus in the second quarter was also 
a mistake, according to Baumgartner. There was a 
"sophistication problem," he says — the students just 
weren't picking it up. (He notes, however, that ad- 
vanced students, who took it as their first course at 
Dartmouth, did pretty well.) Students disliked the mul- 
tivariate course intensely (more than usual, Baumgart- 
ner says), and the majority disliked the discrete math- 
ematics course and found it quite difficult. 

The third-quarter Differential Equations course was 
the most successful, according to Baumgartner. Its only 
weak point was the introduction of series here rather 
than in a prior calculus course. In the new program 
infinite series will move back to calculus and the differ- 
ential equations course will get more of a linear algebra 
slant. 

Dartmouth's new four-quarter mathematics sequence 
is largely a return to the original program: two quar- 
ters of calculus, including series and a chunk of matrix 
algebra, a quarter of multivariate calculus with linear 
algebra, and a quarter of differential equations. Discrete 
mathematics is being dropped discreetly. 

At the University of Denver, Herb Greenberg and 
Ron Prather, who is now at Trinity College, used a 
Sloan grant to experiment with a combination of cal- 
culus and discrete mathematics. Their idea w£is to 
teach a "discrete structures and calculus" course in the 
first quarter, differential calculus in the second quar- 
ter, and integral calculus iii the third quarter. The ex- 
periment began in 1983, and was abandoned two years 
later. The department, which combines mathematics 
and computer science, now offers a three-quarter calcu- 
lus sequence and one quarter of discrete mathematics. 

"Student evaluations were negative and somewhat 
surprising," Greenberg says. Students did not find the 
discrete structures course at all easy (Greenberg reti- 
tled the course "Destruct Creatures"), and, more im- 
portantly, they did not see the relevance of it. Even 
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the computer science majors, Greenberg says, said it 
had nothing to do with the computer science they were 
studying, and called the course "a complete waste of 
time." 

Greenberg was also disappointed by the lack of 
"carry-over" from discrete mathematics to calculus; for 
instance, students seemed to have no idea that proof 
by induction was a useful technique outside of the first 
queirter. The reason may simply be students* lack 
of experience in high school (and earlier) with non- 
computational mathematics. "They weren't mature 
enough to understand it," Greenberg says. 

Enthusiasm vs. Realism 

Many other individuals around the nation are doing 
Innovative work in calculus instruction. Their efforts 
cire in Icirge part self-rewarding: they impart to their 
students their own excitement at doing and learning 



calculus. "The success of innovations depends predom- 
inantly on the enthusiasm of the person doing it," says 
Rrank Morgan, now of Williams College. Programs and 
funding to improve calculus instruction will certainly in- 
crease in the coming years, and new ideas will continue 
to be discussed. 

Morgan, however, seasons his enthusiasm with a con- 
cluding note of realism: "Any system you come up with, 
after awhile the students figure out how to get through 
it with the least amount of work." 



Barry A. CipRA is a mathematics writer, teacher, and 
editor. The author of several research and expository papers 
in number theory, and of the calculus supplement Misteaks, 
he hac taught at Ohio State University, M.I.T., and St. Olaf 
College. He received his Ph.D. degree in mathematics from 
the University of Maryland. 
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Calculus for Engineering 

Kaye D. Lathrop 

Stanford Linear Accelerator Center 



The engineering with which I am most concerned 
is research and development engineering, usually con- 
ducted by individuals with at least a master's degree. 
Research and development problerhs usually require ex- 
tensions of existing technology, and indeed, part of the 
research and development effort is directed toward find- 
ing new ways of solving engineering problems. 

The individuals who conduct this research must be 
extremely competent applied mathematicians. They 
must be able to derive the equations. that describe the 
systems with which they aie working and they must 
be c*ble to extract solutions from these equations with 
enough ease to permit parameter surveys and sensitiv- 
ity analyses. If the equations they deri\e are not those 
for which standard solutions are available or for which 
usual numerical methods apply, they must be capable 
either of developing suitable approximate solution tech- 
niques or of approximating the equations to be solved to 
render them tractable. These people will have program- 
ming support, access to supercomputers and access to 
experts in appropriate disciplines, but they will often 
become the expert in the particular class of problem 
being addressed. 



j^'or most students who expect to do 
graduate work in the physical sciences, 
the conventionai college calculus course 
is not sufficient. 



For the people described above, calculus is a funda- 
mental part of their mathematical training. For these 
people, and indeed for most students who expect to do 
graduate work in the physical sciences, the conventional 
college calculus course is not sufficient. Even the spe- 
cial four quarter (or three semester) courses sometimes 
offered for those majoring in engineering or the physical 
sciences are at the same time neither broad enough por 
deep enough. 

Chickens and Eggs 

In addition to this problem of insufficiency, calcu- 
lus suffers from a chicken and egg problem. Applied 
physics and most engineering is best taught usin^ cal- 
culus and differential equations cis a known subject, but 



most freshmen students don't speak these languages. 
At the same time calculus is not learned except by 
working examples. Since the best examples are those 
which motivate the student, these are most likely to 
be those selected from the students' field. To some ex- 
tent this latter need is recognized by the offering of spe- 
cial courses tailored to disciplines — calculus for business 
majors or calculus for mathematicians. Although such 
courses do not resolve the paradox of needing to know 
calculus to learn the subject, they do lead to the pro- 
liferation of first level classes, some of which might as 
well be called "calculus for those who don't want to take 
calculus." 



Calculus should be part of a 
curriculum of computational 
mathematics. 



The real need is for a calculus curriculum to provide 
early a solid base of understanding and practical tools 
for subsequent engineering and physical science courses, 
and to provide later another coverage of calculus, both 
deeper and broader. I happen to believe that such a 
repetition of subject matter also greatly increases pro- 
ficiency and understanding. 

Another form of the chicken and egg problem occurs 
within mathematics itself. There is a tendency in some 
treatments of calculus to emphasize the proving of the- 
orems and the pathologies of functions. Especially for 
engineering students, this more abstract information is 
best reserved for second courses in calculus. Even then 
this type of information is best illustrated by examining 
it in the context of examples relating the significance of 
the result obtained to practical applications. 

Problems with Problem Sets 

In addition to coordinating the pace of students' 
mathematical development with their engineering or 
physical sciences development, it would be most desir- 
able to train them simultaneously in both areas. One 
way this might be done is by teaching calculus using 
problem sets and illustrative examples from engineer- 
ing and physical sciences applications. This is not a 
novel idea. There has been a trend in this direction, 
and I think it should be accelerated. 
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It is clearly more work to prepare such educational 
examples and care must be taken to choose problems 
and illustrations appropriate to either basic or advanced 
levels of the students, but the payoff should be better 
motivation and clearer understanding of both subjects. 
Older texts seem to use predominately abstract exam- 
ples of functions, and to spend inordinate amounts of 
time integrating and differentiating special functions, 
finding areas and volumes and so on, with little regard 
for the relevance of these acts. Thb state of affairs could 
be improved. 



Every student in calculus should be 
deeply exposed to the derivation and 
use of numerical approximation 
methods. 



In a related vein, many calculus texts use problems 
that can be solved by following recipes, and typical 
homework exercises involve a couple of hours of repet- 
itively following the recipes. In general, more time 
should be devoted to making the ideas clear and less 
time devoted to rote learning. 

In particular, calculus, engineering, and physics 
courses should spend proportionately more time on the 
topics of problem formulation and problem solving. Too 
often students* only exposure to the thinking that goes 
into the process of formulating and then solving a prob- 
lem is the verbalization of the process by the instructor 
in the classroom. When one has mastered the solu- 
tion of a particular class of problems, particularly if 
this mastery was gained some long time ago, there is a 
tendency to present the problem formulation and solu- 
tion as a smooth, seamless, effortless process, forgetting 
the struggle, the trial and error, and the dead ends that 
are pursued before success is obtained. 

As students progress to more advanced courses, pro- 
portionately more time should be spent on the tech- 
niques of problem solving. Examples in texts should 
include case histories discussing the recisoning that goes 
into a variety of approaches. Classroom lectures should 
include periods when experts are confronted with new 
(even unsol/ed) problems and asked to attempt a solu- 
tion and describe what they are thinking as they do so. 
This sort of thing can be a close approach to the actual 
research process. 

Using Computers 

Many treatments of calculus, especially in books that 
have been revised over a period of years, scarcely rec- 
ognize the use of computers. This is a serious omission 



on at least two counts. Present day computer programs 
provide extremely powerful symbol manipulation, in- 
cluding the capability of integrating and differentiating. 
The student should become aware very early of the ca- 
pabilities of these programs. 

More fundstmentally, every student in calculus should 
be deeply exposed to the derivation and use of numeri- 
cal approximation methods. In the fields of .engineering 
and physical sciences, almost all solutions are obtained 
by numerical methods. The successful professional will 
use computational evaluations far more often than the 
techniques of classical calculus. The understanding of 
calculus is extremely important and the language of cal- 
culus is a useful shorthand, but once the applicable 
equations are derived, the greatest challenge becomes 
the determining of numerical solutions. 

That is not to say that all the classical analysis that 
is taught is of limited use. Indeed, the validation of nu- 
merical approximations — that is, the experimentation 
necessary to show that a computer code produces cor- 
rect solutions — is a discipline in its own right that usu- 
ally involves comparison of evaluations of analytic solu- 
tions, where such are available, with solutions produced 
by numerical approximations. 



The successful professional will use 
computational evaluations far more 
often than the techniques of classical 
calculus. 



Both analysis and approximation are useful, but the 
curriculum should combine them synergistically rather 
than treat them disjointly. In my view, calculus should 
be part of a curriculum of computational mathemat- 
ics, nrith the initial course emphasizing numerical differ- 
entiation and integration and with subsequent courses 
covering first ordinary differential equations and then 
partial differential equations. 

Geometry 

For research and development in engineering, clear 
visualization of the problem geometry and a clear un- 
derstanding of the problem solution as a function of key 
problem parameters are imperative. I believe the cal- 
culus curriculum should emphasize analytic geometry 
and combine it early with the use of computer graph- 
ics displays. CAD systems modeling three-dimensional 
solids are commonly available to the engineer. Students 
should become familiar with these powerful tools tnat 
can describe all geometric aspects of the actual system 
and permit viewing from any desired vantage point. 
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As students begin to generate numerical solutions, 
they should at the same time become familiar with the 
tools available to display these solutions. They should 
also be trained in the techniques of processing mcisses of 
data to extract significant information. Visual detection 
of anomalies is an extremely important and powerful 
tool, both to detect errors in solution techniques and to 
discover new effects. 

As computers make possible the solution of more 
and more complex problems, the importance of prop- 
erly sifting the output becomes greater and greater. In 
high energy physics, for instance, terabits of experimen- 
tal data are repeatedly mined with s'^ohisticated tools 
to extract new physical effects. Monte Carlo evalua- 
tions of. theoretical models gives equal amounts of data 
to be similarly sifted. 

Differential Equations 

The more advanced part of the calculus curriculum 
should concentrate on solutions of the most important 
clcisses of the differential equations of engineering and 
the physical sciences. In the last twenty years an enor- 
mous body of knowledge has been ciccumulated about 
these equations and about their practical means of so- 
lution. 

In my view, a coherent treatment of solution tech- 
niques does not exist, even though "black box" com- 
puter algorithms exist for ordinary differential equa- 
tions and are beginning to emerge for partial differen- 



cial equations. Use of these solution techniques is ex- 
tremely important in much research and df /elopment in 
engineering and the physical sciences. Hence students 
should be trained in these areas, being given a com- 
bination of classical analytical methods and numerical 
methods. 



Summary 

My suggestions for calculus for engineering and phys- 
ical sciences can be summarized concisely: more math- 
ematical training should be offered the undergraduate, 
and more of that training should be computer oriented. 
In particular, Td recommend that universities 

• Mcike the calculus curriculum broader (numerical 
methods) and deeper (two, perhaps three full years 
through partial differential equations). 

• Closely integrate the calculus curriculum with the 
engineering and physical sciences curriculums. 

• Emphasize computational mathematics as well <xs 
conventional analysis. 
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The Coming Revolution in Physics Instruction 

Edward F. Redish 
University op Maryland 



The current introductory physics curriculum has 
been highly stable for almost thirty years and is nearly 
uniform throughout the country. It is closely linked 
with the introductory calculus sequence in that the or- 
dering and content of the physics courses are strongly 
determined (sometimes inappropriately) by the stu- 
dents* mathematical skills, and in that the calculus 
course frequently uses examples from physics. 

Despite its apparent stability, there are indications 
that three revolutions are beginning to make an impact 
on the curriculum: the explosion of new knowledge and 
materials in physics, new insights into the process of 
learning gleaned from studies in cognitive psychology, 



and the power and widespread availability of the com- 
puter. 

I suggest that these changes, with the computer act- 
ing as a lever on the first two, are making inevitable a 
revolution in the way we teach physics. These changes 
will require cissociated changes in the calculus sequence 
which will have to carry the burden of introducing a 
wider variety of Mathematical techniques to scientists 
and engineers than is currently the caise. These new 
techniques include numerical and approximation tech- 
niques, the study of discrete equations, and pathological 
functions. 
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Phydcs and Calculus 

Physics and mathematics have been close colleagues 
throughout their history. Nev/ton's development of the 
theory of mechanics was intimately tied to his invention 
of the calculus. The understanding of the theory of elcc- 
tromagnetism Wcis achieved when Maxwell completed 
his set of partial differential equations. The mathemat- 
ical studies of transformation theory and tensor analysis 
at the end of the nineteenth century, when applied to 
Maxwell's equations, led Einstein to develop his special 
and general theories of relativity. This close interplay 
continues today in a variety of forefront research, in- 
cluding the development of string theory and the theory 
of chaos. 



Explosion of new knowledge, . . . mv/ 
insights into the process of learning, 
...and the power ...of the computer 
...are making inevitable a revolution in 
the way we teach physics. 



The close connection between physics and mathe- 
matics is nowhere more obvious than in the structure 
of the undergraduate physics majors* curriculum. The 
standard curriculum covers a variety of subjects includ- 
ing: 

• mechanics 

• electricity and magnetism 

• thermodynamics and statistical mechanics 

• modern physics and quantum mechanics. 

These subjects form the foundation of fundamen- 
tal material on which more specialized subjects, such 
as condensed matter physics, atomic and molecular 
physics, nuclear physics, plasma physics, and particle 
physics, are built. 

The standard approach to these subjects is a spiral. 
They are first covered in an introductory manner in a 
survey course in the freshman and sophomore year, re- 
done in individual courses in the junior and senior years, 
and finally covered one more time in graduate school. 
Both the spiral character and the specific ordering of 
topics in the physics curriculum is primarily controlled 
by the mathematical sophistication the student is £is- 
sumed to have. 

The control imposed b} mathematics is very rigid 
and even influences the detailed order of presentation 
in individual courses. For e/ample, the first semester 
of physics is usually taken with first year calculus as a 
corequisite. In teaching mechanics, nearly every text- 
book author introduces the subject by considTing the 



physical example of motion in a uniform gravitational 
field, with Newton's Laws of motion presented at a later 
stage. The primary reason for this is that the former 
can be solved algebraically without the use of differen- 
tial equations and is an appropriate place to introduce 
the concept of derivative. The latter requires a more 
complete understanding of the concept. 

From the point of view of the physics this is highly 
inappropriate. The uniform gravitational field is a very 
special and pecuHar case. Putting it first gives it a pri- 
macy which is both undeserved and misleading.^ Many 
other examples could be given, including the delay of 
the presentation of the harmonic oscillator, the placing 
of electrostatics, the study of normal modes of oscilla- 
tion, the treatment of quantum mechanics, etc. 

On the other hand, phys'cs content plays a significant 
role in the calculus sequence. Many standard calculus 
textbooks make heavy use of physics problems as ex- 
amples and to help motivate students concp^ning the 
real-world relevance of the material presented. 



Both the spiral character and the 
specific ordering of topics in the 
physics curriculum is primarily 
controlhd by the mathematical 
sophistication the student is assumtid 
to have. 



Only a relatively small number of students actually 
major in physics. However, in most universities the 
same introductory physics course taken by majors is 
also taken by engineers, chemists, and mathematics ma- 
jors. Almost all physical scientists trained in American 
universities take a physics course of the standard type. 
The structure and content of introductory physics with 
calculus therefore hcis a profound implication for the 
training of all our (hard) scientists. 

Curricular Stability 

Calculus-based physics for scientists and engineers 
is taught in a variety of formats and conditions, but 
it is almost always found in the format of a three or 
four semester (occcisionally three quarters) introductory 
sequence with calculus as a corequisite (or occasionally 
with one semester as a prerequisite). For majors, this 
introduction is followed by the spiral described above. 

The physics curriculum was stabilized in a semi- 
formal sense in a series of conferences and articles [3], 
[19] in the late '50's and early '60's. At that time, a 
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mini-revolution took place in the style of physics teach- 
ing, shifting emphasis towards concept and understand- 
ing and away from development of technical skills. 

The content of this course is very stable. Despite the 
existence of dozens of introductory physics texts and 
the yearly publication of many more, their approaches 
differ only in detml. A recent survey of ten of the most 
popular first-year physics texts by Gordon Aubrecht [1] 
strongly confirms this. 



The widely-held view among physicists 
that physics is the most cumulative 
and mathematical of the sciences 
' ... leads to a strong tendency to teach 
physics seMi-historically. 



This stable content is a result of the widely-held view 
among physicists that physics is the most cumulative 
and mathematical of the sciences. Even scientific revo- 
lutions such as quantum mechanics and special relativ- 
ity arc viewed by most professional physicists as exten- 
sions rather than replacements of previous theories. In 
the research forefront, techniques from older models of- 
ten coexist with current dogma. This leads to a strong 
tendency to teach physics semi-historic ally. 

The present introductory curriculum gives the stu- 
dent an overview of the basic techniques of those parts 
of historical physics which still survive from the period 
1600 (Galileo) to about 1940 (nuclear physics of fission 
and fusion). The content from after 1916 (the Bohr 
model of the atom) is usually slim, since going further 
requires treading on the slippery ground of quantum 
mechanics. Quantum mechanics is a less intuitive sub- 
ject than the others, and one which relies heavr'y on the 
mathematics of differential equations and matrices. It 
is usually suppressed in the introductory course. 

A Revolution Is Brewing 

This characterization of the physics curriculum may 
lead one to project long-term stability in the way 
physics is taught at the introductory level. Nonetheless, 
there is evidence on the horizon of a major revolution 
in the teaching of physics that is driven by revolutions 
in three major areas of relevance: physics research, ed- 
ucational psychology, and available technology. Jack 
Wilson, Executive Director of the American Associa- 
tion of Physics Teachers (AAPT) refers [21] to these 
three drivers of change as "the three C^s:" 

• Contemporary 



• Cognitive 

• Computer. 

Predicting the future is a chancy business under any 
circumstances, but predicting major changes in any hu- 
man activity is a long shot. As I discuss the impact 
of eetch of these revolutions, the reader should bear in 
mind that these views are necessarily speculative and 
idiosyncratic. 

Contemporary Physics 

As a result of the perceived cumulative structure of 
physics, the current introductory course has a strong 
overlap with the courses taught at the turn of the cen- 
tury. (The changes agreed upon thirty years ago dealt 
primarily with style rather than content.) For example, 
the material covered in 21 of the 23 chapters in Robert 
Millikan's turn of the century book [16] is contained 
in current texts.^ According to Aubrecht^s survey, only 
about 20% of current introductory texts have chapters 
on the physics of the past 50 years and those only spend 
about S% ol their chapters on that material. 

John Rigden, AIP Director of Physics Programs and 
former editor of the American Journal of Physics siixiGd 
the issue compellingly in one of his editorials [18]: 

Great-grandparents and grandparents and parents 
took . . . the same physics course as contemporary stu- 
dents are now taking. . . .No new information appears 
in a new edition of a physics textbook. 

This wouldn't be a problem if physics were a static 
field. It is not. In the past thirty years we have seen 
an explosion of new understanding and power in a va- 
riety of subfields of ^rhysics, ranging from the discovery 
of the substructure of protons and neutrohs, to high 
temperature supercond'ictivity, to the discovery of the 
three-dimensional structure in the clustering of galax- 
ies. These discoveries cover all possible scales of length, 
time, and mass. 



The excitement and vitality of 
contemporary physics is not conveyed 
in the current introductory course^ nor 
are the student^s skills developed in a 
manner appropriate for the new 
physics,. 



There have even been major breakthroughs in fields 
long thought to be well understood. Current develop- 
ments in Newtonian mechanics are evolving into a the- 
ory of chaotic behavior which may lead to a change in 
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our way of viewing physics as deep as that produced by 
the discovery of quantum mechanics. 

The excitement and vitality of contemporary physics 
is not conveyed in the current introductory course, nor 
are the student's skills developed in a manner appropri- 
ate for the new physics. Recently, however, Ihe leaders 
of both the research and teaching communities are be- 
ginning to take a broad interest in including contempo- 
rary physics in the introductory courses. This interest 
is displayed in two recent conferences held in Europe 
and the United States [2], [14]. 

Cognitive Science 

Psychological studies of what students know and how 
they learn are producing fundamental changes in the 
theories of learning and education. The few studies that 
have been done on physics students indicate that there 
are profound difficulties in the way we teach physics 
[5], [15], [17]. The traditional assumption that the stu- 
dent is a tabula rasa on which new descriptions of the 
universe may be written appears to be false. 



Students bring to their Qrst physics 
course well-^formed yet often incorrect 
preconceptions about the physical 
world. 



Students bring to their first physics course well- 
formed yet often incorrect preconceptions about the 
physical world. The present structure of introductory 
physics does not deal with this well. A number of pre- 
and post-course tests taken at a variety of universities 
show that a course in physics does little or nothing to 
hange the average student*s Aristotelian view of the 
universe [10], [11]. As we learn how students learn and 
change their views from "naive" to "expert," we can 
design our courses so as to facilitate this transition. 

Computer Technology 

The immense growth in the power of high-tech tools 
in the past thirty years has had a profound impact on 
the way professional physics is done. The most power- 
ful and influential of these tools is the computer. More 
computational power is packed into a desk-top com- 
puter the size of a breadbox than was available in the 
largest mainframes thirty years ago.^ 

Approximately 75% of contemporary research physi- 
cists use computers. At the time our current "stable" 
curriculum was designed, the number was more like 5%. 



(These numbers are based on informal surveys and con- 
sultation of the research literature.) The result is that 
the computational skills required by the professional 
must all be learned at the graduate level. 

Certainly many students learn to program as under- 
graduates, and indeed, .""nfie are already superb pro- 
grammers by the time thc^ enter college. But program- 
ming as taught in high schools, in computer science de- 
partments, and learned on one*s own to write games 
with is not the same as learning to do physics with the 
computer. 

The physicist who wants to do physics with a com- 
puter needs a wide variety of skills, not all of them 
numerical. Estimation skills are essential, not only for 
the experimentalist who must have a good idea of the 
rate at which data must be taken, but for the numeri- 
cal analyst who must have a reasonable idea of what an 
appropriate discretization is. An important skill is to 
be able to tell when to do an exact analytic calculation, 
when to approximate, and when to use the computer. 
This skill requires substantial experience. 

Computers are necessary tools at the undergraduate 
level as part of a student *8 trdning as a professional. 
But in addition, the availability of the computer opens 
immense opportunities for the physics teacher. If the 
student has the computer available from an early stage, 
a larger class of problems and subjects may be intro- 
duced, avoiding the previously imposed mathematical 
constraints. 

Alternative Curricula 

At the University of Maryland, members of the 
Maryland University Project in Physics and Educa- 
tional Technology (M.U.P.P.E.T.) have been investigat- 
ing the impact of the computer for the introductory 
physics curriculum since 1984. Students arc taught to 
use the computer in their first semester, and its presence 
has permitted a number of interesting modifications of 
the standard curriculum: 

1. Newton^s law can be introduced in discrete form as 
the first topic in mechanics. This allows the student 
to think about the physics before becoming involved 
in special cases (uniform accelerations) or mathemat- 
ical complexities (calculus, vectors). 

2. A wider variety of projectile motions can be studied 
than is possible when only analytic techniques are 
used. These include motion with air resistance, in a 
fluid, with electromagnetic forces, etc. This gives a 
better balance of analytic and numerically solvable 
problems and relates better to the real world than a 
curriculum with only idealized solvable models. 
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3. Non-linear dynamics can be studied. This permits us 
to teach fundamental concepts of numerical physics, 
to introduce some contemporary topics, and, by 
showing examples of chaotic systems, to make bet- 
ter connections between mechanics and statistical 
physics/thermodynamics than was previously possi- 
ble. 

4. Even first-year college students can develop enough 
computer power to do creative independent work 
on open-ended projects whose answers may not be 
known. This can provide an exposure to how science 
is really done. 

5. Flexible, powerful, pre-prepared interactive pro- 
grams can permit the student to investigate the so- 
lution of a wide variety of problems in a fraction of 
the time it would have taken with pencil and paper. 
This can permit even mediocre students to develop 
an intuitive feeling for problems previously accessible 
only to the best students. 

Other uses of the computer have been made by other 
groups, including the development of Socratic tutorial 
programs [4], the mode' rization and organization of 
the physics curriculum into a Keller-plan no-lecture for- 
mat (Project PHYSNET, Michigan State University), 
and the extensive use of microcomputer- based labora- 
tories [20], [6]. Although these applications have a sub- 
stantial effect on the physics curriculum, they do not 
produce obvious and significant modifications of the 
way the physics and mathematics curricula interact. I 
will therefore not discuss them here and leave the inter- 
ested reader to seek out the references. 

In addition to the Maryland project, new interest in 
the impact of computers on the teaching of physics is 
indicated by the large number of universities introduc- 
ing upper-class courses in computational physics and a 
number of new textbooks taking that point of view. 



"No new information appears in a new 
edition of a physics textbook.^^ 



A recent text by R.M. Eisberg and L.S. Lerner [7] 
provides a fairly standard introduction that includes 
a number of numerical examples and problems."* A 
widely used advanced text. Computational Physics by S. 
Koonin [13] contains numerous programs and numerical 
examples. The first truly computer-based introductory 
text is about to appear, written by Harvey Gould and 
Jan Tobochnik [9). 

The AAPT leadership has called for a review of the 
current curriculum [12) and has been funded by NSP to 



organize conferences and workshops to discuss the shape 
of a new curriculum. While it may be a fev/ yectrs be- 
fore a generally acceptable formula is found, and before 
enough colleges and universities get enough computer 
resources for the change to be broadly accepted, the 
smell of revolution is definitely in the air. 

Implications for Mathematics 

If we presume that the postulated revolui:ion in 
physics teaching does in fact take place, and if we also 
presume that the service calculus courses are to con- 
tinue to play a strong and relevant role in introduc- 
tory physics, then the emphasis of the course should 
change somewhat. Although all of the subjects I pro- 
pose adding to the traditional course are taught some- 
where in the mathematics curriculum at many major 
universities, we must operate under the understanding 
that the primary service sequence for scientists is the 
three or four semci^ter sequence in czJculus. Given the 
heavy schedule of most scientists in the first and second 
year of their college, it is not possible to require that 
a significant number of additional mathematics courses 
be taken in the underclass years. 



We must operate under the 
understanding that the primary service 
sequence for scientists is the three or 
four semester sequence in calculus. 



Therefore, to make the introductory course more rel- 
evant, I propose that as the mathematical needs of sci- 
entists become broadened, especially by an expcinded 
interaction with the computer, the content of the intro- 
ductory mathematics service sequence be broadened to 
include topics which do not formally fall under the topic 
"calculus." However, for simplicity, I will continue to 
refer to this sequence as "the calculus course." 

Specifically, I would like to see the traditional calcu- 
lus course extended to include more emphasis on: 

• practical numerical methods; 

• qualitative behaviors; 

• approximation theory; 

• study of discrete systems; 

• pathological functions. 

Many individual mathematics teachers idiosyocrat- 
ically include some discussion of one or more of these 
subjects in their courses; but most traditional calculus 
textbooks ignore them entirely. 
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Numerical Methods 

Practical numerical methods form the heart of com- 
puter approaches to real-world problems, yet these are 
consistently ignored in Ihe traditional introductory se- 
quence. The problems of numerical integration and dif« 
fercntiation are suppressed in favor of extensive discus- 
sion of how to differentiate and integrate large num- 
bers of special cases, despite the fact that the real-world 
problems most scientists face v;ill almost certainly have 
to be treated numerically a large fraction of the time. 

Even when practical rules, such as Simpson^s rule of 
integration, are mentioned, almost never is there any 
discussion of where they arc appropriate, how they can 
be improved, or the fact that *,here may be better al- 
ternatives. Practical solution methods for differential 
and integral equations arc rarely discussed in the stan- 
dard calculus sequence. Methods such as power series 
solutions, useful in proving general results but not very 
helpful in solving a new equation, are strongly empha- 
sized. A better balance needs to be struck. The ques- 
tion of stability and improvability of methods should 
also be mentioned. 

As discussions of numerical methods replace some of 
the discussions of analytic ones, a good understanding 
of the qualitative behavior of functions becomes even 
more important than before. Some of this is already 
present in traditional discussions of the theory of differ- 
ential equations and the phase plane; but in the absence 
of discussions of numerical methods, their relevance is 
obscured. 

By approximation theory I mean the process of how 
to understand the relevance of approximation schemes 
to specific situations, and of how to develop new 
schemes. If students are not even aware of the possibil- 
ities, for example, of the optimization of power series, 
they will be unable to seek out references on their own. 
Some broad introduction to the variety of practical and 
powerful methods available should be given. 

Discrete Equations 

Since students are usually introduced to discrete 
equations in the context of approximations to contin- 
uous equations in a numerical analysis, physics, or en- 
gineering course, they develop the mistaken impression 
that a discrete equation is a poor relation of the con- 
tinuous one, and that any differences between them 
b a "failure" of the discrete equation. Discrete equa- 
tions are themselves the relevant mathematical models 
in a number of circumstances, such as iterated function 
problems. They have their own unique set of character- 
istics. 



Some of these discrete equations lead naturally to the 
(? ussions of functions whicl were considered "patho- 
logical" by mathematicians and scientists for many 
years, and which were thought to be irrelevant to physi- 
cal phenomena. This has turned oat not to be the case. 
For exa.nple, a discussion of the Cantor set and related 
fractals would be very valuable. Usually these are left 
to more advanced courses, such as topology, and there, 
their real-world applications tend to be ignored. 



Functions which were considered 
"pathoJogicaJ" by mathematicians and 
scientists ...were thought to be 
irrelevant to physical phenomena. This 
has turned out not to be the case. 



Anyone who proposes the addition of new material 
to a course currently packed to bursting with a super- 
fluity of material has some obligation to identify what 
should be removed to make room. I v;ould be happier to 
sec less discussion of out-moded analytical techniques 
which have limited applicability. I also believe that 
some room could be made by not analyzing the very 
large number of analytical examples usually treated. 
Specific cuts will of course have t^ be decided by the 
community through extensive discussion. 

Despite these proposed changes, I suspect that a 
large majority of physics teachers feel, as I do, that the 
calculus sequence provides a strong base for the fun- 
damental mathematical skills of all physicists; that the 
primary emphases should be retained, including the em- 
phasis on the study of smooth, non-pathological func- 
tions, on analytic techniques and theorems, and above 
all, on the rigor and structure of mathematical thought. 

Notes 

1. One of the few texts which reverses the traditional order 
is the classic Feynman Lectures in Physics [S] based on 
tlie tcacliing of Nobel Laureate lUclmrd P. Feynman. 

2. Altliough the content is similar, Millikan's emphasis is 
somewhat different from modern texts. 

3. A contemporary student would probably feel more com- 
fortable with the explanation "a breadbox is about the 
size of a desktop computer" than with the one given here. 
When was the last time you saw a breadbox? 

4. This text may have come a bit before its time: it in- 
cluded a number of problems appropriate for the pocket 
programmable calculator. It is already out of print* 
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Calculus in the Undergraduate Business Curriculum 

Gordon D. Prichett 
Babson College 



If there is widespread common concern that a core 
course in the standard undergraduate business school 
curriculum is irrelevant and unneeded, it is a concern 
over the calculus. Alth ^ugh there has been, for twenty- 
five years, a stalwart cadre of supporters of calculus in 
the business core, there has been little common agree- 
ment on either the level or the topics which are critical 
to the success of such a core course. To gain a clear 
insight into the appropriate role of calculus in the busi- 



ness curriculum in the 1990s, it is important to sketch 
the evolution of the present role played by calculus in 
the life of a business student. 

The Past 

In 1963 Richards and Carso [3] reported that only 4 
of 71 AACSB (American Assembly of C' * .giate Schools 
of Business) schools responding to a -questionnaire re- 
quired differential calculus. Tail and Hussain [4] in a 
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1966 report on AACSB schools show 38 out of 84 re- 
quiring differential calculus. Something seems to have 
occurred in the early sixties that suddenly convinced 
schools of business that calculus was important to their 
curriculum. 

We should recall the tempestuous climate of edu- 
cational concern of the early sixties, the emergence of 
many new mathematics incentives, and the widespread 
criticism of any curriculum that did not have "strong" 
mathematical underpinnings. It may be worth noting 
that the Harvard Business School introduced a calculus 
requirement for entering students in the early sixties 
which survived only until the late sixties! 

Two questions are critical to our present concerns: 

1. Why was calculus suddenly inserted into the busi- 
ness curriculum? 

2. Who designed the appropriate calculus course for 
this specialized educational track? 

In the business school reports of the 1950s, a few 
schools like Carnegie Mellon and the Sloan School of 
MIT emerged as models of futuristic curriculum em- 
phasis. The background ambience of engineering and 
economics departments within both these schools, cou- 
pled with strong positions taken up by specific apostles, 
made one semester of calculus appear to be minimal 
mathematical background for management students. 

The push toward calculus was further supported by 
works like Samuelson's Foundations of Economic Anal- 
ysis. Some, like Kemeney, Snell and Thompson, decided 
that business applications made it preferable to teach 
finite vs. continuous versions of the same concepts and 
tools, but they were fighting two battles — the general 
battle for more emphasis on mathematics, and a battle 
for a variant approach which few of their fellow mathe- 
maticians endorsed. 



Many business calculus courses ...are 
taught by mathematicians ... unfamiliar 
with the general business curriculum. 
...This marriage of an orphaned course 
to a distant curriculum leads one to 
today^s concerns. 



The schools that took calculus most seriously ex- 
pected students to do a full year, and they were content 
to let existing service faculty in mathematics depart- 
ments teach it. "/I any business calculus courses began 
and still reside in mathematics departments and are 
taught by mathematicians, a great number of whom 
are unfamiliar with the general business curriculum. 
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Since business schools had not utilized calculus in the 
past and were not f-^^niliar with many of the applications 
of calculus beyond those in economics, course design 
was left to mathematicians and textbook authors. This 
led to a calculus course designed in a wilderness sepa- 
rating pure mathematics from a very specialized use of 
mathematics. This marriage of an orphaned course to 
a distant curriculum leads one to today's concerns. 

The Present 

There is not a standard introductory calculus course 
in today's business curriculum. Although AACSB re- 
quirements do not explicitly state that calculus is a 
necessary prerequisite for an accreditable school, any 
school not offering calculus in their core would most 
likely com^ under criticism for the exclusion. It should 
also be noted, however, that of the approximately 1200 
business programs in the United States, only 237 are 
accredited by the AACSB. Many nonaccredited schools 
offer no calculus requirements, many clainiing (justifi- 
ably) that their students are far too weak in algebra 
to undertake even a superficial calculus course. Busi- 
ness schools do not attract a great many quantitatively 
strong students, so weak arithmetic and algebraic skills 
plague teachers of the business calculus course. 



Teaching business calculus today is, to 
most, a thankless task. 



The present calculus course offered by those schools 
requiring calculus is frequently referred to as a watered- 
down version of calculus, and looked at with dist^n 
by many pure mathematicians. One must realize that 
much of what is taught in the standard calculus for 
mathematics students has evolved from studying the 
pathologies of special functions or special situations 
which enjoy an important role in the life of a mathe- 
matician, but which almost never occur in the life of a 
practitioner in management. 

A typical business calculus course would be selected 
from the following menu, in which parentheses surround 
topics that are usually optional and often omitted: 

1. Review of algebra and sets 

2. Formulcis, equations, inequalities, graphs 

3. Linear equations and functions (Applications: 
Break-even analysis; Linear demand functions) 

4. Systems of linear equations and inequalities (Ap- 
plications: Supply and demand analysis; Intro- 
duction to linear programming) 



1 O 



114 



Issues: Science, Engineering, and Business 



5. Exponential and logarithmic functions 

6. Mathematics of finance 

7. Introduction to differential calculus 

a. Limits and continuity 

b. The difference quotient and definition of the 
derivative 

c. The simple power rule d{x^)/dx = nx""^ 

d. The derivative of [/(x)]'* 

e. The product and quotient rules 

f. The derivatives of exponential and logarithmic 
functions 

g. Maxima and minima of functions 

h. Maxima and minima applications 

i. (Sketching graphs of polynomials) 
j. (Relative rates of change) 

k. (The chain rule and implicit differentiation) 
1. (Calculus of two independent variables) 

8. Integral calculus 

a. A nti derivatives: The indefinite integral 

b. Integration by substitution 

c. Integrals of exponentials 

d. The integral of {mx + b)"^ 

e. Area and the definite integral 

f. Interpretive applications of area 

g. (Improper integrals) 

h. (Numerical integration) 

i. (Integration by parts) 
j. (Differential equations) 

A quick look at the preceding outline should shock 
any teachers sensitive to the fact that they have only 
one semester to bring a class of students with a wide 
variety of backgrounds and quantitative abilities to a 
common level of proficiency in most of the above topics. 
Teaching business calculus today is, to most, a thankless 
task. Add to this the pressure today to perform well 
on teaching evaluation surveys, the philosophy used by 
many schools that calculus is a primary sieve to weed 
out poor students, and the general discrediting of the 
integrity of the course by most mathematicians, and 
one wonders with whom the course is staffed in any 
college or university. Clearly th^ design and role of the 
calculus course in the business curriculum needs review 
and restructuring. 

The Future 

To understand why so much must be taught in one 
semester, one must have a better understanding of ♦he 
scope of the entire business curriculum. As with engi- 
neering students, most business students have almost 
no room for electives in their program. As more and 



more emphasis is being placed on broadening the lib- 
eral arts base of the business curriculum, more courses 
are attached to the front end of the curriculum, but few 
courses yield space elsewhere in the curriculum. 

At present most business students are required to 
take three quantitative methods courses: Business Cal- 
culus or some equivalent mathematics course; Statistics 
(this course is essentially descriptive and inferential, 
requiring little probability theory); and Information 
Systems (a course involving elementary programming 
and computer applications). Electives include Manage- 
ment Science (applications of operations research). Fi- 
nite Mathematics (a course that might better be taught 
in the spirit of an applied discrete mathematics course), 
and further courses in Management Information Sys- 
tems. Little physical or life science is required of or 
taken by business stiHents. 

Calculus is not a true curricular 
prerequisite to studying in an 
undergraduate business program. 

From this \i is clear that calculus is not a critical 
prerequisite for any of the technical courses in the stan- 
dard business curriculum. In fact the only courses that 
require calculus, excluding Ccise by Ccise instances, are 
some introductory economics courses. In most circum- 
stances the applications of calculus in these courses are 
what many term as "toy problems" and these applica- 
tions could easily be presented without relying on the 
calculus. Hence calculus is not a true curricular pre- 
requisite to studying in an undergraduate business pro- 
gram. (Recall the decision of Harvard Business School 
to drop the calculus requirement.) 

A New Course 

For years calculus has been used by colleges and uni- 
versities cis a credentialing hurdle, cis a prerequisite to 
cissure sufficient "mathematical sophistication." This 
remains the primary justification for maintaining a full 
semester calculus course in the business curriculum. 
It is time to design a new introductory quantitative 
methods course to measure this vital prerequisite. The 
treatment of calculus should be embedded in a course 
which will cissure that all business students have suf- 
ficient mathematical sophistication, receiv*» content of 
real educational value, and encounter the mathematics 
and quantitative problems of management education. 

The design of such a course should be inspired by 
the goals of teaching clear ..asoning, critical and an- 
alytical thinking, and good organizational and writing 
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skills. The course must assure that students who com- 
plete it have sufficient m£istery of fundamental arith- 
metic and algebrcdc skills, and can apply the use of cal- 
culators and computers to obtain and process quantita- 
tive information. In addition, this course must address 
specific mathematical techniques frequently applied to 
solve problems encountered in management education. 
Above alK the underlying intent of such a course is to 
impart educational challenge and value to first-year stu- 
dents of management, with utility and relevance as a 
catalyzing rather than driving force of the course. 

Such a course may be properly called Foundations 
of Quaniiiaiive Methods in Management; a suggested 
course outline might be: 

1. Linear equations and functions (Applications: 
Break even analysis; Linear demand functions) 

2. Introduction to linear programming techniques 

a. Problem formulations and applications 

b. Graphical solutions 

c. Computer solutions using a computer package 

3. Exponential and logarithmic functions 

4. Mathematics of finance 
a. Use of the calculator 

5. Introduction to differential calculus 

a. The difference quotient and definition of the 
derivative 

b. The simple power rule, d{x^)/dx = nx""^ 

c. The derivative of [/(a;)]" 

d. The product and quotient rules 

e. The derivatives of exponential and logarithmic 
functions (Applications: Response functions; 
Marginal analysis in business and economics) 

f. Computer computations using a package such 
as MACSYMA 

g. Maxima and minima of functions (Applica- 
tions: Inventory control models) 

6. Integral calculus 

a. Antiderivatives: The indefinite integral 

b. The integral / x^dXyti ^ 1 

c. Integral of e^ 

d. Area and the definite integral 

e. Numerical integration 

f. Computer integration using a program such as 
MACSYMA 

g. Interpretive applications of the integral (Appli- 
cations: Marginal analysis) 

h. Difference and differential equations (AppUca- 
tions: Rumor spreading models) 

ERIC 



Exclusion and Inclusions 

Much material that has been prevalent in tile past 
has been excluded from the above outline. 

1. Limits: They should be taught in the context of 
the definition of the derivative, not in general 

2. Continuity (define only) 

3. Curve sketching 

4. Chain rule and implicit differentiation; treat case 
by case 

5. Calculus of two independent variables 

6. Improper integrals: Discuss in the statistics course 
if probability is introduced as an integral 

7. Techniques of integration 

In place of these omitted topics, special emphasis is 
given to certain topics not highlighted in the past: 

1. Linear programming: Problem formulation, with 
graphic and computer solutions 

2. The use of programs such as MACSYMA to com- 
pute derivatives, integrals, and solutions to com- 
plicated equations 

3. Numerical integration 

4. Interpretations of the derivative and integral 

5. Concept of optimization 

6. Difference and differential equations with applica- 
tions 

An Agenda for the 1990's 

Since the object of the above outline for a quantita- 
tive methods course in the business curriculum is the 
same as the object of recent suggestions by Graham 
[6] for changes in mathematical preparation for science, 
viz., "to help create new mathematics curricula that 
are interesting, sophisticated, innovative, and well in- 
tegrated with the applications of mathematics," I will 
follow the example of Steen in a recent article on math- 
ematics and science (7) and suggest that the following 
agenda is worth starting on: 

1. Firm prerequisites should he established for students 
entering the quantitative methods course for busi- 
ness. A core course should not be used as a sieve. 
Students should be required to make up deficiencies, 
or not be admitted to the curriculum. 

2. Only teachers who arc familiar with the business cur- 
riculum and appreciate the role of quantitative meth- 
ods in business should teach business mathematics. 
Mathematics departments must work more closely 
with the curriculum for which they are a service de- 
partment. 

3. The design and .mainten(ince of a good business 
mathematics program should be justly rewarded both 
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professionally and financially. Ways must be found 
to reward quality performance and innovation within 
a mathematics department in pedagogical areas not 
classically considered mathematically pure. 

4. The chief objective of a core course in quantitative 
methods for managers should be the teaching of crit- 
icaLand analytical skills. Clear reasoning, a sense 
of confidence in one's ability to solve mathematical 
problems, and well-developed organizational and ex- 
pository skills are critical to success in management 
education in the 1990's. 

5. Any core course in quantitative methods for man- 
agers must incorporate the use of computers and cal- 
culators. To exclude computers and calculators from 
solving quantitative problems in the 1990s would be 
equivalent to attempting solutions to trigonometric 
problems fifty years ago without tables. 

6. The quantitative methods course should be linked 
io other courses in the business school curriculum. 
Understandable and believable reasons why skills 
learned from mathematics transfer directly to skills 
needed in management must be included in every 
quantitative core course. 

7. Teaching and evaluating writing and organizational 
skills should be an integral part of teaching any quan- 
titative methods course. The expository skills of most 
college students are dismal; it is time to correct the 
problem, not point the finger. We must embrace 
writing across the curriculum as a primary initiative 
of the 1990's. 



Calculus for the Biological Sciences 

Simon A. Levin 
Cornell University 

Any consideration of the teaching of calculus to biol- 
ogists must recognize that calculus is just one of a /ari- 
ety of mathematical tools that increasingly are proving 
important to the biologist, and that therefore the teach- 
ing of calculus must be viewed within the context c ^ a 
broader mathematics education. The relevant math- 
ematical tools will vary depending on the biological 
specialty. For example, for the ecologist or geneticist, 
statistics and experimental design are integral parts of 
the curriculum; but for the biochemist, such courses are 
considered a luxury. 

However, needs change, and often over very short 
time scales. For example, in the last decade, comput- 
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ing has become an essential part of any scientist's train- 
ing. r,-bability and combinatorics, which within bi- 
ology were once primarily the province of population 
geneticists and ecologists, have grown in importance 
for molecular biologists interested in sequence analy- 
sis. Even topological methods are finding applications 
within the core areas of biology. Such potential for 
change in the areas of mathematics that may prove use- 
ful argues for the value of training biologists broadly in 
mathematical methods, rather than restricting atten- 
tion to narrow and classical areas. 

There is a tradeoff, however. The typical biology 
curriculum, especially within areas such as molecular 
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biology and biochemistry, is packed tight with required 
courses in biology and the physical sciences. There is 
little slack, and little room for flexibility. A year of 
mathematics is recognized as being essential, but it is 
unlikely that most biology programs can afford to add 
additional mathematics as a general requirement. Thus, 
new topics can be introduced only if one is willing to 
eliminate others, or to sacrifice depth for breadth. 



Needs changey and often over very 
short time scales. 



My argument is that some such compromise is es- 
sential, and that the way to achieve it is to emphasize 
conceptual understanding at the expense of analytical 
computational ability. This is a painful exchange, be- 
cause understanding in mathematics cannot be achieved 
without repetitive drill and problem solving. Nonethe- 
less, it must be recognized that the biologist's needs are 
different in kind than the physicist's or engineer's. The 
biologist needs to understand the role of models in biol- 
ogy and medicine; to know what mathematics is, what 
it can do, and what methods are available; and to know 
where to go to obtain deeper capabilities. 

Mathematical Models 

Models in biology serve as pedagogical tools, as aids 
to understanding, and as rough approximations that 
guide treatment or experimentation. On the other 
hand, although there are exceptions to the general rule, 
mathematical models rarely serve as devices for exact 
prediction in the way that models can in physics. Thus 
the most important mathematical problems facing the 
biologist are conceptual, involving the proper formula- 
tion of a model, rather than analytical. 

Some examples should strengthen this argument. A 
physician, in prescribing a drug regimen, should under- 
stand the importance of the underlying kinetics, the 
meaning of the half-life of the drug within the body, 
and the notion that the system eventually will reach an 
approximate steady-state, although the plasma level of 
the drug may fluctuate substantially between dosages. 
This will alert him or her to the importance of testing 
plasma levels at a fixed point in the dosage cycle, and to 
the necessity of establishing quantitative relationships 
between dosage levels and steady-state plasma levels. 

There is sufficient variati a among individuals, how- 
ever, that generic models cannot be completely reliable, 
even when standardized by weight or age. Steady-state 



levels must be determined empirically. The model, how- 
ever, has performed an invaluable role in suggesting 
what needs to be measured. More generally, identifying 
what biological quantities need to be measured — the re- 
fractory time of a ueuron following firing, the binding 
constant of a ligand in relation to a particular substrate, 
the heritability of a genetic character, the diflfusion rate 
of a particular compound across a membrane, the max- 
imal rate of increase of a bacterial population — is one 
of the most common uses of models. 

Because of the difficulty of controlling individual and 
environmental parameters, the biological model more 
typically is used to describe an idealized situation. For 
example, the Hardy- Weinberg conditions, which specify 
the genotypic frequencies to be achieved in a population 
in the absence of any selective differences among indi- 
viduals, describes an idealization that may represent an 
excellent approximation under some conditions, and a 
very poor one under others. 



The most important mathematical 
problems facing the biologist are 
conceptual^ involving the proper 
formulation of a models rather than 
analytical. 



Similarly, the Lotka-Volterra model, simplistically 
describing the interaction between predator and prey 
species, represents the biological analogue of the fric- 
tionless pendulum. The structural instability of the 
system makes it totally inadequate in describing any 
real biological interaction; but as a pedagogical tool, the 
model is sufficient to illustrate how a particular mecha- 
nism can lead to inherently oscillatory behavior. Often, 
the role of the model is simply to abstract and isolate 
a piece of a larger system, in the recognition that it is 
difficult or impossible to achieve such isolation in any 
real system, no matter how controlled. 

The preliminary conclusions are that the teaching 
of calculus must be integrated with the teaching of 
other mathematical topics, such as analytic geometry, 
dynamical systems, linear algebra, and cc .nputational 
methods. Furthermore, considerable attention should 
be paid to discussion of the proper role of mathematical 
models, to the conceptual insights that can be achieved 
through the qualitative theory of dynamical systems, 
and to an appreciation of how analytical approaches in- 
terface with computational ones. 

The availability of high speed^ computers has ren- 
dered archaic the practice of equipping the student with 
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a slide rule; and similarly, it has reduced the necessity of 
training students to be facile in the clever manipulation 
of integrals. Indeed, there still is value in introducing 
the student to the slide rule and to log tables, in or- 
der to provide a perspective on logarithms and powers; 
similarly, there is considerable value to introducing the 
student to the techniques of integration, and to provide 
some drill. However, such techniques cannot be viewed 
as ends unto themselves, but must take their place in 
an integrated and balanced curriculum whose primary 
goal is to teach the relevance of mathematics in biolog- 
ical and medical applications. 

Calculus for Biologists 

Setting aside the importance of teaching discrete 
mathematics, which is outside the charge of this partic- 
ular report, I turn attention next to the key ingredients 
of a two-semester sequence in calculus for biologists. 
In so doing, I do not distinguish numerical methods as 
a separate topic, since such methods are taught most 
effectively when integrated with mathematical applica- 
tions. Assuming some background in analytic geometry 
and complex numbers, I propose that the essential in- 
gredients are: 

1. Introduction to limits, rates, and the differential cal- 
culus 

2. Differentiation rules and formulas 

3. Curve plotting and the theory of maxima and min- 
ima; Taylor's theorem 

4. Introduction to first-order differential equations 

5. Introduction to the integral calculus 

6. Integration rules and formulas 

7. Integration and the solution of differential equations 

a. Solution of linear equations 

b. Methods for nonlinear equations 

8. Areas, averages 

9. Introduction to vectors and matrices, with eigenval- 
ues 

10. Partial differentiation: Taylor's theorem for several 
variables, and the theory of meixima and minima 

11. Systems of differential equations 

a. Solution of linear systems 

b. Qualitative theory for nonlinear systems 

12. Differential equations of higher order 

13. Partial differential equations, especially of parabolic 
type 

14. Other topics, as time permits, including infinite se- 
ries, volumes, and areas 

Naturally, there is no single way to teach this mate- 
rial, and some aspects of the above outline — for exam- 
ple, the preference for teaching integration as motivated 



by the solution of differential equations — are matters 
of personal taste. Other substantive choices also have 
been made in the above syllabus, going beyond those 
identified in the previous section. 

For 'ixample, the inclusion of parabolic partid dif- 
ferential equations as an essential topic is motivated 
by the widespread applicability of concepts of diffusion 
throughout biology. On the other hand, other than the 
use of Fourier anedytical methods for time series anal- 
ysis, infinite series play little role in the training of a 
biologist. The Taylor expansion is important as a con- 
cept; however, it need not be viewed within the context 
of infinite series, since in applications it almost always 
would be truncated after the first few terms. 

Biological Examples 

Most of the topics listed are standard for a basic cal- 
culus course, but their presentation to biologists can be 
improved considerably by the development of biological 
exc*mples. One should build on models that are fairly 
simple in biological content, and that offer the potential 
for addressing a variety of mathematical issues within 
the same biological framework. 



Often, the role of the model is simply 
to abstract and isolate a piece of a 
larger system^ in the recognition that 
it is difRcult or impossible to achieve 
such isolation in any real system, no 
matter how controlled. 



For example, various methods for graphing the re- 
lationship between the amount of a ligand bound to a 
substrate and the dosage level are used by pharmacol- 
ogists for discovering the mechanisms underlying bind- 
ing, and for distinguishing among competing binding 
models. So-called allosteric models postulate that the 
receptor molecule undergoes a conformational change 
when a single drug molecule is bound to it, and that this 
change affects binding and dissociation rates for other 
sites on the receptor molecule. Depending on whether 
binding thereby is facilitated or inhibited, this is known 
as positive or negative cooperativity. It introduces a 
particular nonlinearity into the model, representing the 
fact that binding rates change with concentration. By 
examining binding curves directly, and various trans- 
forms such as double reciprocal plots, one can use qual- 
itative information regarding curvature and extrema to 
distinguish among the various hypotheses. 
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Such examples are likely to be closer to the heart 
of the J^iologist than are the usual examples from en- 
gineering, although the latter should not be neglected 
completely. It is an unfortunate fact that most begin- 
ning biology students know very little biology, and may 
not be as strongly motivated by biological examples as 
one would hope. Examples therefore must be kept cis 
simple as possible, so that the focus is on learning the 
mathematics rather than on leeirning the biology. 

Furthermore, it is important that the student be 
clear in knowing whether the particular mathematics 
learned is of general relevance and applicability, or 
whether it is particular to the example used to moti- 
vate it. The importance of maintaining this distinction 
is an argument for presenting ideas fdrly abstractly, us- 
ing biological examples for occasional motivation. 

Optimization 

The theory of maxima and minima is important to 
biologists not only as an aid to graphing, but also in re- 
lation to fundamental biological and management con- 
cepts: principles of optimal design, maximal rates of 
increase of populations, optimal treatment regimes in 
medicine or optimal harvesting regimes in fisheries, and 
evolutionary adaptation. Most of these are best treated 
within the later sections of the course, embedded within 
a dynamical systems description. The change of popu- 
lations through evolutionary processes is the single most 
important organizing principle in biology. The funda- 
mental philosophical problem is to understand the rela- 
tjonships and distinctions between the process of adap- 
tation and the possible attainment of optima. 



It is an unfortunate fact that most 
beginning biology students know very 
little biology. 



The simplest models of gene frequency change as- 
sume that there is a fixed selective value cissociated 
with each genotypic combination. For the dynamical 
systems appropriate to these cissumptions, it is possible 
to demonstrate that the average fitness of all individu- 
als in the population increases monotonically with time, 
tending asymptotically to a local maximum. Thus, such 
models can be used to illustrate a variety of concepts: 
maxima and minima, local versus global extrema, the 
asymptotic behavior of ordinary differential equations, 
multiple steady states, linearization, and stability. 

More complicated models, incorporating the evolu- 
tionary tradeoffs and constraints that are familiar to 



the biologist, provide opportunities for illustrating the 
use of Lagrange multipliers. Other such examples come 
from fisheries or epidemic management, where there is 
an explicit economic or effort constraint. Similar mod- 
els appear in behavioral biology, where time or energy 
must be allocated to tasks such as foraging for food, 
grooming behavior, or other activities, and in physio- 
logical ecology, where the principles underlying a plant's 
allocation of resources to grpwth and reproduction, or 
to roots and shoots, is of fundamental interest. 

Dynamical Systems 

Dynamical systems have a perveisive influence in the 
understanding of biology, and it is hard to think of an 
eirea where they arc not an essential part of basic in- 
struction. In biochemistry and pharmacology, the dy- 
namics of enzyme-substrate and drug-receptor associa- 
tions arc among the most basic of concepts. Chemother- 
apy models, even with simple first-order kinetics, give 
rise to systems of differential equations representing the 
flow of the chemicals through a network of compart- 
ments. Formally identical models are applicable to the 
flow of materials and energy through ecosystems. Thus 
even the linear theory is of direct relevance to a wide 
variety of problems, spanning the biological spectrum. 

Indeed, the most bcisic model of drug dynamics is of 
the form dx/di = / — Aa;, where I is the dosage rate and 
k is the per unit rate of elimination. The physician is 
familiar with the fact that this model predicts a steady- 
state level J/Aj, that there is a characteristic half-life 
determined by kj and that this half-life determines the 
time to rid the body of the drug if I is suddenly set 
to zero, or the time to reach a new equilibrium if / is 
abruptly changed from one value to a new one. 

Thus this model has immediate applicability and rel- 
evance, and furthermore serves as a starting point for 
the investigation of such extensions as allowing / to 
vary periodically (as would be the case for any dosage 
regimen other than a continuous intravenous), or allow- 
ing for an explicit delay representing the time it takes 
for the drug to make its way into the plasma. An- 
other direction for extension is to consider the multi- 
compartment systems that are more appropriate to 
drug dynamics, and thereby to account for the dis- 
tributed delays associated with the gradual entry of the 
drug into the plasma. 

The consideration of nonlinear dynamical systems 
substantially broadens the range of applications, and 
provides a framework for the discussion of a variety of 
important concepts: steady states, linearization, tran- 
sient dynamics, cisymptotic stability, bifurcation, peri- 
odic solutions, and chaos. As advanced and esoteric 
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as some of these topics may seem, they all are Rnding 
application in biological investigations. Understanding 
these concepts undoubtedly is of more value to the bi- 
ologist than is the ability to make speciRc analytical 
computations. 



The change of populations through 
evolutionary processes is the single 
most important organizing principle in 
biology. 



Qualitative shifts in the physiological behavior of an 
individual, from one basin of attraction to mother, may 
correspond to a shift from a healthy to an unhealthy 
state. In some cases, this may correspond to a break- 
down of a regulatory mechanism, and the transition 
from a homeostatically maint^uned stable equilibrium 
to a fluctuating or even chaotic dynamic. In other cases, 
the healthy state may exhibit carefully regulated peri- 
odicity, as in cardiovascular dynamics, or in the daily 
circadian rhythms of the body. Qualitative changes in 
behavior may be associated with internal changes, such 
as the breakdown of normal regulatory mechanisms, or 
with external changes, such as the intake of a toxin. 

Attention to dynamic phenomena b equally impor- 
tant in other areas of biology. For the neurobiologist, 
the sustained repetitive and sometimes chaotic firing 
in networks of neurons represents a behavior that can 
be understood only within the context of the mutual 
excitatory and inhibitory interactions within the net- 
work, and the transition from normal to more erratic 
behaviors can be understood in terms of bifurcations 
tracking changes in critical internal and external pa- 
rameters. The genetic control of development simileirly 
is mediated through networks of regulatory pathways. 

For the ecologist or epidemiologist, periodic phenom- 
ena in the dynamics of populations or disease long have 
been central subjects for investigation, and the various 
hypotheses regarding the mechanisms underlying them 
have been well studied within the context of dynam- 
ical systems theory. Indeed, even simpler not'.ons as- 
sociated with transient behavior have been of critical 
importance. 

An Example from Epidemiology 

Again, it is worthwhile to illustrate with an example. 
One of the sim^*vjt and classical models of the trans- 
mission dynamics of infectious diseases assumes that 
the host population is of constant size, and broken into 



three categories: susceptible (5), infectious (/), and re- 
covered (immune) {R), Individuals move among these 
classes according to certain rules, including the possibil- 
ity of losing immunity and returning to the susceptible 
class. Because the time scale of a particular epidemic is 
assumed to be short compared to the change in popu- 
lation density, it is assumed that births balance deaths. 
The usual resultant model takes the form 

dS/di = 6 - ibS/ - 6S 
dI/dt = kSI-bI-vI 
dR/dt = - 6fl 

Here b is the birth (=death) rate, v is the recovery 
rate of infectious individuals, and fcS/, the incidence 
function, represents the assumption that the rate that 
new infections occur is proportional to both the number 
of susceptible individuals and the number of infectives. 
Naturally, any of the assumptions can be modified, and 
so the above model again serves as a starting point for 
investigation, and as a way to introduce concepts. 

Because population size is constant (it needn't be 
in more general models, such as those that incorporate 
disease-induced mortality), it is convenient to treat 5, /, 
ctnd R as fractions, so that S + I + R = 1\ this assump- 
tion is implicit in the particular formulation above, and 
allows reduction of the apparent 3-dimensional system 
to two dimensions. 

The simplest concept that emerges from the system 
above is that of the threshold transition rate. It is easily 
seen, because S cannot exceed unity, that no outbreak 
can occur unless k > b + v\ that is, if < 6 -I- the 
number of infectives v/ill decrease monotonlcally, what- 
ever the initial values. This simple concept is of great 
importance to disease management, because it gives a 
measure of the amount by which the transmission of a 
disease must be reduced in order to prevent outbreaks. 

By similar reasoning, one can demonstrate that no 
outbreak can occur unless the proportion of susceptibles 
exceeds a threshold value (6 + v)/k. Thus, vaccination 
strategies aimed at reducing the susceptible population 
below that threshold can succeed in the control of the 
disease. Finally, when the threshold condition is ex- 
ceeded and outbreaks are possible, the above model pre- 
dicts that the population will settle down to a situation 
in which a stable fraction (6 + v)/k of the individuals 
cire susceptible. 

Thus, as with some of the other examples mentioned, 
this example has sufficient reality to motivate the im- 
portance of the underlying concepts. More complicated 
versions, for example those that incorporate a latent 
period, or different susceptibility classes, or seasonality, 
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can be used to introduce more complicated dynamics; 
and equally importantly, to demonstrate how models 
are used in the investigation of biological phenomena, 
and in the management of applied biological problems. 

Diffusion Processes 

Finally, the above outline makes a case for the early 
consideration of partial derivatives, and for some discus- 
sion of partial differential equations. In defense of the 
latter recommendation, I make reference to the ubiqui- 
tous nature of diffusion phenomena in biology. Diffusion 
models have been used successfully to describe the flow 
of heat and materials within animals and plctnts, the 
movement of solutes in ecosystems, the spread of par- 
ticulates from smokestacks, and the passive spread of 
animals and plants. Early applications of these mod- 
els addressed the spread of species introduced into new 
habitats, the rates of spread of advantageous genes, and 
the chemotactic movement of bacteria. 

Fundamental work in neurobiology has used diffusion 
models to describe the transmission of neural impukes, 
and basic models in genetics have used diffusion approx- 
imations for stochastic processes to determine the gene 
frequencies to be expected under the primary influence 
of random genetic drift. Diffusion-based models have 
been fundamental to the understanding of geographical 
gradients and patterns in the distribution of terrestrial 
and oceanographic species, and in the frequencies of dif- 
ferent genetic types. Finally, some of the most original 
and stimulating models of how development takes place 
have been structured on a discussion of pattern forma- 
tion in systems involving chemicals that react with one 
another while diffusing through a medium. Thus, there 
is considerable motivation for including at least an in- 
troduction to these concepts in the basic calculus course 
for biologists. 

Demonstrating Relevance 

Although I made specific recommendations concern- 
ing topics to be included in a one-year calculus course 
for biologists, my fundamental recommendations con- 
cern the objectives of such a course. The primary goals 
of teaching biologists mathematics should be to teach 
them how models can be used in biology and medicine, 
and to introduce them to a broad range of basic con- 
cepts even at f;he expense of training that makes stu- 
dents facile in performing calculations. 



Too often, the biologist takes calculus as a freshman, 
and has forgotten all that he or she learned long before 
graduation from coUej^'j, primarily because the issue of 
relevance has never been addressed. Our goal in teach- 
ing mathematics should be to demonstrate relevance, 
by our choice of topics and examples, by our method of 
presentation, and by our emphasis on concepts. 



The primary goals of teaching 
biology-its mathematics should be to 
teach them how models can be used 
. . . even at the expense of training that 
makes students facile in performing 
calculations. 



As biologists so taught realize the importance of 
mathematical concepts, such concepts will become bet- 
ter integrated into biological investigations, and ulti- 
mately into the teaching of biology. This has occurred 
in some instances, for example in the teaching of enzyme 
kinetics, population genetics, and population ecology; 
but there is considerable potential for improvement. 

Our goal should be to provide biologists with a bet- 
ter appreciation and understanding of mathematics and 
models, and thereby to move the subject in the direc- 
tion of more quantitative rigor. In my opinion, the fail- 
ure to do this in the past has been because we have 
assumed that the needs of biologists are identical to 
those of physicists and engineers, and that biologists 
are somehow mathematically more backward and less 
quantitative. 

We need to recogn. the different nature of the sub- 
ject, and to tailor oui courses so that they are of max- 
imal use to the biologist, and can convince the biolo- 
gist of the need to think mathematically and rigorously. 
Only then will we have met the challenge facing us. 
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The Matter of Assessment 



Donald W. Bushaw 
Washington State University 

The content of a calculus course, and even the spirit 
in which it is taught, do not exist in isolation. They 
have external associations with prerequisites, courses 
for which calculus itself is prerequisite, applications, the 
Zeitgeist, career plans of students, numbers and quality 
of students, and all sorts of other pressures and con- 
strmnts; about these the aspiring reformer of calculus 
can do little. But things can be done about the choice 
of instructional materials, technological aids, and modes 
of instruction. 

The content and spi.it of any course, calculus for ex- 
ample, are also commonly associated with many kinds 
of evaluations: of students who want to enter the course, 
of students in the course, of students who have com- 
pleted the course, of texts, of teachers, of the content 
and spirit themselves. 



Any ...reform should anticipate the 
need to keep the evaluation aspects of 
the new calculus in harmony with its 
intended content and spirit^ and 
include ways of meeting that need* 



A reform of calculus that ignores evaluation — that 
attempts to put the new wine of a "lean and lively calcu- 
lus" into an old bottle made of evaluation techniques de- 
veloped, perhaps inadequately, for old courses — is very 
likely to perish. Any such reform should anticipate the 
need to keep the evaluation aspects of the new calculus 
in harmony with its intended content and spirit, and 
include ways of meeting that need. 

For this reason, it is important that anyone consider- 
ing calculus reform be aware of some information about 
academic evaluation. The subject is large, and the allot- 
ted space is small, so this treatment is perforce sketchy. 
The most useful part of the essay may be the list of 
references, which provide openings into pertinent parts 
of the literature. 

A Few Definitions 

Talk of evaluation and assessment is very much in 
the higher education air these days, and rightly so. The 
terminology, however, is muddy. In this essay the term 



"assessment^ will be taken as generic, and will be meant 
to apply to any systematic procedure for judging the 
quality of an educational process or of the outcomes of 
that process. 

It will be useful for our purposes to identify three 
major forms of assessment: 

• In-course Testing: In-course or final assessment of 
student progress; 

♦ Teaching Evaluation: Assessment of the quality of 
. the educational process, usually by direct observa- 
tion in courses; 

* Outcomes Assessment: Assessment of student &bil- 
ities, attitudes, accomplishments, etc., presumably 
acquired through some specific educational experi- 
ence or experiences. 

These three categories of assessment are fuzzy sets. 
For example, a final examination, surely a form of in- 
course testing, can also be considered a form of out- 
comes assessment. It can also be regarded as a type of 
teaching evaluation: when a whole class's performance 
on a final examination is disappointing, we tend to ask 
ourselves what we did wrong; and examination results 
in multi-section courses are sometimes used quite delib- 
erately as measures of the effectiveness of the instructors 
involved. 

In-course Testing 

The most common type of assessment is in-course 
testing, which uses many devices: graded homework, 
quizzes, examinations, oral presentations, team proj- 
ects, term papers, etc. It provides a base for grading; it 
provides students with information about "where they 
.stand;^' it can provide the instructor with valuable clues 
about individual or epidemic student difficulties; and, 
when properly done, it can provide experiences of much 
intrinsic educational value. Good advice on this subject 
is contained in books like those by Eble (6), McKeachie 
[14], and Lowman [13]; more technical information ap- 
pears in such books as that by Gronlund [11]. 

Teaching Evaluation 

The purpose of teaching evaluation is to obtain infor- 
mation about the quality of instruction in a particular 
class, or by a particular instructor. The two purposes 
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for *caching evaluation most often mentioned are the 
identification of areas where improvement is in order 
and the provision of part of the base for personnel de- 
cisions. 

Teaching evaluation is not limited to the use of 
questionnaires to be filled out by students. "Stu- 
dent evaluation" can be, and usually is, an impor- 
tant element in teaching evaluation, but the latter can 
also include systematic evaluation by colleagues, self- 
evaluation (or, better, self-reporting), and assessment 
of student progress — not to mention subjective judg- 
ments by administrators, or the venerable supposition, 
still unfortunately current in some quarters, that in- 
struction is satisfactory unless there is clear contrary 
evidence, e.g., an exceptionally large number of student 
complaints. 



Justice simply cannot be done to some 
^^cexitral ideas" ,..by using only 
elementary mathematical symbolism or 
multiple-choice responses. Writing is 
often the natural vehicle. 



Teaching evaluation is discussed seriously in a large 
number of articles and several recent books, including 
those by Centra [4] and Seldin [16] and that edited by 
FVench-Lazovik [9]; see also the recent article by Mc- 
Keachie [15]. A report on teaching evaluation addressed 
specifically to instructors of postsecondary mathematics 
is in preparation by a committee of the Mathematical 
Association of America chaired by the author of the 
present paper. 

Outcomes Assessment 

The broadest form of assessment is outcomes assess- 
ment, which is usually done for purposes of student cer- 
tification, program evaluation and improvement, or ac- 
countability to some monitoring agency or to the public. 

Placement testing, cis a form of cissessment of out- 
comes of previous educational experience, really belongs 
here, and in some schools is the most prominent form of 
outcomes assessment. Many of the things that will be 
said about outcomes assessment or assessment in gen- 
eral therefore apply also to placement testing, which 
nevertheless will not be emphasized in this paper. 

Outcomes assessment can be perfornicd in many 
ways through a variety of generally available instru- 
ments: many placement examinations, GRE general 
tests and subject tests, the Fundamentals of Engineer- 
ing Examination (formerly EIT), the LSAT, the MSAT, 



the COMP system of ACT, and the Academic Profile 
just now being launched by ETS. There are also locally 
produced written examinations as well as senior theses, 
oral examinations, surveys of graduates, analysis of job 
placement data, and various special ways of cissessing 
writing proficiency. 

Until recently outcomes assessment hcis not been con- 
spicuous in higher education, except in areas relating to 
placement, licensing, testing for admission to graduate 
and professional schools, and the like — primarily for the 
benefit of the individual student. 

But in very recent years, partly in response to 
widespread dissatisfaction with — or at least uncertainty 
about — the quality of higher education, there has been 
an upsurge of interest in '^assessment" as a vehicle for 
program improvement or institutional accountability. 
This is often expressed in state mandates or in crite- 
ria newly adopted by accrediting agencies. "A year or 
two ago, only a handful of states had formal initiatives 
labeled *cissessment.' Now, two-thirds do" (Boyer [3]). 
Useful information about assessment in this sense is 
contained in the volumes edited by Ewell [8] and Adel- 
man [1]. 

Basic Principles 

Although the three major types of assessment are 
usually discussed separately, the literature presents a 
near-consensus on certain principles that apply to all of 
them, principles based in part on research and in part 
on practical experience and good common sense. Here 
arc some of them: 

1. Before any program of assessmeni is developed, 
thai which is io be assessed should be clearly ider. iified, 

In-course testing should really be designed to mea- 
sure attainment of cluss objectives; teaching evaluation 
should not be practiced without some reasonable un- 
derstanding (shared by assessors and assessed) on what 
characterizes effective teaching; and outcomes assess- 
ment should presuppose some standards related to stu- 
dent competency. 

An important corollary to this principle is that em- 
phases in in-course tests should agree with emphases 
in the course syllabus. Tests in a possible new calcu- 
lus course that is more sharply focused on central ideas 
and on the role of calculus as the language of science 
should themselves be focused on the same themes. Stu- 
dents can learn quickly to give short shrift to "central 
ideas" and "roles" if it is known that "central ideas" and 
"roles" do not come up at exam time. Likewise, instruc- 
tors in such a course should be evaluated on their ability 
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to teach those things that are considered most impor- 
tant in the course, £ind in a manner compatible with 
the intended spirit of the course. Outcomes assessment 
should be conducted under the analogous requirement. 

2. Idtally, an assessment program should be muliidi' 
mtnsionai 

For in-course testing, for example, one test is hardly 
ever enough. Even if tests were infallible, as they never 
are, the common practice of giving several tests in a 
course would be methodologically sound as well as hu- 
mane. Studies show that when there arc several tests 
before a final examination, performance on the final it- 
self is improved. But there are various kinds of written 
tests, and also such potential assessment devices as as- 
signed homework, separate essays, oral exams or inter- 
views, evaluations of student notebooks or journals, and 
old-fashioned observation of classroom participation. 

The common view that mathematics should perhaps 
be exempted from the current call for "writing across 
the curriculum" is questionable. Courses such as the 
*1ean and lively calculus," where there is to be increased 
emphasis on ideas and decreased emphasis on mere 
memorization of procedures, will be natural settings for 
testing systems that rely not merely on problems with 
numerical answers or multiple-choice que out also 
on writing. 

If writing about mathematics is to be an ii.«portant 
element of assessment, then it should be an important 
element of the rest of the course. Justice simply cannot 
be done to some "central ideas" of the calculus by using 
only elementary mathematical symbolism or multiple- 
choice responses. Writing is often the natural vehicle, 
and its use in a calculus class will be both a contribu- 
tion to the improvement of writing skills generally and 
an opportunity to use writing as an effective device for 
learning. See for example GrifSn [10], Ilcrrington [12], 
or Bmig (7). 

In any case, a mix of reasonable testing methods can 
be expected to give more valid evaluations, and a richer 
educational experience, than any one of them alone. 

With obvious modifications, the same remarks ap- 
ply to teaching evaluation and outcomes assessment, 
where exclusive reliance on one assessment instrument 
or practice is almost always inadequate and is strongly 
discoujraged by specialists in these fields. 

3. Assessment instruments should be designed with 
care and if possible checked for validity and reliabil- 
ity. When commercially produced instruments are avail- 
able, thty are often better—and cheaper, all things 
considered — than local productions. 

There is probably no need to dwell on the first of 



these observations; any experienced teacher knows how 
easy it is for something to go wrong in the production of 
a test, and how much damage can be done by a defecMve 
test. 

To my knowledge, there now exist no generally avail- 
able examinations that come anywhere near matching 
the vision of calculus emerging from the Tulane confer- 
ence. This does not mean that there will not be any; 
indeed, the production of such an examination might 
be a good way of redefining that vision — of implicitly 
defining its objectives — for instructors and writers. 



Let there be no facile talk about the 
evils of 'teaching to the examination*^^ 
If an examination is well crafted, 
...then teaching to" it can be a very 
good thing. 



And please, let there be no facile talk about the evils 
of "teaching to the examination." If an examination is 
well crafted, and is complemented by other means of as- 
sessment in accordance with Principle 2, then "teaching 
to" it can be a very good thing. In general, performance 
criteria — and a good test should be a faithful expres- 
sion of performance criteria — should provide guidance 
for the performers as well as for those who are respon- 
sible for evaluations of performance. 

4. Finally, ways should be sought to get something 
out of assessment besides ratings or scores of some kind. 

It is a commonplace of the literature on teaching 
evaluation that teaching evaluation should be coupled 
with a system of faculty development opportunities, so 
when the instructor Is found to need improvement in 
some respect, there is a resource through which that 
improvement can be accomplished effectively. As sug- 
gocted earlier, outcomes assessment is often part of a 
syii;em of program review and planning and may lead 
to program improvements attained by diversion of re- 
sources or by some other means. Even in-class test* 
ingi except perhaps at the very end of a course, should 
help both student and instructor identify weaknesses 
and should provide a base for more effective teaching 
and learning afterwards. 

All three of the major types of assessment that have 
been identified, and many of the specific methods of im- 
plementing them that have been mentioned, with corre- 
sponding methods of follow-up, might arise in the devel- 
opment of a new or substantially redefined course such 
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as the "lean and lively calculus." Carefully selected as- 
sessment methods should be expected to contribute in 
important ways to the educational experience and also 
to the review and continuing improvement of the course. 
Thus anyone who is expected to benefit from advice on 
what forms the new calculus might take and on how it 
should be taught can also be expected to benefit from 
good advice on the assessment activities that go with 
it. 
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Calculus Reform and Women Undergraduates 

Rhonda J, Hughes 
Bryn Mawr College 



One of the goals of the current initiative to reform 
the calculus curriculum in colleges and universities is to 
make science-based careers more accessible to Women. 
Nevertheless, any program for reform should reflect evi- 
dence that women appear to do as well in calculus, as it 
is now taught, as do men. There is much to be learned 
from the relative success of women in calculus and in 
college mathematics, and this paper will examine ev- 
idence for that success, offer some explanations for it, 
and explore pedagogical possibilities for preserving that 
success in the midst of major reform of calculus as we 



now know it. 

For most women, enrollment in calculus represents 
survival of their interest in mathematics despite over- 
whelmingly negative cues from our culture — women in 
calculus are already going against society'b expecta- 
tions for them. Statistics indicate that for most young 
women, interest in mathematics wanes in the adolescent 
years, and that the trend of avoiding mathematics con- 
tinues throughout high school, accompanied by lower 
SAT scores in mathematics and reduced expectations 
of success in mathematical and scientific endeavors [1, 
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3]. There is some recovery in college (where calculus is 
usually taken), and then the attrition recurs in the grad- 
uate years [2]. Any program for calculus reform must 
bear in mind this complicated picture, and take into 
account the strengths and needs of women students. 

The present interest in calculus reform was gener- 
ated by a variety of concerns, including the widespread 
use of computers and the instructional possibilities they 
present, the realization that other topics might better 
serve the needs of undergraduates, and the failure of 
many calculus courses to capture the interest of stu- 
dents. Nevertheless, it is also a reflection of a gen- 
eral soul-searching among members of the mathematics 
conununity. 



There is considerable evidence, both 
anecdotal and statistical, that women 
are doing well in calculus. 



A study of Undergraduate Programs in the Mathe- 
matical and Computer Sciences (1985-86) showed that 
the number of computer science degrees in 1984-85 has 
more than tripled since 1979-80, while the number in 
mathematics and statistics was up only slightly from 
the level in 1980, and below the level in 1975 [4]. In 
a recent report on graduate mathematics enrollments 
by the Conference Board of the Mathematical Sciences 
(CBMS), it was noted that in 1986, 45.8% of graduate 
students enrolled in mathematics (at the top thirty-nine 
institutions) were foreign, as compared with 19.6% in 
1977 [5]. The report states that "it is clear that we 
are failing to attract many of the very best potential 
(American] mathematicians." The number of Ph.D.'s 
awarded to U.S. citizens has fallen steadily from 774 in 
1972-73 to 386 in 1985-86, while the relative percentage 
dropped from 78% to 51% [6]. In addition, the 1984 
David Report warned that the community faces serious 
and urgent problems of revitalization and renewal, in 
the face of inadequate federal funding [7]. It is only nat- 
ural that this pressing need for self-examination should 
spawn a movement to rethink and iniprove the manner 
in which we teach calculus, presently the focal point of 
mathematics education at the college level. 

For those of us who have been concerned for years 
about the failure of mathematics to attract young 
women and minorities, this climate of reform and the 
accompanying flurry of activity is somewhat ironic. In 
the CBMS report, the conunittee cites a letter from 
one American-born graduate student stating that the 
foreign graduate students form close-knit groups, and 



he has few students to talk with [5]. This form of 
isolation is particularly damaging in the sciences, but 
it is by no means a new experience for women and 
minority graduate students. Indeed, many women I 
have known have experienced the same isolation as the 
above-mentioned American male. Thus the enthusiasm 
of the entire mathematical community for this issue is 
most welcome. As a consequence, calculus may undergo 
rejuvenation in a manner that will attract more young 
people, regardless of sex or ract , to careers in mathe- 
matics, science, and science-based fields. 

Women Succeed in Calculus 

There is considerable evidence, both anecdotal and 
statistical, that women are doing well in calculus (the 
criteria I use to determine that a student is "doing well" 
are grades and continuation in mathematics or science 
courjes). Indeed,. in 1986 46% of baccalaureate math- 
ematics majors were women [2]. If calculus were an 
obstacle for women, one would expect the percentage 
oi women majors to be somewhat lower. Moreover, the 
attrition that occurs at the graduate level, reflected in 
the fact that (in 1986) 35% of mathematics master's 
degrees, and only 17% of Ph.D.'s in mathematics were 
awarded to women [2], can hardly be attributed to dif- 
ficulties in calculus. A casual survey of calculus grades 
f^]^men and men in several calculus courses taught at 
a variety of institutions over a ten-year period yielded 
the following data: 

Grade Women Men % Women % Men 



A 


50 


79 


30.67 


19.85 


B 


55 


106 


33.74 


26.63 


C 


34 


112 


20.86 


28.14 


D 


18 


57 


11.04 


14.32 


E 


6 


44 


3.68 


11.06 



The data are from twenty-three first-year calculus 
sections at Harvard University, the University of Ohio, 
Tufts University, Temple University, and Villanova Uni- 
versity; the instructors were both women and men. The 
data supports in a variety of ways anecdotal impres- 
sions that women do well in calculus: more than half 
of the women received A's or B's, and the failure rate 
for women is extremely low. In fact, the women appear 
to do better than the men, although the larger pool of 
men in the sample may account for the latter's higher 
failure rate and lower grades. A thorough investigation 
along these lines would be most informative. 

There are several possible explanations for the phe- 
nomena observed in this modest experiment. The jriost 
obvious one has already been mentioned: those women 
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who get to calculus are already somewhat motivated, 
having survived educational and cultural influences that 
may have been leso than encouraging of their mathe- 
matical and scientific interests. The low failure rate 
for women convincingly supports this hypothesis. An- 
other explanation is offered by the faci that (in 1983) al- 
most 60% of college freshwomen who intended to major 
in mathematics reported "A" averages in high school, 
while the corresponding figure for men is about 45% 
[1]; thua, based on high school performance, the women 
in college mathematics courses are as strong as (if not 
stronger than) the men. 



Even the brightest women often 
exhibit a marked lack of self* 
confidence, and are disproportionately 
discouraged by setbacks. ...For this 
reason, encouragement and support in 
calculus ...may fuel women students 
for the road ahead* 



A discouraging postscript is that despite their mo- 
tivation, ability and successful performance, even the 
brightest women often exhibit a marked lack of self- 
confidence, and are disproportionately discouraged by 
setbacks; the lack of encouragement at earlier stages 
seems to take its toll. For this reason, encouragement 
and support in calculus are vital elements in counter- 
acting the damage that may have already been done, 
and may fuel women students for the road ahead. 

Teaching Methods 

The Methods Workshop at the 1986 Tulane Calculus 
Conference offers several goals for Instruction in Cal- 
culus that involve modifications in both the manner 
in which calculus is taught, and in the course content. 
One of the difficulties cited by this Workshop in teach- 
ing calculus effective!^ is that calculus is a "stepchild" 
in many departments, with large enrollments and lim- 
ited attention from tenured faculty [8]. These courses, 
given low priority by departments or institutions, are 
frequently taught by TA's, instructors, or non-tenured 
faculty. The language difficulties of some foreign TA's 
may exacerbate this problem [5]. 

In my own case I benefitted significantly from what 
might have been the failure of a department to give 
highest priority to the teaching of calculus. Indeed, 
both of my calculus teachers were women, both un- 
tenured, and one of them gave me considerable en- 
couragement and individual attention (the classes were 



small — ^about twenty, as I recall). Alas, for the remain- 
der of my mathematical education (nine years worth), 
I did not have another woman teacher. 

Junior faculty often have greater rapport with stu- 
dents than do older faculty, and thiscan benefit women, 
as well as men. As only about 6% of tenured faculty 
in the mathematical sciences at four-year colleges and 
universities are women [1], as opposed to 15% of all 
full-time faculty [4], a move towards having calculus 
taught by higher-ranking faculty significantly reduces 
the chance of a woman teaching calculus. In fact, pro- 
vided TA's can speak English, and have some teaching 
experience, I do not feel that their use as calculus in- 
structors is bad per se [9]. 

The reformed calculus would be a streamlined course, 
more conceptual, more relevant to real-world problems, 
and taught in a more open-ended, probing fashion than 
current versions [8]. These aims are difficult to fault; 
women students are certainly equal to the challenge 
of the "new calculus," and should benefit from these 
changes as much as men students. 

A Case Study 

However, as far as women are concerned, changes in 
content may be less crucial than changes in methodol- 
ogy. As women progress along the path towards more 
advanced mathematics, we know that they fall by the 
wayside. Wide-scale change could undo some of the 
subtle positive influence of a successful experience in 
first-year calculus. Therefore, given the conflicting goals 
of smaller classes with more individual attention, and 
the presence of tenured faculty, I feel there is more to 
be gained by both women and men students from the 
personal attention smaller classes afford. (An inl?rest- 
ing point, made by one of my colleagues, is that when 
classes are too small, there may be only one or two 
women, resulting in feelings of isolation by the women 
students. Perhaps the optimum class size for women is 
somewhat larger than one might expect.) 



vvheii classes are too small, there may 
be only one or two women* . . . Perhaps 
the optimum class size for women is 
somewhat larger than one might 
expect* 



A women's college provides a convenient setting for 
considering the effect of various programs on women 
students. Many of the suggestions made by the Tulane 
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Methods Workshop are already in place at my institu- 
tion, with varying degrees of success. In spite of our 
small size, we still face many of the same problems in- 
herent in a larger institution. (I spent ten of my most 
formative years aT*a state university, and have experi- 
enced some of those difficulties first-hand.) 

For us, a large calculus class has at most sixty stu- 
dents. We teach both large and small calculus sections, 
a small section having a maximum of thirty students. 
There is at present only one course to meet the needs of 
aspiring mathematicians ond scientists, as well cis those 
of students fulfilling a mathematics requirement. De- 
spite the administration of placement exams, a wide 
variation in preparation of the students still occurs in 
the first-year course. The Methods Workshop states 
that ^it is essential to have an effective diagnostic and 
placement program," and that the success of the pro- 
posed calculus curriculum hinges on this [8]. We have 
found this goal elusive, for a variety of reasons: (i) over- 
prepared students, (ii) underprepared students, and (iii) 
ABT's (All But Trigonometry). 

Students in the first category have already had cal- 
culus in high school, in some cases the equivalent of one 
year, but they have not received advanced placement 
credit. Well-meaning advisors who are not mathemati- 
cicins often project their own uneasiness about math- 
ematics oiito the students, encouraging them to take 
courses for which they are overprepared. If the student 
is really able, she should be strongly urged to try the 
next course, for the presence of such students makes 
those who have never had calculus (a small minority of 
pur students) quite uneasy, with good reason. ( I do not 
remember th' being a problem at a state institution.) 

Underpr'' ted students are usually identified by, the 
placement exam and enrolled in precalculus, but some 
are only marginally underprepared, or may merely lack 
confidence. We usually send these students to calculus, 
but keep an eye on them for the first few weeks. The 
third category is a subset of the underprepared student, 
and there are usually several such students each year. 

A precalculus course is usually inapproprir.te, and 
quite boring for most of these students, we do not want 
them to sit through a course waiting for the last three or 
four weeks of trigonometry. In order to deal with this 
problem, we have devised a series of non-credit mini- 
courses, taught by a graduate or advanced undergradu- 
ate student, that treat trigonometry, exponentials and 
logarithms, and other topics in separate two-week mod- 
ules. If these are carefully coordinated with the calcu- 
lus sequence, a student heis the opportunity to brush 
up on material she feels uncertain about, or become 
acquainted with the basics of trigonometry before it 



b introduced in calculus. (The logistics here are dif- 
ficult, for trigonometric functions appear fairly early in 
the syllabus). In institutions with teaching assistants, 
the minicourses should be easy to organize. Of course, 
the student doing the teaching should have some ex- 
perience, as well as solid evidence of being an effective 
teacher. Even though we have a mall student body, we 
are fortunate in usually having such students available. 

Another advantage of manar^able class size is that 
papers may be regularly graded, providing the valuable 
feedback recognized by the Tulane Workshop as cru- 
cial [8]. We employ large numbers of mathematics and 
science students to grade papers for us. For a class of 
sixty students, it is not uncommon for homework to be 
collected twice a week ond be thoroughly graded. Since 
homework is generally graded by the student graders, 
I usually give quizzes (I don't count them) so the stu- 
dents have some idea of how I g^'ade, and what types 
of questions I think are importance before the actual 
exams. 



The difference between ^^feedback^^ and 
^^support^^ is like the difference 
between "eating" and ^^diningJ^ 



A reasonably successful means of helping students 
in calculus, as well as actively involving mathematics 
majors in reviewing courses they have already taken, 
is our Math Clinic. This operation is run solely by 
undergraduate students, on a voluntary basis. They are 
available a couple of nights a week to help students with 
questions about their mathematics courses. Although 
the faculty is occasionally tempted to intervene, we have 
not done so for many years. Directorship of the Clinic 
passes from one student to another, and they do an 
admirable job of keeping the operation afloat. 

Conclusion 

These details are offered in the hope that they give 
some picture of how calculus is presently managed at 
a small v/omen's college. Roughly 30% of our students 
major in mathematics and science, and most of them 
pass through our calculus course. Nevertheless, far 
more effective than any of these structural aspects of 
our course is the patience, encouragement, and support 
I see my colleagues offering their students. While th:s is 
easier to do at a small college, I have vivid memories of 
dedicated professors trying to do the same thing with 
classes of one or two hundred students. 

While the MAA report frequently mentions the im- 
portance of "feedback," there is virtually no mention of 
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offering support to students who need it, perhaps be- 
cause the latter is far more difficult to "package.** How- 
ever, the difference between **fccdback** and **8upport" 
is like the difference between "eating" and "dining." If 
mathematics as a profession is to recover from its cur- 
rent malaise, and the vast untapped resource of women 
and minorities is to be realized to the fullest extent, we 
must allow our students to dine on the fruits of math- 
ematics. A "lean and lively*' calculus, thoughtfully im- 
plemented with the needs of students in mind, could 
well contribute to this goal. 
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Consider these facts about student achievement in 
mathematics: 

• In 1985 according to the National Research Council, 
31,201 doctorates were awarded by U.S. universities; 
689 or 2.2% of these were awarded in mathematics. 
Of the 689 Ph.D.^s, 15.4% went to women and 34.7% 
to non-U.S. citizens with temporary visas. 

• Not one American Indian or Puerto Rican received 
a doctorate in mathematics in 1985; 7 Blacks and 5 
Mexican Americans received degrees for a total of 12 



doctorates (1.7%) awarded to members of minority 
groups under-represented in science and en^neering. 

• Between 1982 and 1983, 2,839 master^s degrees were 
awarded in mathematics, 953 or 33.6% to women 
and 23.2% to non-resident aliens. Minorities — 68 
Blacks, 48 Hispanics, and 6 American Indians- 
received 4.3% of the degrees. 

• in 1983, 11,470 bachelor^s degrees were awarded in 
the mathematical sciences — 6^9 to Blacks, 27 to 
American Indians, and 253 to Hispanics. Under- 
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represented minorities received 7.9% of bachelor's de- 
grees in mathematics. 
• In 1985, 23 American Indians, 173 Blacks, 41 Mexi- 
can Americans, and 31 Puerto Ricans received doc- 
torates in all natural sciences and engineering fields. 
The 268 minority Ph.D.'s (2%) in natural sciences 
and engineering had successfully negotiated the calcu- 
lus barrier, as did those persons who received master's 
and bachelor*s degrees in these fields. As the minor- 
ity proportion of our school age population increeises to 
over a third, our concern must be with the hundreds of 
thousands of capable minority students who are felled 
by the calculus hurdle. 

Those of us who are concerned about increasing the 
diversity of persons involved in science and en^neer- 
ing in this country and in broadening the pool of talent 
available to an economy based increasingly in science 
and technology must also be concerned about the di- 
rection of cflforts by the mathematical community to 
reform the calculus. 



Hundreds of thousands of capable 
minority students [are] felled by the 
calculus hurdle. 



As the base for science and engineering, mathemat- 
ics holds a unique position among the science and en- 
gineering fields; as the base for commerce and trade, 
mathematics holds a unique position in business and fi- 
nance; and as the critical filter to an increasing number 
of careers for women and minorities, mathematics also 
holds a unique position in the movement for social and 
economic equity for these groups. 

It is critical that the larger social context of educa- 
tion, the economy, demographics, and national need be 
factored into what might otherwise be considered just 
an attempt by the discipline to reform itself in response 
to a changing intellectual context. 

Social Context for Calculus Reform 

Mathematicians have been concerned for some time 
about problems that havv. appeared within the disci- 
pline: 

• The increasing image of mathematics departments as 
primarily "service departments*' in moci institutions; 

• The decreasing proportion of students who declare 
an intention to major in mathematics; 

• The decreasing number of bachelor*s, meister^s, and 
doctorate degrees in mathematics; 



• The decrccising proportion of U.S. citizens among 
those receiving Ph.D.'s in mathematics; 

• The increasing proportion of remedial course work 
being offered in college mathematics departments 
and the corresponding decrease in upper-level course 
work in mathematics. 

These and other indicators have led to serious discus- 
sion both within and outside of the mathematics com- 
munity. The link between these issues and equity con* 
cerns have been the subject of discussion at some of the 
highest policy levels. These included discussions by the 
Mathematical Sciences Advisory Committee of the Na- 
tional Science Foundation and by the 1987 American 
Association for the Advancement of Science (AAAS) 
Congressional Seminar, "Reclaiming Human Tklent." 

Guess Who's Coming to College? 

If one starts to look at the changing population 
trends in this country, concern about social equity is- 
sues in relation to higher education becomes a national 
call to action. Lynn Arthur Steen cites many of these 
trends in his recent Science article [1] "Mathematics 
education: A predictor of scientific competitiveness," 
including: 

• The decHning number of 18-24 year olds, the propor- 
tion from which the college age population is largely 
drawn. The nearly 30% decline between now and the 
end of the century will take place just at the time 
large numbers of teachers retire and the baby boom 
echo produces a 30% increase in the size of the school 
age population. Who will teach these children? 



As the critical filter to an increasing 
number of careers for women and 
minorities^ mathematics also holds a 
unique position in the movement for 
social and economic equity for these 
groups. 



• The incrccising proportion of this school age popula- 
tion who are members of minority groups. Accord- 
ing to Harold Hodgkinson [2], by around the year 
2000 "Americans will be a. nation in which one of 
every three of us 'vill be non-whifce." If we add to 
these groups those others within the society who have 
tended to be less well served by th'j educational sys- 
tem (e.g., women and persons wiift disabilities), we 
are looking at over two-thirds of the school popula- 
tion. 
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In an issues paper included in The Condition of Ed- 
ucation [3], Phillip Kaufman pointed out that a decline 
in the 18-24 year old age group does not automatically 
translate into a d'-'rline in college enrollment. He cited 
as evidence the fact that the projected decline for the 
1980*s did not take place. As a matter of fact, college 
enrollments increased in the early 1980's due largely 
to the increase in college going rates by 18-21 year 
olds (mostly among whites) and increased enrollment 
by women, particiJarly older ;yomen. 

Women increased as a proportion of all college stu- 
dents, from 49.9% in 1978 to 52.9% in 1985 and ac- 
counted for 63.3% of the increase in college attendance 
between 1978 and 1985. While the proportion of part- 
time students has remedned fairly constant over the 
1978-1985 time period (around 35% of all college stu- 
dents), women's share of part-timers increased. 

Minority college-going rates have remained stable 
during this time; in the case of Blacks, the rate has ac- 
tually declined. American Indian, Black, and Hispanic 
students are more likely to be found in two-year college 
programs than are white students. 



Our national need for scientiRcally and 
tecbnicaUy-trained talent requires that 
we succeed in addressing the issue of 
mathematics as a gateway or barrier. 



Despite the counter-example that Kaufman cites for 
the nonlinear relationship between 18-24 year old cohort 
size and college enrollment, he concludes that the pro- 
jected declines were merely postponed. He suggests that 
while national declines may be moderate, the effects will 
likely be different on different types of institutions. He 
further suggests that prestigious institutions with large 
applicant bases and low-priced community colleges are 
less likely to feel the enrollment declines, while all other 
institutions are likely to experience considerable losses. 

The growing minority proportion of the college age 
population must be enabled to grow at least propor- 
tionately among the college attending population or the 
continued existence of many institutions (or the via- 
bility of departments within those institutions) will be 
seriously jeopardized. 

Mathematics: Gateway or Barrier 

As critical as the question of who is coming to col- 
lege is the question of the skills that they will bring 
with them. At present, large proportions of American 
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Indian, Black, and Hispanic students leave high school 
under-prepared to pursue quantitatively-based fields of 
study in higher education, having neither taken the ap- 
propriate courses nor obtained the requisite skills to en- 
ter a calculus sequence in college. Young women also lag 
behind young men in high school mathematics course- 
takingj but this is largely at the highest level of courses, 
such as trigonometry and calculus. 

Early in the 1970's Lucy Sells coined the phrase 
**critical filter" to describe the overwhelming effect that 
mathematics preparation hcxs on the career aspirations 
ox women and minorities, especially in limiting their 
participation in careers in science and engineering. Al- 
though-it-was-her interest-in barriers-to careers-in-sci- 
ence and engineering fields that led Sells tc examine the 
high school mathematics preparation of women and mi- 
norities entering the University of California at Berke- 
ley and the University of Maryland, she quickly dis- 
covered that inadequate mathematics preparation also 
limits participation in other fields as well, such as busi- 
ness, architecture, and the health professions. 

The trend is clearly toward an increasing number 
of majors that require ^ralculus as an entry ticket: if 
you cannot obtain that ticket, an increasing number 
of fields are closed to you. The implications of failing 
go far beyond grade point average or eligibility to play 
sports. And the implications for our national need for 
scientificcilly and technically-' rained talent requires that 
we succeed in addressing the issue of mathematics as a 
gateway or barrier. 

Students Failing Courses 

Success in college-level calculus obviously depends 
on the past preparation of students as well as on the 
amount of productive effort that students spend on their 
course. The Professional Development Program (PDP) 
at the University of California at Berkeley has demon- 
strated that "good" backgrounds in mathematics and 
"smarts" are necessary but not sufficient conditions for 
success in calculus courses. 



Minority students can be successful in 
calculus. 



By looking at Asian students at Berkeley who were 
succeeding, PDP staff could see that Black and His- 
panic students were employing unproductive behaviors 
in their calculus courses: studying alone without feed- 
back from peers, studying for much less time than was 
needed to master the material; passing over material 
that they did not understand; and failing to ask for help. 
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With each passing day, such students found themselves 
deeper and deeper in the hole. 

Coiitrast bhis with the performance seen after inter- 
vention when capable minority students replaced unpro- 
ductive study behaviors with productive ones. These 
stA'ae minority students succeeded. Berkeley*s PDP 
shows that minority students can be successful in calcu- 
lus. Other examples, such as the extensive participation 
in AP CcJculus progiams at mostly Hispanic Garfield 
High School in East Los Angeles, reinforce the lessons 
from Berkeley. There are no inherent barriers to minor- 
ity student success in calculus. 

Achieving Proficiency 

The key to the success of Berkeley's PDP program 
is the discovery that one can promote high levels of 
achievement among Black and Latin calculus students 
by adapting techniques being used by Chinese under- 
graduates. A significant number of Chinese students 
achieve proficiency in mathematics largely through their 
work in informal study groups. These groups provide 
students the opportunity to discuss with other students 
their mathematics homework and their performance on 
tests and quizzes. 

These discussions accomplish a number of important 
objectives: they provide students with critical feedback 
about the accuracy and quality of their work, and they 
force students to expl^n to the satbfaction of others, 
how complex proofs were derived or how difficult prob- 
lems were solved. 

The process of forming clear explanations was the 
key to the success of these groups: one cannot explain 
a difficult concept to another unless that concept is well 
understood. 

The PDP Mathematics Workshop attempts to create 
an instructional setting where students would be forced 
to talk with others as they did mathematics. The work- 
shops enroll 15-20 undergraduate calculus students who 
are all members of the same calculus lecture section. 
Workshops meet for two hours per day, twice a week. 
Since workshop participiints are in the same class, they 
ate assigned the same homework, must prepare for the 
same tests, and must struggle with the same material. 
This common experience allows them to share a com- 
mon foundation for the work that they are assigned in 
the workshops. 

The focus for this work is a worksheet — a collection 
of difiicult, challenging problems that test skills and 
concepts that students must master if they are to be 
successful in later work in calculus. When students ar- 
rive at a workshop session, they are given the day^s 



worksheet. Students work alone at first and then arc 
encouraged to share the results of their labors with four 
or five others. 

Those who have successfully completed problems 
must explciin to others how a solution or proof wcis de- 
rived. Listeners challenge what they hear and critique 
what has been presented; if the explanation is clear (and 
correct), others in the group will repeat what has been 
said until each person can replicate the steps to a suc- 
cessful solution or until a better, more elegant means of 
working with the problem hcvs been discovered. 

A workshop leader — who is usually a graduate stu- 
dent in mathematics or physics (or some other quan- 
titative field) — is responsible for both the creation of 
these worksheet problems and for monitoring the work 
of students in the workshops. The leader walks about 
the meeting room and observes the groups closely, pay- 
ing particular attention to the content of conversations 
students are having. 

These conversations provide important insights into 
the students* thought processes: they provide a window 
through which one can observe how well or how poorly 
important concepts have been understood. When stu- 
dents appear to be "on target" they are left alone with 
their deliberations; when they appear to flounder, the 
workshop leader can intervene. Once on target, stu- 
dents returh to their labors. 



The process of forming clear 
explanations was the key ...one cannot 
explain a difRciilt concept to another 
unless that concept is well understood. 



The workshops provide students with the opportu- 
nity to practice skills that they are expected to exhibit 
on tests and quizzes; moreover, their practice occurs 
in the presence of a skilled mathematician who is able 
to provide them with instant feedback on their efforts. 
Thus, bad habits can be quickly dealt with and good 
habits can be immediately strengthened and reinforced. 

Expectations of Competeii :e 

An additional, critical feature of the workshop pro- 
gram's success is that there is no hint of a "remedial" 
focus in any of the work that students do. Students 
are encouraged to see themselves tis competent and as 
capable of achieving high standards of academic excel 
lence. Significantly, the performance of workshop stu- 
dents since the program's inception more than justifies 
this assumption of competence. 
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Black students at Berkeley (and in most predomi- 
nantly white universities) are at greater risk of aca- 
demic failure and are more likely to drop out of col- 
lege than any other comparable group of undergradu- 
ates. It is particularly, significant, therefore, that since 
1978 approximately 55% of all Black students enrolled 
in the workshops have earned grades of B- or better 
in first year calculus, whil*» only 21% of non- workshop 
Blacks earned comparable grades. The mean calculus 
grade point average of Black workshop students was 2.6 
(iV=231); the comparable mean for Blacks not in the 
workshop was 1.9 (JV=284). 

During this period, only 8 workshop students in 221 
failed calculus. Comparable failure rates for Blacks not 
in the program were substantially higher (105 of 284 
failed the course). Significantly, the program has had 
dramatic impact on students with a weak foundation in 
mathematics: the mean grade in calculus among poorly 
prepared Black workshop students (students with SAT 
Math scores between 200 and 460) was four-tenths of a 
grade point higher than that of non-workshop students 
who entered the university with strong preparation in 
mathematics (SAT Math scores between 550 and 800). 



There are no inherent barriers to 
minority student success in calculus. 



Participation in the workshops was also associated 
with high retention and graduation rates. Approxi- 
mately 65% of all Black workshop students (47/72) who 
entered the university in 1978 and in 1979 had gradu- 
ated or were still enrolled in classes as of spring semester 
of 1985. The comparable rate for non-workshop Black 
students who entered the university in those years was 
47% (132/281). Of particular significance was the fact 
that 44% of the workshop graduates earned degrees in 
a mathematics-based field such £is engineering, environ- 
mental design (architecture), or one of the natural sci- 
ences. Comparable, findings have been reported for His- 
panic workshop students who appear to have persisted 
in the university and earned grades in mathematics at 
rates that are almost identical to those reported for 
Black workshop students. 

Courses Failing Students 

Other critical issues in the success of students in 
college-level calculus include the nature of the course 
£ind the nature and quality of the instruction. There 
has been a tendency to blame lack of success almost 



exclusively on the student. This has been especially 
true for students who are non-traditional. While lack 
of background or lack of effort may account for many 
problems, we must at least consider the possibility of 
the courses failing the student. 

If we look at programs at the precollege and college 
level that promote success in science and engineering 
by minority and women students (including mastery of 
the calculus) we see a number of characteristics emerge 
which suggest lines of inquiry that should be explored in 
any re-examination of the intellectual underpinnings of 
calculus. Unless the restructuring starts with a commit- 
ment to results that serve c// students who are intellec- 
tually capable of mzistcring calculus, the effort may only 
have been an interesting intellectual exercise doomed to 
failure. 

Strategies That Succeed 

Research £ind experience with special programs tell 
us that there are no inherent barriers to success in math- 
ematics, science, or engineering by women, minority, or 
disabled students if they are provided with appropriate 
instruction and support systems: 

• High expectations by students and their teachers 
that the student will succeed. There is no "presump- 
tion of failure.** 

• Presence of a support structure and safety net. 
Bridge programs ready the students for the rigors of 
college-level work, especially in mathematics. Diag- 
nostic testing identifies problems which are addressed 
in summer programs. Problems in class performance 
are not allowed to snowball but are handled through 
immediate feedback, referral, and tutoring. 

• Capable and appropriate instruction that links math- 
ematics to science and engineering. Where the rela- 
tionship between a science experiment or a design 
problem and the mathematics is made clear, stu- 
dents seem to perform better and are more highly 
motivated. Too often the trend has gone in the 
wrong direction — not only a separation of mathemat- 
ics from the hands-on activities by faculty in math- 
ematics, but also a substitution of mathematics for 
hands-on experience and practical understanding by 
faculty in the sciences. 

• Purpose of instruction is to enable students to suc- 
ceed, not to weed them out to reduce the numbers 
in highly-competitive programs. 

• Cooperative learning, peer tutoring, and other forms 
of instruction are utilized, including the use of tech- 
nology where appropriate. 
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• A willingness to take students from where they are 7. Work to change the Image of mathematics from that 
to where they need to be. of a difficult and abstract subject. 
The key to success is to make sure that the learning 8. Work to change the image of mathematicians and 
environment can work for them; that the real goal of other people who use mathematics extensively to in- 
instruction is learning; that the best possible teaching is elude the widest variety of people possible. Be par- 
available at this entry level; that content is tied as mufh ticularly conscious of the need to show examples 
ELS possible to real-v/orld problems as they are likely to of people working in groups or as teams to solve 
be encountered, utilizing the tools that are likely to mathematics-based problems. 

be available; and that the institutions and departments 9. Study the structure and promote replication of ef- 
are committed to providing the resources necessary to fective models such as the Professional Development 
support learning. Program of the University of California at Berkeley, 
One can address the problem of poor precoUege and successful efforts at women's colleges and minor- 
mathematics preparation by raising entry standards, ity institutions. 

by working with precoUege-level instructors to improve iq. Implement new models which address the serious re- 

their content-base and instructional abilities, or by ac- cruitment and retention issues for mathematics ma- 

cepting the need to provide remedial instruction on a jors, especially among women. When intervention 

transitional basis until reforms of the entire system take programs have been instituted to increase participa- 

effect. Many institutions have chosen the first option, of members of under-represented groups in sci- 

preventing contact with the under-prepared. Unless ^^ce and engineering, they have been found to be 

changes are instituted now, this option may soon be equally effective and valid for all students, 
unavailable. 



Recommendations for Action 

1. Keep in mind the results of research on what it takes 
to help women, minorities, and disabled students suc- 
ceed in mathematics. 

2. Start restructuring by considering the needs of those 
students who form the overwhelming majority of the 
future talent pool for science, mathematics, and en- 
gineering, even though they have been inadequately 
utilized in the past. 

3. Include in the discussions people who have experi- 
enced success in teaching calculus to significant num- 
bers of students from these groups. 

4. Recognize the need to build a system of precollege 
instruction thai supports the reforms of calculus (in- 
cluding content, skills, and pedagogy). 

5. Promote dialogue on these issues among mathe- 
maticians, mathematics educators, and mathematics 
teachers. 

6. Promote interaction of mathematicians with faculty 
from engineering, physical, biological, and social sci- 
ences as well as non-science fields that require calcu- 
lus, as a source of real-world problems to be included 
in instruction as well as allies In reconnecting math- 
ematics to the other content areas. 
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Had I, about 30 years ago, been placed in a state of 
suspended animation when I completed my introduc- 
tory calculus courses and had I been revived this year, 
I would be as much at home with the present entry-level 
college mathematics curriculum as I am presently. 

It is true that as a student I took only two 3-credit 
introductory calculus courses that were preceded by a 3- 
credit analytic geometry course and that today I teach a 
sequence of three 5-credit introductory courses for en- 
gineering, physical sciences, and mathematics majors. 
However, the instructional techniques I used and the 
primary expected outcomes — a repertoire of analy*ical 
skills and techniques — are about the same. 

In the intervening 30 years analytic geometry, vector 
calculus, inultivariable calculus, and elementstry differ- 
ential equations have joined the standard core curricu- 
lum and account for most of the increase in the time 
devoted to introductory calculus. But, even as h gradu- 
ate s'cudent, I discovered that these topics were already 
covered in introductory c; *itX .:r courses at some uni- 
versities. Thirty years has changed surprisingly little in 
introductory calculus. 

Thirty years has changed surprisingly 
little in introductory calculus. 



\r. corirast, the introductory curriculutn in many 
mathematir^^Uy related areas has not been static. Af- 
ter a stint in suspended animation I v.o.)?J not e\5n 
recognize introductory college courses in phy^iCS, chem« 
istry, or electrical engineeri ng. In physxs these courses 
uo\: mcluae the elements of quantum mechanics end el- 
ementary particle theory; in chemistry they ir Judt* new 
knowledge about the structure of atoms and «he interac- 
tion of molecules. And electrical engineering has been 
transformed into computer engineering where there is 
less an emphasis on power and motors and more on 
computer technologies* 

It may be unfeur to make these comparisons or to 
conclude that introductory mathematics courses need 
changing. After all, what was true 30 years ago in 
mathematics is still true. Although new knowledge 
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in physics and chemistry has altered our ^ 

of those worlds and computer technologies have com- 
pletely changed the way electrical engineering is done. 



mathematics describes the world as well today as it did 
then. Perhaps the introductory college mathematics 
curriculum may not need changing — only fine tuning, 
as Sherman Stein's colleagues suggested ([17], p. 167). 
However, most psurticipants in the 1987 Tulane Confer- 
ence to develop curriculum and teaching methods for 
calculus at the college level concluded otherwise ([17]), 
and I believe that many college faculty agree with them. 

In addition, it seems to me that this is a pro- 
pitious time to initiate changes intended to improve 
both our entry-level courses and instruction in those 
courses. The cost of computers seems to decline 
steadily; presently, I can do many complex tasks on 
a computer costing less than $4,000 that could only 
be done on a computer costing $400,000 in 1977 and 
$4,000,000 in 1967. In addition, calculators are becom- 
ing portable computers, are increasingly able, and are 
very inexpensive. (At present the Ceisio fx-JOOOG^ the 
Sharp EL5200, and the Hewlett-Packard HP-28C can 
be purchased for $55.00, $69.99, and $175.00, respec- 
tively.) These tools make it possible for us to forsake 
tables, point plotting, and routine computation in fa- 
vor of teaching concepts, problem solving, and more 
detailed and more realistic applications. 

Confronting Diversity 

If I had been in state of suspended animation, there 
are a few things that I would not recognize. Among 
them are mathematics placement testing, remedial 
courses, disproportionately large enrollments in precal- 
culus courses, and the (limited) use of calculators and 
computers. Two of these changes — remedial courses 
and precalculus enroD^'^nts — are ones that most col- 
legiate mathematicieu ew with disfavor. The use of 
calculators and computers is a change that many of us 
would like to encourage. Mathematics placement test- 
ing may help us to accomplish these g^ als. 

Colleges and universities now admit a 
jnuch more diverse group of students 
than they did, say, in the 1950^s. 

Colleges and universities now admit a much more 
diverse group of students than they did, say, in the 
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1950*8. A majority of our students do continue to resem- 
ble the college-intending high school senior of the 50's; 
such students are white, from middle-income fcunilies, 
have completed a college preparatory curriculum that 
includes at least three years of high school English, a 
year of algebra, a year of plane geometry, and possit^ly, 
a second year of algebra and trigonometry, and enter 
college in the fall of the year they graduate from high 
school. But v/e also have a large group of students who 
come from minority groups; by the year 2000 they will 
comprbe at least 30% of public high school enrollment 
([1], p. 39). In addition, we now have a heterogeneous 
group of non-traditional students. Twenty-nine percent 
of all students enrolled in four-year institutions ([16], p. 
80) are part-time students. Other characteristics of our 
non-traditional students are shown in Table 1, £idapted 
from Boyer ([1], p. 50). 



Characteristics: Part-Time Pull-Time 



Age: 25 or older 


67% 


13% 


Dropped out since entering college 


58% 


16% 


Employed full-time 


59% 


4% 


GPA of at least B 


61% 


55% 



Non-Traditional Students at Four Year Institutions 
Table 1 



As the entering college population became more di- 
verse it became difficult (and often impossible) to place 
students accurately in mathematics courses by using ex- 
isting data such as high school transcripts or grade point 
averages. Data about high school mathematics courses 
also proved to be unreliable for students who had re- 
cently graduated from high school since these courses 
varied widely in content. As a consequence, it was not 
possible to conclude ihat they had provided adequate 
preparation for college-level courses. Moreover, non- 
traditional students often remembered little about the 
mathematics courses they had previously taken. 

Paced with rising course dropout and failure rates, 
many colleges and universities introduced mathemat- 
ics placement tests. To help colleges and universities 
develop their placement programs, the Mathematical 
Association of. America (MAA) established a Place- 
ment Testing (PT) Program in 1977 administered by 
the Committee on Placement Examinations (COPE). 
The growth of MAA's PT Program is probably a good 
indicator of the overall growth of mathematics place- 
ment testing in the United States; T^ble 2 indicates the 
number and kind of schools who subscribed to the PT 
Program since 1980. 
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Year 


Total 


Two Year 
Colleges 


Four Year 
Colleger 


Universities 


1980 


129 


mm 






1981 


228 








1982 


203 


- 


- 


- 


1983 


295 


36 


125 


134 


1984 


327 


30 


107 


146 


1985 


321 


59 


131 


97 


1986 


301 


62 


110 


96 


1987 


379 


72 


143 


119 



MAA Placement Testing Program, 1980-1987 
Table 2 



Effectiveness of Placement Testing 

Placement testing programs do seem to be effective, 
I base this conclusion on several kinds of information. 

• Many institutions have well established placement 
testing programs that seem to work well. For exam- 
ple, the University of Wisconsin at Madison has a 
placement program that is more than 20 years old. 
We use the scores from three tests as the sole source 
of the data we use to place students in our entry- 
level mathematics courses: intermediate (i.e., high 
school) algebra, college algebra, trigonometry, engi- 
neering calculus, and business calculus. 

• Second, a recent survey of subscribers to the PT Pro- 
gram indicated that 93% of the responding institu- 
tions used at least one of the PTP tests for placement 
during the previous year ([3], 1987). Other kinds of 
information were also used: 

1. The number and kind of previous mathematics 
courses (62%), 

2. Grades in previous mathematics courses (58%), 

3. SAT quantitative score (39%), 

4. ACT mathematics score (37%), 

5. SAT qualitative score (17%), 

6. High school rank in class (17%), 

7. High school grade point average (14%), 

8. ACT verbal score (8%). 

If these data are representative of all colleges and 
universities that have a placement testing program, 
then it is clear that placement test scores are the 
most heavily used among the factors most usually 
considered in making placement decisions. 

• Several studies document the effectiveness of place- 
ment programs. In a study conducted by the Ameri- 
can Mathematical Association of Two- Year Colleges, 
it wac concluded that the PT Program tests BA/lB 
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and SK were "useful placement instruments" [14]. In 
a study conducted at the United States Coast Guard 
Academy [13] it was shown that the PTP test CR was 
most highly correlated with grades cadets received 
in the introductory calculus and analytic geometry 
course. 

Finally, in a study conducted at Tallahassee Com- 
munity College [2] it was shown that seven of eight 
students who disregarded the placement advice, but 
only nine of 37 students who followed the advice, 
failed to complete intermediate or basic algebra with 
a grade of C or better. 

Prom evidence such as this, I concludt* that present 
placement testing programs are successful in helping 
colleges and universities to place students in entry-level 
mathematics courses. However, these placement pro- 
grams are based upon present high school and college 
curricula, the instructional techniques used in teaching 
those curricula, the technologies presently utilized, and 
present college and university entrance requirements. 
Thus, any noticeable change in any one of these areas 
may make it necessary — at least, very important — to 
change the placement testing programs. 



Changing Mathematics Curricula 

Any change in the introductory calculus courses will 
necessitate a change in both college prccalculus courses 
and in the high school courses we normally consider as 
prerequisites for calculus: algebra, geometry, and pre- 
calculus. This seems clear to me when I examine the 
proposals for change in the report of the TUlane Confer- 
ence [11], especially when I consider the history of the 
"new math'* revolution that sprang from the report of 
the College Board's Commission on Mathematics [7]. 

Two sets of recommendations made by IVilane Con- 
ference participants deal with changes in the content of 
and instruction ip introductory calculus. Even though 
these two sets were a!ithorcd by disjoint groups of con- 
ference participants, there is remarkable agreement be- 
tween them. On the surface the changes suggested by 
these two groups may seem minor and would not ap- 
pear to require a noticeable change in the curricula we 
teach or the ways we teach it. However, I believe this is 
not true even if the recommendations made about the 
use of technologies are disregarded. 

Both groups suggesv that a revitalized introductory 
calculus is one (a) in which siudtnt^ a^c a broader range 
of problems an:^ problem situation's, become more pre- 
cise in written and oral presentations, and better de- 
velop their analytical and reasoning abilities, and (b) 



from w&tc^ students gain a better understanding of con- 
cepts, develop a better appreciation of mathematics and 
its uses, and learn better to use mathemtnics resource 
materials ([11], pp. vii-ix, xvi). 



We are not teaching many . . . higher- 
order skills: the problem-solving 
abilities we teach to and expect from 
students are, generally^ ones requiring 
routine application of procedures and 
techniques^ 



These goals involve both the teaching and the learn- 
ing of higher-order thinking skills and an improvement 
in students* problem-solving abilities. At present we 
are not teaching many of these higher-order skills: the 
problem-solving abilities we teach to and expect from 
students are, generally, ones requiring routine applica- 
tion of procedures and techniques. 

If calculus is revitalized along the line suggested by 
the Tulane Conference, then students will need to enter 
those courses with a better (i.e., higher order) under- 
standing of and ability to apply the algebraic, geomet- 
ric, and analytical concepts they have already learned. 
Thus, it will be necessary for placement tests to change 
so as to determine if students have met these new pre- 
requisites for calculus since at present most placement 
tests examine primarily low-level skills. 

For example, my analysis (see liible 3) of the 
test items on the MAA's PT Algebra and Calculus- 
Readiness Tests revealed that all of the items tested 
low-level skills: recall of factual knowledge, mathemat- 
ical manipulation, and routine problem-solving. 



Level of Thinking 



Algebra Calculus- 
Readiness 



Recall factual knowledge 0 8 

Perform math, manipulations 22 10 
Solvi routine problems 10 6 

Classification of PT Program Test Items 
Table 3 

A revitalized calculus will also require changes in the 
courses prerequisite to it. The changes needed appear 
to be those edready endorsed by the National Council of 
Teachers of Mathematics [15] and outlined by The Col- 
lege Board [4], [5]), and so it seems possible that high 
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school college preparatory courses will change. How* 
ever^ we will also need to chauge entry-level college 
courses so that they, too, reflect the changed prereq- 
uisites for calculus. 

Changing Technologies 

At the Tulane Conference the Content Workshop rec- 
ommended the immediate use of calculators in calculus 
and envisioned that a symbolic manipulation calculus 
course would eventually become the norm. It is clear 
that if calculators are going to be used in entry-level 
college mathematics courses, then students should be 
able to use them when taking placement tests and that 
the placement tests should be deaigned for calculator 
use. 



If calculators are going to be used in 
entry-level college mathematics 
courses, then students should be able 
to use them when taking placement 
tests* 



With the financial support of Texas Instruments, 
the MAA Calculator-Based Placement Test Program 
(CBPTP) Project Is presently developing a calculator- 
based version of each of the six present FT Program 
tests. The project has progressed far enough to yield 
some results: 

• When a calculator is used during testing, some items 
on present placement tests must be replaced; 

• It is possible to design items that test mathematics 
content — not just calculator skills; 

• Use of a calculator can permit expansion of the test- 
ing of both higher-order thinking and problem solv- 
ing skills. 

The three present CBPTP Project test panels are 
basing their development of "calculator-active" items 
on the assumption that students will have a scien- 
tific, non-programmable calculator like the Texas In- 
struments TI-30, When it can be assumed that students 
in entry-level college mathematics courses actively use 
graphics calculators like the Ca^iio 7000G or the Sharp 
EL5200^ or graphics and symbolic manipulation calcu- 
lators like the Hewlett-Packard HP-28C, then a next 
generation of placement tests will be needed that accu- 
rately reflect both the way that mathematics is being 
taught and learned and the prerequisites of the courses 
in which students are placed. 



Test Administration 

As soon as present technologies are better incorpo- 
rated into education, they will afi'ect not only the con- 
tent but also the administration of placement tests. For 
one thing, it will be easy to produce parallel or equiv* 
alcnt versions of placement tests. To anticipate this 
ability, for the past three years COPE has been work* 
ing on the distractor analyses for each item on each test 
in order to describe each multiple-choice response with 
a formula. This makes it possible to develop computer 
programs that can, within parameters specified by the 
distractor analyses, randomly generate parallel items 
and parallel forms of each of the PT Program tests. 

It is already possible to administer placement tests 
using computers. Indeed, the College Board has devel- 
oped the Computerized Placement Tests (6] that uses 
a limited, fixed pool of test items; the tests are fairly 
expensive to use. However, it seems unlikely to me that 
large colleges and universities will use computer admin- 
istration of their placement tests because they need to 
test large numbers of students simult>5neously and test- 
ing sessions are held only infrequently. 

Prognostic Testing 

In their most recent report, the Carnegie Founda- 
tion for the Advancement of Teaching related that the 
first problem they encountered was the discontinuity be- 
tween schools and colleges ([1], p. 2). According to the 
Carnegie report, school and college educators work in 
isolation from each other, students find the transition 
from high school to college haphazard and confusing, 
and there is a mismatch between faculty expectations 
and the academic preparation of entering students. All 
of these claims are probably true and are already influ- 
encing college entrance and placement testing. 



Prognostic testing is one way of 
smoothing the transition from high 
school to college* 



Prognostic testing is one way of smoothing the tran- 
sition from high school to college. In a prognostic test- 
ing program, college-intending high school juniors are 
given a placement test; based upon the score on that 
test, the junior student is given a "prognosis" of what 
mathematics course he or she would enroll in if he or 
she takes no additional mathematics courses during the 
senior year and if he or she performs as well on the col- 
lege placement test that is used to place students into 
entry-level mathematics courses. 
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Prognostic matheniatiai testing originated at Ohio 
State University (OSU) in 1977 when students in one 
Columbus area high school were tested. In 1985 the 
Ohio Early Mathematics Placement Testing (EMPT) 
Program tested 65,217 students in 80% of Oiiio's pub- 
lie, private, and parochial high schools. Until 1986 the 
EMPT Program only advised students whether they 
would be placed in a remedial course. FVom 1979 to 
1985, the percentage of the OSU freshman class with 
remedial placement dropped from 43% to 25% [9]. The 
EMPT Program, directed by Bert Waits at OSU, is a 
program of the Ohio Board of Regents; the results of 
EMPT testing are used by all state-supported colleges 
and universities in Ohio. 

The results from the Ohio EMPT Program are so 
encouraging that several states, colleges, and universi- 
ties have started or are planning to start similar pro- 
grams. Similar programs exist in Illinois, Louisiana, 
and Oregon. The University of Wisconsin at Madison 
is planning to initiate a program in 1987. Several states , 
colleges, and universities have contacted COPE for in- 
formation on prognostic testing. 

Changing Entrance Requirements 

One response to large remedial enrollments and the 
disparity between faculty expectations and student aca- 
demic preparation is to raise entrance requirements. In 
1982, admission requirements were being changed or re- 
viewed by the public higher education systems in 27 
states [18]. This change is probably overdue; at present, 
only 67% of all colleges and universities require any 
mathematics course for admission ([l], p. 88). How- 
ever, most students presently entering our institutions 
already exceed any mathematics entrance requirement 
we might reasonably impose. Consider these two cases: 



Only 67% of all colleges and 
universities require any mathematics 
course for admission. 



• The University of Wisconsin at Madison is a re- 
stricted admissions university; at present it requires 
entering students to have completed two years of high 
school mathematics — one year each of algebra and ge- 
ometry. In order to graduate, Wisconsin students must 
complete an additional mathematics course if they did 
not have two years of high school algebra and a year 
of geometry v/hen they were admitted. Table 4 shows 
for the years 1985 and 1986 the number of high school 



courses our entering freshmen reported they had taken 
and the entry-level courses in which hhty were placed. 



College Years of H. S. Mathematics 

Placement < 2.5 < 3.5 < 4.5 > 4.5 



Inter. Algebra 


1985 


98 


281 


452 


69 




1986 


85 


31G 


397 


30 


College Algebra 


1985 


2 


209 


1468 


580 




1986 


0 


318 


1561 


473 


Trigonometry 


1985 


0 


11 


185 


151 




1986 


0 


14 


225 


129 


Calculus 


1985 


1 


17 


672 


932 




1986 


0 


14 


^25 


750 



Course Placement of Wisconsin Fteshmen 
Table 4 



As is easily seen from these data, most University of 
Wisconsin freshmen report that they had taken at least 
two and one-half years oi mathematics in high school. 
Yet in each of 1985 and 1986 a majority of the students 
who had taken at bast three and one-half years of high 
school mathematics were placed into interm-diate or 
college algebra. 

• Ohio State University is an open admissions univer- 
sity. However, data from OSU are similar to those from 
Wisconsin. In 1986, 206 OSU freshmen had taken less 
than two years of college preparatory m> ^hematics, 478 
had taken at least two but less than three years, 1615 
had taken at least three but less than four years, and 
4280 students had tf* tn four or more years of college 
preparatory mathematics. 



Increasing the mathematics entrance 
requirement may not necessarily 
eliminate the need for remedial 
mathematics courses. 



The placement procedures at OSU assign students 
to one of five placement levels indicating readiness for 
calculus, for precalculus mathematics, or for remedial 
mathemat*cs. More than 60% of the students with 
less than four years of college preparatory mathemat- 
ics, about 54% of the studc.its with thr e years of col- 
lege preparatory mathematics, and a*» yut 86% I the 
students with less than three years of college pre;>,ira- 
tory mathematics h<id remedial mathematics placement 
scores [10]. 
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These two cases indicate that increasing the mathe- 
matics entrance requirement may not necessarily elim- 
inate the need for remedial mathematics courses or for 
an effective placement testing program. However, in- 
creasing the entrance requirement may reduce the num- 
ber of students who end up in remedial mathematics 
courses. 

ConcIu3ion 

1. Present placement programs successfully help place 
students in entry-level mathematics courses. 

2. A revitalized calculus will make necessary new place- 
ment tests that assess higher*order thinking skills 
and problem solving abilities. 

3. A revitalized calculus will make it necessary to re- 
vitalize both high school and college mathematics 
courses that are prerequisite to the calculus. 

4. Placement tests will need to be revised in order to 
provide for the use of new techr^ologies in learning 
and teaching mathematics. 

5. Prognostic placement testing of high school juniors 
has shown some encouraging results and should be 
expanded. 

6. Raising college entrance requirements will not change 
the need for an effective placement testing program. 

References 

[1] Boyer, E.L. College: The Undergraduate Experience in 
America. New York; Harper and Row, 1987. 

[2] Case, B.A. "Mathematics placement at Florida State 
University." PT NewsletUr 7:2 (Spring 1984) 1, 6-8. 

[3] Ccderberg, J. and Harvey, J.G. "Questionnmre results.'* 
PT Ntwshtter 9:1 (Spring 1987) 1-2. 

[4] College Entrance Examination Board. Academic Prepa- 
ration for College: What Students Need to Know and Be 
Able To Do. New York, 1983. 

[5] College Entrance Board. Academic Preparation in Math- 
ematics: Teaching for Transition from High School to 
College. New York, 1985. 

[6] College Entrance Examination Board. Computerized 
Placement Tests. New York, 1985. 

[7] Commission on Mathematics. Program for College Pre- 
paratory Mathematics. Nc**' Yo'-k: College Entrance Ex- 
amination Board, 1959. 



[8] Committee on Placement Examinations (COPE). COPE 

Meeting Notes (1984-1987) (unpublished). 
[9] Demana, F. "News from the campuses: The Ohio State 
University." EMPATH, 1:1 (Sept. 1986) 4. 

[10] Demana, F. and Waits, B.K. "Is three years enough?" 
Mathematics Teacher (to appear). 

[11] Douglas, R.G. (cd.) Toward a Lean and Lively Calculus. 
(MAA Notes Number 6) Washington, DC: Mathematical 
Association of America, 1987. 

[12] Harvey, J.G. "Placement test issues in calculator-based 
mathematics examinations." Paper pi^sented at The 
College Board and The Mathematical Association of 
America Symposium on Ccdculators in the Standardized 
Testing of Mathematics. New York, 1986. 

[13] Mangled, E. "Using the calculus readiness test at the 
U.S. Coast Guard Academy." PT Newsletter, 7:2 (Spring 
1984) 1-3. 

[14] Mathematical Association of America. PT Newsletter 
(volumes 1-9). Washington, DC, 1978-1987. 

[15] Nationcil Council of Teachers of Mathematics. An Agenda 
for Action: Recommendations for School Mathematics of 
the 1980s. Reston, VA, 1980. 

[16] Ottinger, C.A. 1984-85 Fact Book on Higher Education. 
New York: American Council on Education, 1984. 

[17] Stein, S.K. "What's all the fuss about?" In R.G. Douglas 
(ed.). Toward a Lean and Lively Cdcxdus (MAA Notes 
Number 6). Washington, DC: Mathematical Association 
of America, 1987. 

[18] Thompson, S.D. College Admissions: New Requirements 
By the State Universities. Reston, VA: National Associ- 
ation of Secondary School Principals, 1982. 



John G. Harvey is Professor of Mathematics and of 
Curriculum and Instruction at the University of Wiscon- 
sin at Madison. He is currently Director of the Calculator • 
Based Placement Test Project of the Mathematical Associ- 
ation of America, and a member of ths MAA Committee on 
Placement Examinations, and of the joint MAA-AMATYC 
T^k Force on Remediation in College Mathematics. He is 
a former editor for Mathematics Education of the American 
Mathematical Monthly. 



151 



Calculus from an Administrative Perspective 

Richard S. Millman 
Wright State University 



Unfortunately, what administrators hear are com- 
plaints. To be sure there are complaints both enlight- 
ened and unenlightened about all subjects. My favorite 
comes from the 1820 letter of Farkas Bolyai to Janos 
Bolyai [3]: 

You should detest it ... it can deprive you of all your 
leisure, your health, your rest, and the whole happi- 
'^css of your life. This abysmal darkness might perhaps 
devour a thousand towering Newtons, it will never be 
light on earth 

This criticism is from a man who studied the inde- 
pendence of the parallel postulate and was warning his 
son not to pursue it. Fortunately, like many children, 
Janos didn't listen and eventually showed that the par- 
allel postulate is independent of the others by finding a 
non-Euclidean geometry. 

Scholars all agree that calculus is a fascinating sub- 
ject which has had a profound effect on science in par- 
ticular and human intellectual development in general. 
Even the skeptic. Bishop Berkeley [1], said that calcu- 
lus . .is the general key by help whereof the modern 
mathematiciems unlock the secrets of Geometry, and 
consequently of Nature." 

Ever since the inception of calculus, there has been 
and will always be criticism of it from learned individ- 
uals and those of lesser Intellectual skills. Certainly the 
calculus curriculum is not "devouring p thousand tower- 
ing Newtons'' — our students are not quite at that level 
(at least at public universities). On the other hand, 
many valid discussion points are derived from both the 
informed and uninformed questions which are addressed 
to mathematicians. 

Calculus shows its many faces in different ways, de- 
pending upon the angle of the viewer. As an admin- 
istrator, as a dijpartment chdr, and as a professor of 
mathematics, Pve seen the subject from different per- 
spectives. While mathematicians are well aware of the 
latter two viewpoints, it is useful to understand the con- 
cerns that a dean has with calculus. 

No matter what your vantage point, what is ulti- 
mately important, of course, is whether the students 
who finish the course understand and retain the mate- 
rial well enough to use this knowledge in their future 
work. There are, however, many issues which compli- 
cate this primary objective. In my present position as 
a Dean and from discussions with administrative col- 



leagues, I have come to appreciate the myriad problems 
which surround calculus, none of which have to do with 
the chain rule, ei c-l. 

An administrative view of calculus should, I believe, 
focus on four areas in this order of priority: 

• quality of curriculum, 

• accountabilny of the course: 

• attitude of the department; 

• effectivene83/co3t of the program. 

Many of the items on this list would apply far more 
broadly than just to calculus. 

Quality of Curriculum 

First and foremost is the quality of material pre- 
sented in the course. I don't mean that we should re£M:t 
to occasional lapses in a. professor's response to a max- 
imum/minimum question, but rather that we need to 
address the problem, when it arises, of long-term pas- 
sage of misinformation. Fortunately, this is the aspect 
of calculus that is both the most easily monitored and, 
in the unusual event that there is a problem, the most 
easily corrected. Mathematics departments do this effi- 
ciently and well. 

A second point concerning quality is the idea of "re- 
alism" in calculus. We have all heard at AMS meetings 
of Professor X who decides that differential forms are 
the "only real way" to present ir^tegration at the fresh- 
man and sophomore level. While my prejudice as a 
differential geometer is in favor of tensor notation and 
manipulations, the junior or senior levels would be far 
better for such vigorous pursuits (and I have my doubts 
even there!). 

We need to refrain fiom teaching "big C" calculus — 
that is, calculus for engineers, physical scientists and 
mathematicians — ^when the audience is business stu- 
dents or prospective biologists. This is the notion of 
realism. Can we expect biology majors or business stu- 
dents to work hard on subjects that they will never Use 
and for which they will not have a real appreciation? 

fortunately we mathematicians have, over the last 
twenty years, realized the error of our ways and split 
calculus into a plethora of different sequences to address 
these matters. The lesson is that we must listen to the 
advice of our customers. 
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Although the students may think they are the cus- 
tomers, it is actually the university who io the consumer 
of the service aspect of ciny department. It is the uni- 
versity faculty who decide whether calculus, physics, or 
chemistry, will be required of various majors. University 
faculty members in all disciplines are the ones who need 
to be listened to carefully about what they would like 
in a mathematics course. 



It is not enougb for us as 
matbeznaticiaus to know that the 
course is a good one — we must be able 
to sbow it to otbers. 



To be sure, outsiders may not know the mathemat- 
ics that we do and cannot dictate to us what is most 
valuable. For example, there may be items they would 
like excluded which are actually prerequisites for other 
subjects that they prefer to include. The key point, 
however, is that they do have a good feeling for what 
is necessary. They may be myopic, but some myopia is 
not necessarily bad. 

As we design curriculum, we should beware of the 
beast that loves to pack courses with "favorite topics." 
(I must confess to feeding the beast on occasion: I Ccin't 
seem to get through the entire undergraduate calculus 
sequence without emphasizin3 the notion of torsion and 
curvature of plane curves. Mea culpa,) 

During my naive youth, I tried to persuade a group 
of mathematicians that conic sections could be learned 
easily by anybody who Wcinted them in later life and 
were not needed in college calculus. By dropping the 
week devoted to ellipses, parabolas, etc., the calculus 
curriculum would loosen up a bit. That turned out to 
be^soiheone else's favorite topic and I was summarily cut 
off at the knees. Not only do we pack in the number 
of hours, but because our students have trouble with 
a vast amount of the material covered, we are forcing 
many of them into a five-year degree program. 

Changes in scudent preparation constitute another 
important item. No one can deny that the infusion of 
the "new math" fifteen years ago had a negative effect 
on the competence of mathematics students as they en- 
tered college. Whether this should have happened or 
not, whether it is the fault of the high school teacher, 
the math educator or mathematician is no longer rele- 
vant. In the short run, we must deal realistically with 
entering students as they present themselves. 

We must understand what these individuals know, 
what they don't know, and what they are prepared to 
do. As administrators^ it is important that we realize 



the various departments are well aware of the chang- 
ing caliber and preparation of the students for studying 
their disciplines. In a nutshell, do these students have 
a chance to pass or are they forced to fail? Because the 
long run problem is so important to calculus, a dean 
would applaud efforts of an academic department (es- 
pecially mathematics) to work with middle schools and 
high schools, as well as with the College of Education 
to obtain better prepared college students. 

Accountability 

It is not enough for us as mathematicians to know 
that the course is a good one — we must be able to show 
it to others. While we may resent this intrusion on 
our expertise there is no longer a choice, especially for 
public institutions. In addition to the administration of 
the university (even from the non-academic side, such 
as Vice Presidents for Student Affairs, University Legal 
Counsel, etc.) there are also legislators who are quite 
concemed with the value of an education. The standard 
questions that are asked are often naive — sometimes to 
the point of ignorance — but that is not the issue. These 
questions must be answered cuid deserve to be answered. 

One way to respond to the outside pressures on low 
level mathematics courses (calculus, in particular) is to 
ask if the department is willing to consider mastery lev- 
els, fundamental learning levels, or exit examinations 
for any of the sequences. For calculus, this could mean 
a modular approach; that is, students will go to a cer- 
tain level (say the chain rule) and must pass an exam 
on that level before proceeding to the next one. In 
addition, an increasingly popular notion is the "value 
addedness" for all courses of study. Can we really show 
that students who have fir^^shed the calculus sequence 
with a C know it in enough detail that they will be 
able to handle subsequent physics, chemistry, or busi- 
ness courses? 



Our courses must be demonstrably of 
tbe highest quality. 



Vm not suggesting that we all need to move toward 
these modes of education; Pm only asking whether a de- 
partment is willing to consider it every once in a while. 
I hope, but am not convinced, that administrators rec- 
ognize the danger of thinking of all innovative changes 
as good ones. Innovation really means that something 
is quite new, not necessarily better. On the other hand, 
we do need to be willing to consider alternate means of 
presenting calculus, even if we are ultimately to reject 
them. Our courses must be demonstrably of the highest 
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quality. ("To be thus is nothing; But to be Seifely thus." 
Macbeth 111, i 48). 

When Pm asLed, as dean, to defend a particular 
instructional decision, it is very useful to be able to 
point to measures of the quality of instruction. Does 
the mathematics department quantify in some fashion 
and adequately reward teaching at all levels or is there 
merely lip service paid? Is there a mechanism in the 
department to ensure that new instructors are teaching 
at an appropriately high level? Are pedagogical articles 
and thoughts rewarded? Of course, the reward for ^n 
article in a mathematics education journal must depend 
on its quality just as that for a research article. Just do- 
ing something shouldn't be enough — even deans aren't 
that gross. However, it is important that faculty real- 
ize that good pedagogy in all of its forms is considered 
meritorious. 

Attitudes 

The next major point is that of the attitude of the 
calculus instructors. Students really appreciate an ex- 
cited, dedicated teacher :n the classroom. If the atti- 
tude is "Calculus is a chore and Tm here just to get my 
time in so that I can look at my advanced courses and 
do my research," the students will complain bitterly, 
with good reason. 

While we rarely learn something new about the sub- 
ject of calculus when teaching it, we do discover quite a 
bit about how students think and learn calculus. This 
can be fascinating and is a partial reward for good 
teaching. We dc a disservice to both our students and 
our subject when we regard calculus as a chore and 
then compound it by communicating that attitude to 
our students. 

Unfortunately, there are many mathematicians who, 
while they enjoy the discipline tremendously, do not 
convey the excitement they feel to their students. One 
can present an exceptionally clear and well thought 
out lecture on trigonometric substitution without be- 
ing enthusiastic. Students will learn from such a lec- 
ture. However, it is so much better to have presented 
the ideas with a certain panache, so that the students 
can get an idea cf why someone might become a math- 
ematician (as well as learn the specific calculus skills). 
Certainly the instructors in all disciplines who are the 
most popular with students are those who are the most 
enthusiastic about their teaching. Enthusiasm is con- 
tagious. While it won't substitute for content, we need 
more excitement in the classroom. 

Unfortunately, these are litigious times in higher ed- 
ucation. Thus we must not only treat all students uni- 
formly, but must do so across all sections and show that 



the treatment is indeed homogeneous. This responsibil- 
ity usually falls on the department chair, rather than 
any individual instructor, but it is one that needs to 
be monitored extremely carefully because of the heavy 
usage of adjuncts, part-time people and new faculty. [2] 
Most departments have a common syllabus which is a 
fine first start at a uniform treatme'nt. Many have com- 
mon final exams and a few insist that all exams in a 
course be the same across all sections. While the latter 
is difficult to administer, the former is not and is an 
excellent way to demonstrate that students are treated 
equitably. 

I've learned to loathe any conversation which starts 

with "I was always bad in math, but " The usual 

comments describe how hard mathematics is and how 
it's not surprising, therefore, that little Johnny or Janie 
is having trouble with it. A useful response is to quote 
the international study of high school students [4j which 
deals not only with accomplishments, but attitudes. K 
is clear that mothers' attitudes in Japan ("Work harder 
and it will come to you") are quite different than the 
mothers' attitudes in the United States ("It's just too 
hard for you"). Pointing out the careful research that 
has been done through this study helps to enlighten 
people from outside of the physical sciences. They e i\ 
begin to understand what a "spiral curriculum" is ;'*id 
what its manifold drawbacks are. (One doesn't have to 
do differential geometry to have a manifold drawbar ' .) 

Effectiveness vs. Cost 

A final point to be made concerns cost analysis of 
the effectiveness of the calculus curriculum. This is not 
meant to be an equation which describes the cost per 
left-handed student credit hour, hue rather emphasizes 
that there are real financicJ implications which come 
not only from class sizes but from grading structures 
and repeat/incomplete policies. Most departments do 
not ha^'e enough resources to offer the number of sec- 
tions that we would like and so need to teach to full 
classrooms. Students who must drop or repeat a class 
or take an incomplete are occupying chairs that others 
need. They use up an instructor's time and effort and 
are detrimental to class morale in the long run. 

Some drop out is certainly unavoidable. On the other 
hand, it severely impacts the faculty work load, both in 
terms of efficiency and in forcii g the students into cur- 
ricula which are becoming five-year programs instead 
of four. The Accreditation Board of Engineering and 
Technology (ABET) is extremely concerned that the 
engineering curriculum is becoming standardized at five 
years i**ther than four, even though we all think of it as 
a four-year course of study. 



The double-hump camel curve for grades happens in 
mathematics, chemistry and physics, but as dean I only 
hear compl^nts about the mathematics aspect. Why 
is this? Does it happen at your university? If so, why? 
Answers to such questions would be useful hot only to 
mathematicians, but to anyone who has experienced un- 
enlightened inquiry from legislators and others. 



Students who must drop or repeat a 
class ...are occupying chairs that 
others need. They use up an 
instructor's time and effort ...» 



Changing class size is one way to economize. What 
is the difference between teaching classes of 30, 40, 60 
or 200? Lhaye taught calculus in sections of 40 and in 
sections of 80 and quite frankly I see no difference in 
effort except when grading papers. I do recognize that 
visits outside the classroom to one's office can take up 
an enormous amount of time and many of my colleagues 
have complained about such things. But when teach- 
ing large classes, I didn't notice any more office visits 
than usual. (Does this mean that students' visits during 
office hours are not a linear function of students?) 

I am not advocating large lecture sections (in fact, 
classroom structures at some universities would pre- 
vent this), but rather that people look carefully at these 
ideas. It is important not to ucf conventional wisdom, 
but rather to be able to point to various comparative 
studies that have been done in the past. While some 
have been done in general, there are none I know of that 
are dpecific to college mathematics. 

Conclusion 

It iS increasingly clear that we need to resolve issues 
through a more organized study of them than has been 
done in the past. As resources get tighter, and as leg- 
islators look more and more carefully at what we are 
doing, we will no longer have the luxury of saying *'It's 
clear to anybody who knows mathematics that this pro- 
cedure is right." This translates into an obligation to 
devote some of our scholarly energy towards mathemat- 
ics er.ucation at the collegiate level. 

I am delighted that the National Science Foundation 
is prepared to infuse money into such efforts. The chal- 
lenge to us as mathematicians is to decide what specific 
projects and comparative studies need to be done; to set 
up unbiased studies to explore the issues; and to reach 
some conclusions. The challenge to us as college admin- 
istrators is to find the resources to implement conclu- 
sions of these studies in a fair and equitable manner. 



The task cannot be left to our colleagues in the College 
of Education or to government bureaucrats. 

A knowledge of the MAA's committee structure is 
very useful in this regard. I'm delighted that there 
are subcommittees that deal with service to engineers 
(chdr, Donald Btishaw), preparation of college teachers 
(chmr, Guido Weiss), role of part-time faculty and grad- 
uate teaching assistants (chair, Bettye Anne Case), and 
many others. These committees provide valuable facts 
to quiet some of the criticism that we hear. This allows 
mathematicians to cite specific sources when respond- 
ing to complaints. We will thus appear to be listening 
carefully, caring and responding in good faith with a 
tremendous spirit of cooperation. I can't overempha- 
size this point. 

As an administrator I say there's a real world out 
%hae. As a mathematician I say that boundary condi- 
tions exist. Whichever way one puts it, the implications 
are that we must work within a certain context, listen 
to people, and present well thought-out responses to 
others' concerns, whether those concerns be frivolous, 
unenlightened or substantive. 



Can you hear the shape of calculus ' ^ 
from its complaints? 

In 1966 Mark Kac won a Chauvenet prize for his 
beautifully written paper, "Can You Hear The Shape 
Of A Drum?" This article asked whether you could tell 
whai the shape of a domain in Euclideein space was just 
by knowing the eigenvalues of its Laplacian. Although 
that problem is unresolved in 3-space, the analogous 
one in our context is clearly false. 

Can you hear the shape of calculus from its com- 
plmnts? No, absolutely not. What you can hear, how- 
ever, are the concerns of people who have spent time 
and money in an effort to get a good education. They 
have a right to ask us questions about our calculus cur- 
riculum, even if those questions are naive. It is cru- 
cial that we not only pro^de our students with a high 
quality calculus experience, but that we answer their 
questions in a responsive, thoughtful manner. 

One of the early (1734) critics of calculus, Bishop 
Berkeley [1], asked: "And what are these fluxions? The 
velocities of evanescent increments. And what are these 
same evanebcent increments? They are neither finite 
quantities, nor quantities infinitely small, nor yet noth- 
ing. May we not call them the ghosts of departed quan- 
tities? " To not answer questions carefully is to run 

the risk that we become ghosts of depleted qualities. 



Lyons: Innovation in Textbooks 



145 



References 

[1] Berkeley, Bishop, "A discussion addressed to an infi- 
del mathematician," contained in David Eugene Smith 
Sourcthook in Mathematic9, 

[2] Case, Bcttyc Anne, ct ai, "Teaching Assistants and Part- 
time Instructors: A Challenge." Mathematical Associa- 
tion of America, 1987. 

[3] Struik, D., A Concift History of Mathematics. Dover 
Publications, 1948. 

[4] leavers, Kenneth, ei a/. Tht Underachieving Curricu- 
lum: Ai$e$iing U.S. School Mathematics From An Inter- 
national Perspective. Cnampaign, IL: Stipes Publishing 
Company, 1987. 



Richard S. MillMAN is Dean of the College of Sci- 
ence and Mathematics at Wright State University in Day- 
ton, Ohio. Previously he served as Program Director for Ge- 
ometric Analysis in the Division of Mathematical Sciences 
at the National Science Foundation. Millman has been a 
member of the Council of the American Mathematical So- 
ciety and Associate Editor of the American Mathe',natical 
Monthly. He is currently Chairman of the MAA Committee 
on Consultants, and a member of the JPBM Committee on 
Preparation of College Mathematics Teachers. 



Innovation in Calculus Textbooks 

Jeremiah J. Lyons 
W. H. Freeman and Co. 

How can publishers participate in and support inno- 
vation within the calculus course? I want to examine 
the current state of affairs within textbook publishing, 
giving special attention to the calculus. By demonstrat- 
ing the cissumptions and the current standards which we 
bring to bear on our editorial actions, we will be better 
able to assess the options open to us — instructors and 
publishers — as we consider ways of providing textbooks 
for emerging, innovative courses. 

Clearly, innovative textbooks will not be published 
in a vacuum, in the hope that courses might be coaxed 
into existence by their appearance. With rare excep- 
tions, textbooks are adopted by instructors for existing 
courses; instructors do not adapt course outlines to ac- 
commodate idiosyncratic textbooks. 

What is both refreshing and challenging about these 
times in publishing is trying to assess the direction of 
change. Publishing is a profession in which informa- 
tion is constantly being gathered and evaluated. Edi- 
tors work within a strange time system: decisions about 
publishing must be made today, and the outcome of our 
choices or decisions will not become visible for several 
years. Authors, too, are partners in this process of in- 
ference making. Correct decisions will result in the pub- 
lication of the new generation of authoritative mathe- 
matics textbooks. The increased national concern for 
the state of mathematics education at all levels^ and 
the creation of boards and councils, are very welcome 
signs of the seriousness of these discussions. 



Pressure for Conformity 

Throughout my twenty years in publishing, the orga- 
nization and texture of calculus texts have changed very 
little. And yet, every sales representative and math- 
ematics editor will tell you no mathematician is ever 
pleased with the calculus textbook currently in use. Ev- 
ery instructor hcis a pet topic or two which is not done 
correctly, or a particular notation convention which im- 
mediately signals the worthiness of a given book. For 
years we have heard dissatisfaction about the standard 
books, and yet there has been no radical change in the 
books we are publishing. And, it goes without saying, 
there has been no serious departure from the conven- 
tional text in adoption patterns. This stasis is demon- 
strated vividly by the fact that many of the better- 
gelling texts are in third, fourth, and fifth editions. 

Quantitative — not qualitative — expansion has been 
the striking change in the past twenty years: there are 
many more calculus texts, and each text is approxi- 
mately 1100 pages in length, or greater. When there 
were fewer books, instructors had some familiarity with 
the texts and committees had the time to give care- 
ful consideration to the few new texts or new editions 
which were published each year. A text had an iden- 
tity, a set of distinguishing features that were known 
to instructors. And these characteristics came from the 
backgrouud and the interests of the author. Calculus 
texts were relatively easy to rank by a few simple mea- 
sures: theoretical or applied; rigorous or less rigorous 
(there were no "short" or easy calculus texts); books 
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intended for students in physics and engineering; hon- 
ors calculus, and so forth. 

Beginning in the early 1970s, enrollments grew and 
more publishers entered mathematics. The number of 
books. published each year increased. With more and 
more calculus texts » eing published, instructors were 
forced to becomcmore critical of the new entries. After 
all, not even editors spend evenings and weekends read- 
ing through introductory textbooks. There was and is 
tremendous selective pressure (to borrow a trope from 
Peter Renz) to converge toward the mean, as estab- 
lished by the best-selling books. The successful books, 
after all, passed the scrutiny of the curriculum gatekeep- 
ers. Therefore, these texts must be filling the perceived 
textbook needs of the course. It follows that for a new 
textbook to gain a profitable measure of adoptions, the 
new text must come close to the best sellers, and offer 
just a bit more of one feature or another. 



"The major revolution in calculus texts 
in the last decade has been the 
introduction of a second color. 



One thing leads to another. If publishers are dissuad- 
ing their authors from innovation, because innovative 
books do not sell, what aspects of a textbook can be 
improved upon? Sherman Stein [1, p. 169] character- 
ized this dilemma from a calculus author's perspective: 

It seems that a calculus author has the freedom to 
make only two decisions: Where to put analytic geom- 
etry and whether the titlc> should be "Calculus with 
Analytic Geometry" or "Calculus and Analytic GeDm- 
etry." Thus the major revolution in calculus texts in 
the last decade has been the introduction of a second 
color. 

Competition without Innovation 

There are a few other arenas in which authors and 
publishers sought ways to distinguish their books while 
leaving the core calculus content and outline intact. 
These are the very features which, in the end, conspire 
to inhibit innovation and change. Let's examine the 
features which are found described in the promotional 
material announcing a new calculus textbook or revi- 
sion. 

The number of exercises has been increased signifi- 
cantly, and they now number six to eight thousand. The 
exercises are placed following each major section within 
a chapter, and a review set is found at the end of each 
chapter. Does anyone actually count the number of ex- 
ercises, including the lettered A, B, C. . . , subparts of 



questions? Yes, they do. Is there an optimum num- 
ber of exercises for a text? No, in this dimension of 
textbook making, the guiding rule seems to be that one 
cannot have too many exercises. 



We can give you more book, for more 
money. Not different books: more 
book. 



The same can be said for the number of worked-out 
examples. The range of applications has been widened 
considerably, to include examples drawn from biology 
and economics, for instance. These additional exam- 
ples are not replacing existing ones from engineering 
or physics. Usually, there are simply more examples 
(and step-by-step solutions) added to each succeeding 
edition. 

Publishers arc asking for acceptance for our texts 
from a calculus textbook marketplace which is becom- 
ing increasingly crowded, and in which modifying the 
traditional content of the calculus is out of bounds for 
us. And yet the impetus to publish a new text which 
is a commercial success in this lucrative inarket contin- 
ues. What other aspects of a book can be revised and 
improved upon, if the mathematical content must be 
standardized in relation to existing books and course 
outlines? As I mentioned above, we can give you more 
book, for more money. Not different books: more book. 

There have been dramatic improvements in the num- 
ber and quality of the graphics in calculus texts. Almost 
all are done in two colors now, and it won't be too far 
into the future before even more colors will be used. 
The use of two colors and high quality zdrbrush tech- 
niques have resulted in figures of exceptionally good 
quality. This trend towards more and better illustra- 
tions will continue. Computer-generated curves are be- 
coming routine, and color graphs of functions will soon 
be incorporated into Our textbooks. 

The other area In which publishers can modify the 
existing textbook model, without cutting into content, 
is by incorporating pedagogical devices. More heads, 
use of margins for key terms, learning objectives and 
summaries, lists of applied examples — all these elements 
are an essential part of the textbook presentation. 

I have described some dimensions of the textbook- 
making process in order to demonstrate several points. 
In an increasingly crowded and standardized publish- 
ing marketplace, publishers seek to outdo each other 
and capture your attention and your adoption in ways 
which ensure the preservation of content, in an accept- 
able order, and at the same time create some special 
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identity for each book. It is no accident that each of 
the features cited here contributes to a longer, more 
costly book. Herein is our dilemma. 

Ronald Douglas [1, p. 13] stated the dilemma of 
publishers in these words: "Everyone is dissatisfied with 
the current crop of calculus textbooks. Yet, if an author 
writes and manages to get published a textbook which 
is a little different, most colleges and universities will 
refuse to use it. How can w break out of this dilemma?" 

Economic Constraints 

The current models for calculus publishing have been 
in place for twenty years. Each year brings new books 
and more revisions. In order to break out of this quanti- 
tative growth pattern, two crucial factors must be con- 
sidered. First, publishers must be confident that new 
directions in calculus teaching and course organization, 
though many of these courses will be experimental in 
design, will be in place for awhile. Second, no pub- 
lisher is going to sponsor the publication of an innova- 
tive textbook in calculus that demands an investirsent 
comparable to that of a mainstream text. Instructors 
seeking textbooks for their alternative calculus courses 
must be willing to accept a few tradeoffs. The reasons 
for this should be obvious. 

The investment in a mainstream, three semester cal- 
culus textbook published in two colors will easily sur- 
pass $350,000 before the first copy is off the press. In 
addition, the unit cost f'^'* each copy (paper, printing, 
and binding) will be $6..u«' average. Given these costs 
for entry into a market, no wonder there is enormous 
pressure to position a textbook close to the center of 
the market. 

There are several means by which publishers can 
respond to the coming evolutionary changes in calcu- 
lus. Our strategy for undertaking innovative publish- 
ing projects can be stated very directly: publishers will 
sponsor innovative projects intended for modest seg- 
ments of an introductory market, but only at an in- 
vestment level commensurate with the expected rate of 
return on our investment. 

Publishers and authors now have 
expedient and economical modes of 
production by computer available. 

Publishers and authors now have expedient and 
economical modes of production by computer avail- 
able. For the first time we are seeing microcomputer- 
controlled laser printing of text pages which are of sat- 



isfactory appearance. It is because of this recent de- 
velopment that the option of publishing innovative al- 
ternatives to the big textbooks is a reality. The com- 
puter is having a forceful impact not only on the content 
of mathematics courses, but also on the text materials 
made available for the teaching of these same courses. 

Stephen Maurcr was direct in his assessment of pub- 
lishers and our willingness to respond to change in the 
curriculum: "It's no use telling publishers to change 
their ways. They are hemmed in by market forces. We 
must show them that a new type of book will attract a 
market before we can expect them to help." [1, p. 81] 
Publishers are always responsive to numbers, so that is 
very sound advice. 

Making Innovation Affordable 

If we agree that substantial investment is not possible 
for small segments of the calculus market, what custom- 
ary features are instructors willing to give up in order 
for a publisher to keep the costs of publishing down? 
Let's look at the potential for changing textbook re- 
quircmentSi along with alternative and more affordable 
modes of book production. 

First, we should not be thinking of new textbooks of 
the same bulk as existing ones. Eleven hundred pages 
is too much, even of a good thing. In addition to be- 
ing very selective about what topics to include or not 
(precalculus topics, for instance), an obvious area to re- 
alize reductions in page length is to sharply reduce the 
space given to exercises. Does anyone need eight thou- 
sand exercises? Most departments have exercises on file 
and these can easily be put into an exercise bank on a 
microcomputer. Exercises can be generated as needed. 
This would reduce the publishing costs directly related 
to length. 

Next, are we willing to dispense with the pleasing 
but ultimately excessive use of color in our new genera- 
tion textbooks? The preparation of fine line graphics is 
very expensive. And the additional cost of separations 
and two- and four-color printing drives the investment 
in books up, in several ways. Not only are two-color 
books more expensive for artwork and film, but also 
the cost of two-color printing is prohibitive unless we 
do print runs of 7500, 10,000, or more copies. In order 
to justify printing in those minimum quantities, we are 
rapidly departing from the realm of "innovative publish- 
ing." Can we live with one-colo) printing, and use the 
flexibility of type styles and sizes currently available in 
many scientific word processing software packages in- 
stead of a second color? Imaginative use of different 
type styles and sizes can provide the same visual dis- 
tinctions and schemes as two-color type. 
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The next obvious area to look for ways to econo- 
nuze is in artwork. The average investment in a com- 
plex calculus illustrations program is $75,000, for a first 
edition. Substantial savings can be realized if authors 
can provide illustrations which are of reproducible qual- 
ity, thus alleviating the need for costly rendering. I 
have seen excellent computer-generated figures in many 
manuscripts. It seems wasteful. for publishers to be re- 
drawing from perfectly acceptable camera-ready art. In 
fact, experienced textbook authors will appreciate the 
precision and control they have over the preparation of 
figures which they generate by computer. 



Eleven hundred pages is too xnuch^ 
even of a good thing* 



If we can agree that our innovative texts will not be 
as big as their more orthodox relatives (a virtue in any 
event), if we can be satisfied with one-color printing, 
and if we rely wherever possible on computer-generated 
illustrations, then we are beginning to describe an af- 
fordable publishing venture. 

Gratuitous Ancillaries 

What we have lot considered are the additional ma- 
terials which are part of the standard textbook "pack- 
age." You have no doubt noticed the size of the caruons 
which arrive, sometimes unbidden, from publishers. It 
is no longer sufficient to publish only a textbook. So- 
called ancillaries provide another means for each new 
or existing textbook to distinguish itself. The devel- 
opment, production, and distribution of ancillary ma- 
terials for an introductory mathematics textbook can 
represent additional costs approaching $100,000. 

The ancillary or supplementary package consists of 
a complete and a partial solutions manual; a stu- 
dent study guide; a computerized testing program; a 
computer-based tutorial program; and overhead trans- 
parencies. Most of these items are given free to po- 
tential adopters of a text, although the student study 
guides and, in some instances, the student solutions 
guides are sold to students. The free supplements are 
published at the publisher's expense, usually provided 
for in the Hiarketing budget. This is another stimulat- 
ing set of reasons to ensure the standard outline and 
content of the book which stands at the center of the 
book package: the text has a family to support. 

If we can agree to dis.. nse with some ancillary items, 
we will be relieved of ne constraint in our budget. 



No one adnuts to really using the supplements, any- 
way. I sometimes have the feeling that publishers un- 
dertake the production and distribution of supplements 
and other pedagogical aids, in some course areas, on the 
basis of matching other publishers and their packages. 

Presumably, new calculus textbooks will have quite 
distinctive features in terms of mathematical content,, 
organization, and approach to the subject. Therefore, 
in functional but unadorned book form, instructors will 
be able to see what's been done, and either accept or 
reject on those bases. In this more specialised and more 
modest segment of the calculus market, textbook deci- 
sions will not depend on such incidentals as the avail- 
ability of supplements. 

Viable Markets 

Rec'r ;ing the physical requirements of textbooks and 
their attendant supplements will remove some of the fi- 
nancial disincentives facing publishers, as we consider 
new publications. The wonders and portability of desk- 
top publishing provide us with alternative composition 
and sources for accurate line illustrations, tables, and 
graphs. These economies, too, will encourage publish- 
ers to enter emerging course areas. 

The question of markets still confronts us, though. 
While the investment facing publishers might be more 
modest, and therefore more attractive than undertak- 
ing large textbooks, our vision is national in scope. 
In established publishing companies it costs a certain 
amount of overhead juot to turn on the publishing ma- 
chine. Contributions to operating *:osts and other ex- 
pense requirements preclude our undertaking the text- 
book equivalent of vanity publishing. No publisher is 
willing to publish for a single course being offered in 
one college. That kind of limited enterprise does not re- 
quire the editorial, production, and marketing resources 
of even a modest-sized college publisher. 

The stability and predictability of standt^rd courses 
are two of their assets, in the eyes of publishers. If we 
publish a differential equations text from an engineer- 
ing college in the northeast, we can be confident the 
course looks the same in other colleges. One publisher, 
in partnership with an author and several manuscript 
reviewers, can enter a national, coherent market. 

The more cooperation and sharing of ideas that ex- 
ists among instructors at different colleges, the more 
attractive such innovative courses will be for publish- 
ers. While we all decry the monolithic nature of intro- 
ductory textbooks, publication for fragments of small, 
isolated experimental markets is not a viable alterna- 
tive. If cooperation among mathematicians helps pub- 
lishers identify several, rather than many, fragmentary 
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proposed future directions in calculus instruction, we 
will be responsive. 

At the outset of this paper I spoke of publishing as a 
data-coilecting and data-evaluation business. Publish- 
ers are relieved, frankly, to see that concerted efforts 
are at work and national commissions are in place to 
support changes in the calculus courses. Too often our 
relations with a discipline are limited to one-on-one ven- 
tures with authors, and we have little sense or spirit of 
cooperation with a discipline. 

Some publishers are entrepreneurial risk-takers. 
New, interesting departures from existing textbook 
models do find their way into print, eventually. But that 
is a very slow and unpredictable process. Having access 
to tlie proposed "high-level" information base will be 
of tremendous help to publishers (and authors) in eval- 
uating the extent of a potential markec for a calculus 
project. 

With access to such data, and a willingness to use 
efficient and economical methods of production, inno- 
vative textbooks will be available. The publication of 



innovative alternatives to traditional calculus textbooks 
will certainly help the diffusion process for alternative 
approaches to the course. With the right data in hand, , 
and a moderate investment requirement, publishers will 
be your enthusiastic partners in fostering change in cal- 
culus instruction, and publishing. 
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Perspective from High Schools 

Katherine P. Layton 
Be.erly Hills High School 

The population of high school students who are af- 
fected by calculu.s can be broken into three groups: 
mathematics students who take AP calculus, those who 
are enrolled in a non-AP calculus course of some kind, 
and those in the precalculus classes such as second year 
algebra, mathematical analysis, or trigonometry who 
will take calculus at college. 

If a pcliboi has an AP calculus program, the students 
enrolled will be the very best mathematics students. 
These students make up the main pool for future math- 
ematics majors. Many are already turned onto the ex- 
citement and beauty of mathematics. This joy of math- 
ematics must be carefully cultivated. These students 
must be nurtured both at the high school and college 
levels. Special consideration should be given to them 
when they enter college. 

At the college level, mathematics departments need 
to seek out these students and give them special coun- 
seling to get them properly placed in mathematics in 
their freshman year. Remember, these students have 
come from small mathematics classes where they have 
been nourished and have had much opportunity to in- 



teract with their teacher and with each other. Usu- 
ally their high school teachers are among the strongest 
teachers in the mathematics department. 



If a school has an AP calculus 
program, the students enrolled will be 
the very best mathematics students. 
These students make up the main pool 
for future mathematics majors. 



Students enrolled in a non-AP calculus course also 
need special care and careful counseling which leads to 
correct college placement in mathematics. They have 
experienced some calculus and may believe they know it 
all; some may become complacent, cut class, and end up 
being unsuccessful. These students need to be reminded 
that attending class is important and that homework 
must be done; they too need the involvement and con- 
cern of their professors. 
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I would like to see non-AP calculus courses at the 
high school eliminated and students enrolled in other 
mathematics courses such as prcbability, statistics, dis- 
crete mathematics, or elementary functions including 
an introduction to linuts. 

Preparation for Calculus 

If the calculus course is to change, then so must the 
precalculus courses. (By precalculus courses, I mean al- 
gebra, geometry, advanced idgebra, trigonometry, and 
mathematical analysis.) Currently, much of the con- 
tent in these courses is geared to preparing students 
for calculus. A large portion of the content is devoted 
to gaining skill in numerical and algebraic operations. 
Students learn much of their mathematics by memo- 
rization and may not have had much experience with 
being expected to understand concepts. Instructional 
time is spent on factoring, simplifying rational expres- 
sions, graphing, simplifying r£idicals, solving equations, 
and writing two column proofs. 

How much skill is really needed in these areas in light 
of the new calculators and computer software? Students 
still need some proficiency in numerical and algebraic 
skills and they need some expertise in symbol pushing. 
In order to make the best use of a calculator, students 
need computational facility with paper and pencil, and 
the ability to do mental arithmetic. 

Yet to use a software package effectively, students 
need strong conceptual understandings of the subject 
matter and then computers can take care of the me- 
chanical details. The question arising here involves oue 
of instructiona-l psychology: how much expertise does a 
student need in performing mechanical procedures in 
order to understand concepts and to be an effective 
problem solver? 

Understanding Concepts 

If the desired products are students who can think, 
who have an understanding of concepts, who have de- 
veloped logical maturity, and who have the ability to 
abstract, infer, and translate between mathematics and 
real world problems, then this type of training must 
begin early in their mathematical experience. 

More time in high school needs to be spent on under- 
standing concepts, developing logical reasoning, guiding 
students* thoughts, and helping them develop thinking 
skills. Students need numerical and graphical experi- 
ences to help them develop intuitive background. Stu- 
dents need guidance and experience with the use of both 
calculators and computers. These tools should be an in- 
tegral part of the overall mathematics program. Issues 



of reasonableness of answers, appropriate use of tech- 
nology, and round-off errors must be considered. 

In changing the precalculus program, one needs to 
be careful not to overload the courses. Selected content 
must be eliminated if new material is added or if teach- 
ers are to teach more for concepts and understanding. 

I believe students need considerable facility with ba- 
sic algebraic skills, geometric facts, and numbers facts 
but the time and drill spent in these areas can be re- 
duced, as can the current content. Both Usiskin and 
Fey have made suggestions for content in the precalcu- 
lus area ([2], [3]). 

A New Precalculus Course 

The current calculus course is too full of techniques 
which students often memorize without understanding 
the fundamental concepts. Changes in calculus will re- 
quire and depend upon changes in the precalculus pro- 
gram. 

New courses must be constructed that stress devel- 
opment of concepts as opposed to purely mechanical 
understanding. Students and teachers will spend more 
time setting up problems, analyzing and interpreting re- 
sults, and creating and solving realistic problems. Stu- 
dents will have more experiences with estimation, algo- 
rithms, iterative methods, recursion ideas, experimental 
mathematics, and data analysis (how to get data, what 
do these data mean, and how to transform, compare, 
and contrast the data). 

Much more experience with functions will be in- 
cluded. Students will consider those given by a formula, 
generated by a computer, and arising from data. There 
will be more emphasis on analysis of graphs. Experience 
with a deductive system will be included. 

While in groups students will have the opportunity 
to read about mathematical ideas new to .them and 
work out problems using these ideas. They need to 
construct examples illustrating concepts and find coun- 
terexamples. There should be opportunities to solve 
non-standard problems and problems which are multi- 
step; these problems must push students beyond the 
blind use of formulas. 

Goals of Calculus 

In the publication, "Toward A Lean and Lively Cal- 
culus" [1], there is a statement of goals giving competen- 
cies with which students should leave first-year calculus. 
These include the ability to give a coherent mathemati- 
cal argument and the ability to be able not only to give 
answers but also to justify them. In addition, calculus 
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should teach students .<ow to apply mathematics in dif- 
ferent contexts, to abstract and generalize, to analyze 
quantitatively and qualitatively. Students should learn 
to read mathematics on their own. In calculus they 
must also learn mechanical skills, both by hand and by 
machine. 

As for things to know, students must understand the 
fundamental concepts of calculus: change and siasis, 
behavior at an instant and behavior in the average, and 
approximation and error. Students must also know the 
vocabulary of calculus used to describe these concepts, 
and they should feel comfortable with that vocabulary 
when it is used in other disciplines. 



Students must understand the 
fundamental concepts of calculus: 
change and stasis^ behavior at an 
instant and behavior in the average ^ 
and approximation and error. 



At the Sloan Conference where these competencies 
were thought through, the content workshop developed 
a suggested calculus syllabi for the first two semesters 
of calculus [1]. This is a course I would like to sec 
implemented. However, if a new calculus course is im- 
plemented without changes in precalculus courses, then 
the ca :ulus program must place additional emphasis 
on functions, approximation methods, recursion ideas, 
data analysis, interpretation of graphs, use of calcula- 
tors, developing number sense to recognize incorrect an- 
swers, checking answers for reasonableness, and dealing 
with the question of round-off error. Helping students 
to build a conceptual understanding will be extremely 
important. 

Students 

Many students are used to getting through math- 
ematics classes by memorizing recipes for doing prob- 
lems. These techniques seem easier to them th^n having 
to reason through a problem using mathematical con- 
cepts, i.e., having to think their way through a prob- 
lem. They find mathematics difficult and look for an 
easy way out; memorization appears to work. 

Students often are more computer literate than many 
of their teachers. Many will have computers at home 
and will have used some of the mathematics software 
packages. New' high-powered calculators will be in the 
hands of many studeniu. Even now students are ques- 
tioning the value of learning certain arithmetic oper- 
ations since they know their calculators can do them 



more quickly and accurately than they can. Calculators 
capable of displaying graphs were in the classrooms last 
fall and, of course, some students questioned the time 
spent on curve sketching. All this calculator and com- 
puter power must be used to make time for a more 
useful, exciting, and relevant mathematics curriculum 
for the students. 

Parents 

Parents also will need to be educated. Many par- 
ents were students during the "new math" era and may 
have been burned. Others will say "that's not what 

learned." Parents have expectations about the skills 
their children should know. The mathematical commu- 
nlvy must convince them that it is all right for students 
to use technology wisely and with discretion. 

Testing 

There z\ve two areas to consider here: teacher-made 
tests and the various kinds of standardized tests. 

Testing influences both student and teacher behav- 
ior in the classroom. If students know they will only 
be tested on techniques, they will listen (or day-dream) 
during concept building experiences but will not worry 
about them. When they study for tests, some will 
only memorize procedures and techniques. Currently 
teacher-made tests test mostly techniques or skills. 
These are easier to write, easier to grade, and are the 
types most teachers experienced when they were stu- 
dents. 

Students should be tested on the understanding of 
concepts, should be able to explain ideas, and should 
be expected to write about mathematics. The difficulty 
of questions should be graded from quite easy to chal- 
lenging. Since many teachers use or model their tests 
after tests that come with textbooks, publishers must 
also be educated. Calculator use should be encouraged 
in testing: tests must include questions that make good 
use of the calculator. 



Tests that test mostly techniques or 
skills . . . are easier to write ^ easier to 
grade^ and are the types most teachers 
experienced when they were students. 



Teachers need to try various forms of testing: student 
portfolios containing work completed, open-ended ex- 
ams, take-home exams, open-book exams, group exams, 
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oral examsi and standard questions in nonstandard set- 
tings, i.e.) giving a graphical version of the derivative of 
A function and asking for the graph of the function. 

Standardized tests, as the saying goes, tend to drive 
the curriculum. For the curriculum to change, these 
tests must change too: AP Calculus, Scholastic 4-pti* 
tude Test, College Entrance Examination Board Math- 
ematics Achievement Test, National Assessment of Ed- 
ucational. Progress, American College Test, and state 
and local competency tests. When will f ective calcu- 
lator questions be included on these important national 
tests? 

Materials 

The proposed new courses suggest heavy use of cal- 
culators and at least classroom demonstration of com- 
puter experknces. The latter necessitates the availabil- 
ity of well-thought through and simple-to-use software. 
Teachers want to know quickly how to use a piece of 
software and to know if it is dependable. If something 
goes wrong, instructions for what to do must be clear 
and efficient. Guidelines for use of the software with a 
given topic are also needed. Calculator exercises and 
suggestions for use in discussing a concept and explor- 
ing mathematical ideas are needed. 

When will effective calculator questions 
be included on ...important national 
tests? 

I would like to see both computers and calculators 
become an integral part of the curriculum. This, of 
course, implies that appropriate assignments are avail- 
able which allow students to use these tools to explore 
mathematical ideas. These materials need to be very 
user-friendly so even the inexperierxed student can use 
them with case. We are concerned here not with teach- 
ing how to program the computer but with using the 
computer to teach uid explore mathematics. 

Textbooks integrating the technology and stressing 
the concepts approach are necessary. In many states 
the schools must furnish each student with a book free 
of charge. In planning a new calculus program and sug- 
gesting changes in the precalculus program, one must 
remember thai high schools cannot change textbooks 
very often. Most schools are on a four to eight-year 
cycle. 

Equipment 

^ach student will need a calculator. I would like to 
uee a scientific one with graphing capability used in the 



precalculus classes. Calculus students would need one 
with a "solve" key and au "Integrate" key. Computers 
need to be av^lable for both classroom demonstration 
and for student use. In addition, a large screen monitor 
is necessary so a class of 30-40 students can see class- 
room demonstrations of materials on the computer. For 
the most effective use of a classroom tool, a computer 
and large screen monitor should be in each * ''hematics 
classroom. 

I cannot leave the discussion of materials and equip- 
ment without stressing the shortage of funds. Mathe- 
matics departments in many schools cannot afford the 
necessary technology, software, and textbooks. Fund- 
ing from industry, business, and state or federal gov- 
ernments is necessary. 

Teachers 

Teachers are the key factor in a successful mathemat- 
ics progvam. There are many competent high school 
mathematics teachers doing a fine job with 150 young 
people 180 days a year. Teachers need to be convinced 
that a change is necessary and then must be given the 
time, tools, resources, and training to do the job. I have 
been told by many mathematics supervisors that high 
school teachers are the hardest to change and are least 
responsive to in-service education. They are reluctant 
to change what they believe has worked. 

Many current teachers were educated in the late '50*s 
and '60's, and if my experience is typical, most have a 
pure mathematics background. This early training does 
influence what, content they feel is important. These 
teachers have been teaching for eighteen to twenty-eight 
years. They are committed, experienced, capable, but 
some are very tired! 

Teacher Training 

Teacher training will be a key to success for a new cal- 
culus program and precalculus curriculum. In-service, 
summer programs, or college courses available during 
the school year are several ways this training could be 
packaged. California has had considerable success train- 
ing teachers during the summer and then using these 
experienced teachers to conduct workshops, speak at 
conferences, and give in-service programs. Much train- 
ing will be needed, not only for the calculus teachers, 
but oiso for the teachers of the precalculus classes of al- 
gebra, geometry, advanced algebra, and trigonometry. 

A good training program requires several features. 
Teachers must be given released time or be compensated 
for attending; materials and registration fees should not 
come out of their pockets. Courses should be presented 
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by outstanding teachers familiar with the high school 
environment who ate modelling what should happen in 
ine high school classroom. 

Tsachers need continual support such as monthly 
meetings to share experiences and to discuss what 
works, what does not work, and what went wrong. They 
should have the opportunity to observe each other. 
Care needs to be -^iven as to when and where this train- 
ing is provided A late afternoon or evening workshop is 
nv>t »^ir:.>« the best experience since teachers are tired 
oftei teaching five classes during the day and often must 
prepare for the next day. 



Teacher training will be a key i;o 
success for a new calculus program and 
precalculus curriculum. 



A vital issue is the teachers* feelings of confidence 
and comfort. Ti»:s issue must be addressed. If classes 
becor X more open-ended and more exploratory in na- 
ture, teachers will feel less in control and will not always 
be an authority on the topic. There are teachers who 
fear something diiferent or new. They need to be will- 
ing to learn with their students and must be given the 
necessary tools and confidence to do so. 

Calculators and computers must become integral 
pc "'J of calculus and precalculus courses; this is not true 
in many schools at this time. Often it is not because the 
equipment is not available, but because teachers are un- 
trained and thus uncomfortable using the computer or 
calculator. Another critical issue is one of time: teach- 
ers rarely have time to find ways to implement use of 
this technology in class. 



There are teachers who fear something 
different or new» 



It is easier to teach mechanical material. It is much 
harder to get students to "think" and understand con- 
cepts. It is also easier to write and grade exams test- 
ing basic skills. One aspect of "easier" is the isstie of 
time: time in does, time to plan lessons, and time to 
write tests. It takes less time in all these areas to deal 
with skills and mechanics instead of concepts. Teachers 
will need guidelines and models for writing new types 
of test questions, and for conducting different types of 
classroom experiences which help in concept building. 

In planning the new curriculum, one muBt also be 
aware of t* • quality of people entering the teaching 
profession, since many have wea^ mathematical back- 
grounds that need to be strengthened. 
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Teaching 

We want students who can think, reason, apply con- 
cepts, express themselves with clarity, and use tech- 
nology effectively. To accomplish these goals, students 
need to be given opportunities to talk, write, and think 
about mathematics. 

Students should be expected to read and write us- 
ing the mnthijmatics vcrabulary of the course. Other 
expecvalions should include complete and coherent an- 
swers which arc well thought out, well developed, and 
well written on both tests and homework, and well ex- 
pressed in class discussions. Students sho';ld spend time 
at the board expldning their work, and there should be 
opportunities for group work. 

As mathematics teachers we need to take responsi- 
bility for all aspects of students* mathematical develop- 
ment. We must not ignore algebraic errors when stu- 
dents are writing up solutions to mathematical prob- 
lems or explaining their reasoning in solving a problem. 
We should not accept sloppy work; we must encourage 
students and work with them to improve their work 

Problems need to be assigned that a^e thought pro- 
voking, not just skill oriented, and that require detailed 
answers. These must ht graded carefully. In all courses, 
teachers should use a variety of techniques such as con- 
crete materials, chalk and talk, group work, computer 
demonstrations, films/videos, games, and discussion to 
help students learn and understand mathematics. In 
this environment students will put though.^ into words, 
help each other refine answers, and explore ideas. 

References 

[1] Douglas, Ronald B. (cd.) Toward A Lean and Lively Cat- 
cultts. The Mathematical Association of America t Wash- 
ington. DC, 1986. 

[2] Fey, Jamcp T. (cd ) Computing and Mathematics: The 
Impact On Secondary School Curricula, I'lational Council 
of Teachers of Mathematics, Rcston, VA, 1984. 

[3] Usiskin, Zalman. The University of Chicago School 
Mathematics Project for Average Students in Cxades 
12. 



KATHERINE p. Layton teaches at Beverly Hills High 
School in Bcvcrlj" Hills, California. She ia u member of the 
Mathematical Sr -ccs Fducation Board and of the Com- 
mittee on the M< hf .^^.M.ical Education of Teachers of the 
Mathematical Ass .i': i of America. In 1983 she served 
on the J<ational Sc^ii* Board Commission on Prccollcge 
Education in Mix'^wir . \ Science, and Technology. 



ERLC 



1G4 



154 



Issues; Institutional Concerns 



A Two- Year College Perspective 

John Bradbum 

Elgin Community College 

I start from the premise that it is intuitively obvious 
from the most casual observation that both the teach- 
ing and learning ot calculus is in serious disarray. A fur- 
ther premise is that if anything of siguificance, however 
slight, is to be done in the attempt to rectify the situa- 
tion, then funded pilot projects are a necessary step in 
the process. 



"If you donH know where you are 
going, any road will get you there.^^ 



This paper comments on some of the questions which 
need to be addressed in the design of these projects, of- 
fers suggestions of ways that two-year college faculty 
can effectively help in designing and carrying out the 
projects, and makes recommendations on disseminat- 
ing the results of the projects in a manner which would 
be useable by the greater mathematics c /mmunity, es- 
pecially by two-year college faculty. 

As a first step, I recommend a complete perusal of 
the report [1] of the 1986 Tulane workshop on calculus 
by anyone interested in joining the trek toward a lean 
and lively calculus. Although this report covers many 
of the questions and ideas that must be considered, I 
shall repeat some of them in this paper as a means of 
further emphasizing them. 

My instructional design professor used to say, "If 
V/-*: don't know where you are going, any road will 
get you there." Where is calculus going? Where does 
calculus fit in the development of mathematical ideas? 
Where does calculus fit in the development of students* 
mathematical maturity? What are the proper service 
functions of calculus? These questions are partially an- 
swered in the papers in [1], but I do not feel that com- 
plete enough answers are given there to move to the 
instructional design stage for calculus. 

The Role of Proof 

The ceiitral issue that must be addressed in any re- 
form of calculus concerns the nature of proof. Where 
is the development of the idea of the nature of proof 
deliberately emphasized in the sequence of mathemat- 
ics courses from beginning algebra through calculus? 
When I took plane geometry as a high school sophomore 



and solid geometry as a high school junior, everyone 
knew that you do proofs in those two courses. It now ap- 
pears that someone looked at the titles of those courses 
and decided that since "geometry** but not "proof* is 
in the titles, then proof is not an appropriate topic in a 
geom'^try course. 

0>ie of the problems we deal with in attempting to 
teach calculus today is that proof is not a part of most 
students* mathematical backgrounds. Proof is no longer 
a large part of the geometry course and the algebra 
courses deal not with proof but with .manipulative skills. 
The debate over the appropriate level of rigor in teach- 
ing calculus needs to be preceded by a discussion con- 
cerning whether calculus now represents students* first 
introduction to mathematical proofs. Certainly some 
proofs are still done in calculus, either using intuitive 
premises or very formally constructed premises. 



I believe that proof is the very essence 
of mathematics. 



I believe that proof is the very essence of mathemat- 
ics. Many students end their formal mathematics train- 
ing with calculus or shortly thereafter and the nature of 
proof should be a part of that training. As a two-year 
college teacher, I regularly teach all the courses in the 
sequence from basic algebra through calculus. In terms 
of the textbooks available, with the possible exception 
of analytic geometry, I do not see the idea of develop- 
ing the nature of proof deliberately being given a high 
priority. 

Since most two-year colleges teach that whole se- 
quonce, such institutions need answers to the question 
of where the nature of proof is deliberately and con- 
sciously taught in the sequence. Those answers may be 
contained in decisions on the content and style of the 
calculus or in statements about the prerequisite skills 
and knowledge of entering calculus students. However 
the answers are given, whether traditional or newly for- 
mulated, we do need them. 

Establishing Priorities 

Questions about the role of proof cis well as other 
questions raised in [1] need to be answered before de- 
sign of instructional content and style for the various 
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projects can begin. Information needs to be gathered 
from various sources, especially about the service func- 
tions of calculus. When the questions are answered, 
the expected outcomes of calculus instruction need to 
be clearly prioritized — there are techniques for doing 
that — in order to make the difficult decisions about 
what topics to include or not include, and which ideas 
to give primary emphasis and which to give lesser em- 
phasis. 

Another reason for having a clearly prioritized list of 
expected outcomes is that it facJitates the process of 
evaluating the success of the project. The prioritized 
list is also a necessary part of the information to be 
disseminated in follow-up workshops in order for oth- 
ers to judge the effectiveness of the instruction and to 
determine if they wish to try the instructional package 
developed in that particular pilot project. 

I have heer. teaching calcuhis for twenty years and I 
no longer have favorite topics to teach. I have fun days 
in teaching calculus, but I cannot count on any particu- 
lar topic being fun to teach on any given day. Therefore, 
I would not argue for inclusion of any topic because I 
enjoy that topic, but would rather point to a prioritized 
listing of what calculus is supposed to accomplish. 

Certain topics may be included for completeness, if 
completeness is high enough on the list of outcomes to 
outrank competing topics which meet other outcomes. 
Proof, as I have argued, should have high priority. Since 
most instructors rely heavily oa calculus proofs based on 
intuitive premises, the course should also include some 
convincing, examples of cases where intuition has led to 
incorrect conclusions. 



Student Characteristics 

Another question which needs to be answered before 
the actual design of the instruction can proceed con- 
cerns the prerequisite mathematical skills and knowl- 
edge on which the instruction is to be built. Although 
students in calculus have widely differing mathemati- 
cal backgrounds, student's actual mathematical skills 
and knowledge, study skills, and learning skills fit into 
a fairly narrow interval. 

For example, a couple of years ago I was really dis- 
appointed in my students' learning abilities and discov- 
ered that my colleagues in other fields agreed that this 
group of students was the worst ever. We assumed that 
the four year schools had dipped lov;er into the student 
pool to keep heir enrollment figures up, leaving less 
able students for the two-year colleges. Yet our regis- 
trar assured me that on paper this was the best group of 
students we had ever had. Realism rather than wishful 



thinking in stating the prerequisite skills and knowledge 
leads to a more effective instructional design. 

I may appear to be pointing an accusing finger in the 
preceding paragraph, but a two-y.ar college mathemat- 
ics teacher usually cannot afford such a luxury. We have 
enough students in our calculus classes who have taken, 
at our own schools, the sequence of courses leading up 
to calculus who do no better than the other students 
to keep us from pointing fingers. My earlier suggestion 
that two-year college mathematics teachers can use an- 
swers to the quesMons of where the nature of proof is 
deliberately taught in the sequence of courses also ap- 
plies to most questions about the development of basic 
mathematical ideas. 

The characteristic of two-year college students that 
is most often mentioned is that they tend to be older 
than other lower division und'^rgraduates. Age is both 
a blessing and a hinderance: these students tend to be 
more serious about school, but have more responsibil- 
ities and demands on their time. Consequently, the 
majority of them are part-time. 

Most two-year colleges are commuter schools. These 
two characteristics — part-time and commuter — are the 
variables that most affect instructional planning. Two- 
year college students need to plan schedules in advance 
(babysitting, jobs, transport?tion, etc.) and need a 
fairly fixed schediile and fixed time commitment for 
schoolwork for the entire semester. A large indepen- 
dent project assigned on short notice shows a lack of 
instructor's awareness and planning. 

Style and Content 

Peter Renz' paper, "Style versus Content: Forces 
Shaping the Evolution of Textbooks" [1, pp. 85-100], 
speaks specifically to the important issue of style of in- 
struction. Other papers in the same volume speak to 
this issue by discussing sample questions and examples 
used in teaching calculus. The order of topics, for ex- 
ample, hcis a great effect on the instructional outcomes 
and is an important part of instructional design. I have 
seen useable textbooi^s issued in a new edition with the 
changes consisting primarily of a reordering of topics. 
Many times the new edition is not a workable text even 
though the style of presentation is the same. 

The papers in [l] which deal with the utihzation 
of computers and symbolic manipulation packages for 
teaching and learning calculus point out many possibil- 
ities for change in calculus instruction. However, care 
must be taken so that the computer does not take over 
the role of performing Mathemagic, that is, "snowing" 
the students, which the teacher can too easily do al- 
ready. 
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Computers can show many things quickly, but stu- 
dents still need time to think. They need guidance in 
how to look at computer output just as they need guid- 
ance in reading mathematics texts. The prioritized list 
of outcomes, the choice of topics selected, and the avail- 
ability of hardware and software are the major *'-^ter- 
mining factors in designing instruction which uses com- 
puters in a mejmingful way. The first two factors are 
far more important than the third, since hardware and 
software continually change. 



Computers can show many things 
quickly^ but students still need time to 
think. 



One needs to exercise caution when deleting topics 
from a course. Mosl topics originally held valid rea- 
sons for being included, although those reasons may no 
longer be apparent from the treatment of the topic or 
even in the topic itself. One must be aware of the rea- 
sons the topic was included in the first place and make 
conscious decisions about those reasons (vhen deleting 
a topic. I give two examples — one from trigonometry 
and one from calculus — to clarify this point. 

In trigonometry one can be asked to give the value 
of sin (75^) or sin(57r/12). It is a very simple matter to 
get a value by punching a few buttons or, as in my day, 
by looking it up in a table. However, one purpose of 
that type of problem is to give students an opportunity 
to practice with various formulas: 

(a) sin(57r/12) = sin(7r/6 + 7r/4) 

(b) sin(57r/12) = sin(27r/3 - 7r/4) 

(c) sin(57r/12) = sin(l/2)(5;r/6]. 

In deleting this type of problem from trigonometry, 
one is in effect saying that adequate practice is provided 
elsewhere or that practicing with these formulas to be- 
come better acquainted with them is not worthwhile. 

Techniques of integration is a frequently mentioned 
candidate for deletion from calculus. In terms of its im- 
portance to calculus, I agree. However, I have told my 
students for years that the real purpose of that chapter 
is to sharpen their skills in dgebra and trigonometry. If 
that chapter is removed, we are saying impliv'tly either 
that other topics provide adequate sharpening or that 
sturlents do not need to have their skills in algebra and 
trigonometry sharpened. 

Teaching 

If one is looking fo experienced calculus teachers to 
help in the design and implementation of pilot projects, 



I would suggest a heavy dose of two-year college math- 
ematics teachers. Two-year college faculty are first and 
foremost teachers. A typical regular teaching load is 
15-17 hours per semester, often with an overload class 
or paiij-time contract on top of that. 

A large number of two-year college mathematics in- 
structors regularly teach calculus, are conscious of what 
it takes to be an effective teacher, and are willing to help 
improve the outcomes of teaching calculus. In designing 
and implementing different instructional strategies for 
calculus, the knowledge and experience these teachers 
bring to the task is very useful. 

The feedback that experienced teachers can give on 
what is working and what is not working is invaluable 
in revising the material for the second and subsequent 
classes using the material. Sometimes students send 
mixed signab. At that point, decisions about the in- 
structional process need to be based on teaching expe- 
rience rather than on the mixed signals. 



Two-year college faculty are first and 
foremost teachers. 



Since teaching is such a large part of the professional 
lives of two-year college instructors, we want teaching 
to go well. We stand ready to help 

• to improve calculus instruction; 

• to select topics and teaching strategies for calculus; 

• to provide feedback concerning new instructional 
packages; 

• to disseminate information about successful pilot 
projects in a useable form. 

The designers of calculus projects need to be very 
careful in the way thrxt success is defined. Assuming 
that each pilot project has a prioritized list of expected 
outcomes, such a list for a pcirticular project would be 
used in evaluating the success of that project. I strongly 
recommend that statements about the success rates of 
students not be included in the definition. The su<:cess 
rate's of generally ill-prepared students who do not put 
in the necessary study time are not going to change 
dramatically in the short-term, so project success (or 
failure) should not be tied to so insensitisfe an indicator. 

Dissemination 

If calculus is to be reformed, then information about 
successful projects needs to be widely disseminated in 
a useable form. Not every school has to jump on the 
calculus bandwagon at tue first opportunity. There is a 
small list of particular schools that will £*rongly influ- 
ence any change that is proposed. If an overwhelming 
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majority of the schools on the list accept the change, 
then the change will become general and widespread. I 
recommend that leaders of this reform movement write 
down their own minimal lists of schools and persistently 
work on those schools to be involved as much as possi- 
ble in each step of the development and implementation 
process. 

My hope is that many two-year colleges will be ac- 
tively involved in the coming changes. Whether a two- 
year college is involved in the initial phases or not, it will 
change its calculus content when the schools to which 
most of its calculus students transfer have changed, 
since calculus is clearly in the transfer track. 

Second, as part of promoting general acceptance of a 
change in calculus and also as a consequence of a general 
acceptance of that change, workshops need to be held to 
explain the change in calculus and to explain new ways 
to think about calculus and new ways to teach calculus. 
A final written report for each pilot project is useful in 
spreading the word about the projects. Talks and panel 
discussions about the projects at regional and national 
meetings are helpful in selling the ideas generated by 
the projects. However, I do not feel that those types of 
efforts are enough. 

With the heavy teaching load that two-year college 
faculty carry, we tend not to be as well read as we 
would like. For us, relying primarily on printed ma- 
terial to spread the word is not enough. I recommend 
that each funded project contain, as part of the design 



of the project, a workshop component to be used in dis- 
seminating information about the project and about the 
continuing results of the project. The workshop com- 
ponent needs to be funded in such a way that the work- 
shop can be given several times in various locations. I 
further recommend that the work'-hops be given at na- 
ticral, regional, affiliate, and section meetings of AM- 
ATVC and MA A. Cooperation of these organizations 
should be readily available. 

I look forward to the improvement of calculus in- 
struction over the coming years and to a return to en- 
joyment in my own teaching of calculus. 
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Calculus in a Large University Environment 

Richard D, Anderson 
Louisiana State University 



There is no single large university environment. The 
large university category includes the Harvards, the 
MITs, the Berkeleys, and the Michigans, all with highly 
select student bodies, as well as state universities of the 
South and Midwest with open admission policies. The 
roles of beginninf "alculus necessarily differ, from those 
of a course by-pasoed by many students in select univer- 
sities to a course for which only a small percent of en- 
tering freshmen are eligible as in universities with open 
admission policies. 

But in their lack of initiative for significant educa- 
tional reform, the universities of the country are re- 
markably similar. Except for the addition of some new 
(optional) topics and the deletion of a few (generally 



harder) technical topics, the mainstieam calculus books 
of today look remarkably like those of fifty years ago. 
And yet, in that time frame, the technical and scientific 
world has changed radically. 

There has been one important development in calcu- 
lus reform in universities over the past 15 or 20 years, 
namely the growth of non-mainstream courses, e.g., 
business or life science calculus. The 1975 and 1985 Un- 
dergraduate Surveys show a growth in the percentage 
of non-mainstream calculus from 22.5% of all university 
calculus enrollments in 1975 to 31% in 1985. The 1970 
Survey did not list such "soft" or terminal calculus at 
all — presumably because it was not yet sufficiently well 
recognized for the committee then in charge to have 
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listed it separately. 

One can conjecture that, in universities, the growth 
in enrollments in calculus courses (or sequences) not 
leadmg to upper division mathematics played a roie in 
reducing the pressure for reform in mainstream calculus 
since it was easier to believe that the engineering and 
physical science students really did need the emphases 
and drillwork of traditional calculus. 



In their lack of initiative for significant 
educational reform, the universities of 
the country are remarkably similar. 



Large universities share certain characteristics which 
affect their propensities for change in the calculus cur- 
riculum. 

• They are big, with multiple sections taught by a wide 
variety of faculty. 

• Calculus is the core of the mathematics service course 
sequences for students of engineering, physical sci- 
ences, computer sciences, business, life sciences, and 
mathematics itself. 

• The user faculties on campus are sensitive to any 
changes which run counter to their ideas of what stu- 
dents should know. Since they don't have much oc- 
casion to consider details of service course curricula, 
they are inclined to be conservative about calculus — 
what was good for them is good for their students. 
Because they have diverse individual criteria as to 
what is important, any change will step on many 
toes. They are more willing to add new thrusts, 
e.g., linear algebra, to their students' programs than 
to make bard decisions about dropping old thrusts. 
They almost all find calculus useful as a "sci\*»en" in 
winnowing their students. 

Roie of Universities 

It is important that the large university environment 
be a vital part of any efforts to change the nature of 
the teaching of calculus. The universities of our country 
are the focus of a very major part of basic research in 
science, in engineering, and certainly in mathematics. 

They should also be an important origin of educa- 
tional innovation. However, the reward system in uni- 
versities is such that faculty time and effort spent on 
research totally dominate time and effort spent on edu- 
cational reform. And th s educational reform hcis suf- 
fered. Very few faculty nave either interest in educ? 
tional reform or time for such work. 



There is now much evidexj' e that important elements 
of the research community ac*: paying attention to basic 
educational needs. We must all work to see to it that 
the initiatives now begun are actively carried through 
at the university level as well as at the college level. 

Science and Engineering 

With the help of the engineering community, ever 
present in the university environment and highly cog- 
nizant in their own educational progreuns of the roles of 
technology, we In mathematics have an opportunity to 
ally ourselves to forces of change. It is odd indeed that, 
by all accounts, upper divicion education in engineer- 
ing has changed radically in the past third of a century, 
whereas the basic science and mathematics courses for 
engineers in the lower division have changed very little. 

Prom discussions with a number of people in vari- 
ous disciplines at various universities, it seems likely to 
me that the engineering community is readier to accept 
changes in calculus induced by the age of technology 
than is the physical science community. While many 
physical science faculty do employ computers in their 
research, the nature of research in the physical sciences 
as well as in mathematics requires individuals to get 
away by themselves in order to think. 



Upper division education in 
engineering has chan^'d radically in 
the past third of a century, whereas 
the basic ...mathematics courses for 
engineers in the lower division have 
changed very little. 



Much of that process in mathematics, at least, in- 
volves conjecturing, drawing pictures, and trial-and- 
error methods and generally these require paper and 
pencil activities. What we seek in calculus for the next 
century is a balance between the old and the new: pa- 
per and pencil activities to cissist in understanding and 
in problem solving but not in routine computations or 
algorithmic processes better done by computers and cal- 
culators. 

The coming reformation of calculus in large universi- 
ties 13 complicated by the fact that there are many local 
fingers in the pie. Engineers, computer scientists, physi- 
cal scientists, life scientists, and business administration 
people well eis mathematicians all have their own spe- 
cial and differing needs for calculus level courses. Cal- 
culus is the dominant introductory mathematics course 



Anderson: Large Universities 



159 



for students in the first two years in these various dis- 
ciplines. 

Technology h£is brought great changes in the way 
mathematics is used in the work place, away from pa- 
per and pencil procedures toward the use of calcula- 
tors and computers. Symbolic manipulation and com- 
puter graphics are not only changing the way engineers 
and others use mathematics in the work place, but 
they clearly will force major changes in university level 
calculus — students' first step on the access route to the 
work place. 



The rote algorithmic paper and pencil 
procedures which have been ...largely 
unchanged in calculus over the past 50 
years, at least, are irrelevant in terms 
of even current work place use. 



The rote algorithmic paper and pencil procedures 
which have been developed over the past century-and- 
a-half and have been largely unchanged in calculus over 
the past 50 years, at least, are irrelevant in terms of 
even current work place use. That does not say that 
the concepts and ideas of calculus are irrelevant, but 
only that we must design our educational practic^>s in 
calculus to conform to students' future needs, both in 
the post-calculus learning environment and in the fu- 
ture work place. 

Calculus in Universities 

The 1985-86 Survey on Undergraduate Progranns in 
the Mathematical and Computer Sciences [1] reveals 
mu'jh background statistical data on calculus in univer- 
sities. Although the "university" category used there is 
from Department of Education lists not identical with 
AMS Group I, II, and III Institutions, percentage fig- 
ures for enrollments, faculty and teaching phenomena 
are close to those applicable for any rezisonable defini- 
tion of "large universities." The data is for calculus 
taught in mathematics departments in the fall term of 
1985 and include enrollments in the first, second, or 
third terms in the engineering and physical science cal- 
culus, and in the business and life sciences calculus. 

In universities 40% of all undergraduate mathemat- 
ics enrollments are ir ^^dculus, with a 27% to 13% split 
between engineering-physical science calculus to busi- 
ness and life-science calculus. 72% of a^l mathematicf 
enrollments at the calculus 1 . ^1 or above ai ; in calculus 
itself; 81% of all such enrollments are in calculus or its 



natural successors, i.e., differential equations, advanced 
calculus, and advanced mathematics for engineers. 

Thus calculus is overwhelmingly the dominant math- 
ematics course taken by undergraduate students in uni- 
versities. Total enrollments in calculus as well as total 
undergraduate mathematics enrollments in univ^jrsities 
were essmtially unchanged from 1980 to 1985. 

In university calculus courses, approximately 38% of 
all students are taught in sections of under 40, 20% in 
sections of size 40 to 80, 12% in lectures of more than 
80 without recitation sections, and 29% in lectures of 
more than 80 with recitation sections. (The remaining 
1% are taught in self-paced or other format.) Only 5% 
of calculus sections in universities have any required 
computer use. 

The average age of the full time university math- 
ematics faculty is 44 with 65% over age 40 (up from 
45% in 1975). 90% of all full time mathematics fac- 
ulty in universities have doctorates, 63% of whom are 
tenured. Presumably almost all of the non-doctorate 
full time faculty would teach only courses below the 
calculus level. 



In universities ...72% of all 
mathematics enrollments at the 
calculus level or above are in calculus 
itself 



No specific data is available from the Survey on the 
percentage of calculus sections taught by teaching assis- 
tants, but anecdotal information suggests that whereas 
teaching assistants teach about one-fifth of all sepa- 
rate university sections in mathematics, the majority 
of these sections are at a level below calculus. In many 
universities, only select advanced graduate students are 
assigned calculus-level courses. However, there are a 
few (selective) major state universities with very lit- 
tle course load below the calculus level; at such places, 
teaching assistants teach much of the introductory cal- 
culus section*?. 

What Do Students Learn? 

Student learning procedures consist primarily of 
working textbook problems — usually several or many 
of the same sort — following model procedures gi\en in 
the textbook or by a teacher. Thus students learn vari- 
ous paper-and-pencil algor! ams for producing answers 
to special types of problems. They customarily read the 
text only to find procedures for working such problems. 
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Almost no student below the A-level (and few A stu- 
dents) can cite, much less accurately state, and even less 
prove, any of the theorems related to elementary calcu- 
lus. Student dependence on nemorized procedures to 
produce answers follows a sin.llar pattern of learning 
in pre-calculus mathematics. In calculus, however, it 
requires much wider and more readily recalled back- 
ground information, primarily from algebra, trigonom- 
etry, and elementary functions. 



Almost no students below the A-level 
can cite, much less accurately state, 
and even less prove, any of the 
theorems related to elementary 
calculus. 



The intellectual achievement for most students in 
learning calculus is, nevertheless, considerable. They 
have had to leam about new concepts much more 
rapidly than in earlier courses, and they have had to 
develop command of a wider and more diverse "bag 
of tricks.** They have learned to solve problems from a 
variety of geometrical and physical applications. Unfor- 
tunately, many of the tricks in the calculus bag appear 
irrelevant in an age where the computer and the calcu- 
lator are rapidly replacing paper and pencil as the tools 
of the trade. 

Roles of Calculus 

In considering any significant change, much less a 
reformation of calculus, it is important for all to keep in 
mind the various role*; traditionally played by calculus 
in our universities. We should not, unwittingly, reform 
calculus without taking into account the many useful 
by-products of the study of calculus. Here are some 
roles to keep in mind. 

• Calculus embodies a unity anJ beauty as one of 
the great and useful intelbctual achievements of 
mankind. However, many current courses pay only 
lip service to these aspects of calculus. In reforming 
calculus, we should overtly seek to acquaint all stu- 
dents with the unity, beauty, and power of calculus. 

• Calculus represents modelling of a mathematical sys- 
tem with a richly diverse set of applications; physi- 
cal, geometric, biological, and managerial. Calculus, 
together with the real number system op, which it is 
based is, along with Euclidean geometry, :in ultimate 
mathematical model. 

• Calculus as currently taugnt has been the course in 
which most engineering and physical science students 



really learn algebra cind trigonometry: algebraic top- 
ics are used and reviewed until they come together 
as necessary background for a new and more pow- 
erful subject. In the age of symbolic manipulation 
and computer graphics, we must seek to identify and 
strengthen those aspects of calculus as well as those 
aspects of algebra and trigonometry which will be 
important in the work place of the future. 
• With its many graphical representations, calculus 
has been a rich source for the (further) development 
of students* geometric intuition. Along with geomet- 
ric aspects of linear algebra, introductory multivari- 
ate calculus offers V:tal exposure to three and higher 
dimensional geometry. 



Calculus as currently taught has been 
the course in which most engineering 
and physical science students really 
learn algebra and trigonometry. 



• Calculus has been the mathematical and intellectual 
screen by means of which students in engineering, in 
the sciences, and in mathematics are judged as ready 
for more advanced work. It is "the universal prereq- 
uisite." Both the rapid assimilation of new concepts 
and the control of a broad framework of background 
information required in successful study of the calcu- 
lus are student experiences involving characteristics 
which are manifestly important for further study. 

Forces Against Reform 

Inertia. One should never underestimate the inertia 
and resistance to change in a large system. The edu- 
cational system is naturally conservative, with all uni- 
versities structured along traditional departmental and 
college lines. Significant changes affecting introductory 
courses like calculus which are prerequisite to almost all 
courses in both mathematics and user disciplines must 
have at least grudging approval of most or all of the 
departments and colleges concerned. 

For example, even interchanging the order of intro- 
duction of topics has great implications for normally 
concurrent physics courses. Thus any major changes 
in emphasis in calculus must be carefully planned and 
coordinated with user departments. 

Tradiiion, Virtually all current mathematicians and 
users of mathematics have grown up with a calculus 
course largely unchanged in both rontent and presenta- 
tion over at least the past half-century. There have been 
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cycles of relative emphasis on proof and of varying or- 
ders of presentation of topics but, by and large, student 
learning has been almost totally involved with repetitive 
use of paper-and-pencil proccst»es for producing answers 
to special types of problems. Based on earlier mathe- 
matks experiences, students, mathematics faculty, and 
user faculty expect standard skills and judge success or 
failure by a student's ability or inability to work special 
types of problems. In r:ty experience, when questioning 
users or mathematicians about the content of calculus, 
there is strong instinctive reaction to judge as important 
those topics the faculty were taught and were successful 
in learning (or, for mathematics faculty, in teaching). 

Qualifications and Aiiiiudes, The bulk of students 
taking calculus in universities are taking it as a means of 
gaining access to other subjects. Their primary concern 
is to get through the course with the least diversion from 
their other interests. 



Virtually all current mathematicians 
and users of mathematics have grown 
up with a calculus course largely- 
unchanged in both content and 
presentation over at least the past 
half-century. 



Furthermore, most have achieved what they have 
by working lots of problems by memorized paper-and- 
penril algorithmic procedures following textbook or 
teacher examples. Their natural Inclination is to want 
more of the same. They don't want to be shown more 
than one way to do problem, they don't want to know 
why but only how, and few of them have been exposed 
to problems about which they need to think hard or 
long. 

Many have not learned how to read the te :t ex- 
cept to foHow the step-by-step illustrative examples. 
Many have difficulty even reading the word probleiTiS. 
A change to conceptual calculus with a downplaying of 
formal paper-& id-pencil procedures will run into stu- 
dent resistance and must be phased in with companion 
changes at the school level. 



Textbooks. Texts are written and published to be 
sold. They represent the publishers* views of what the 
teaching community wants. Thus current texts cover 
a wide variety of topics (for faculty choice) and have 
pages of standard, similar problems, following illuslia- 
tive examples. 

Ifexts are frequently adopted via committee recom- 
mendation, with committees looking for "teachable" 
books, those similar to ones liked in the past and those 
consistent with soniewhat traditional values. New texts 
with radical changes only rarely get adopted, thus au- 
thors don't write thern and publishers don't publisli 
them. 

'^here is uncertainty among us and among many of 
our colleagues about what topics are -important in cal- 
culus for tomorrow and also uncertainty about the need 
for gradual continuing change after an initial "reforma- 
tion." We do not yet understand how completely or 
rapidly symbolic meinipulation and computer graphics 
will effect either societal use of calculus or the teaching 
of calculus nor, at 'n even more fundamental level, do 
we understand which asoects of calculus will turn out to 
be most important for users in the evolving and forever 
changiug age of technology. 
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There is little disagreement with the premise that 
the mathematical fluency of our educated population is 
near an all time low. More serious than the lack of gen- 
eral literacy is the fact that America is not producing a 
generation of students who will become the mathemat- 
ical scientists and innovators of the future. Our best 
brains are being siphoned off into business, medicine, 
and other careers before the mathematical science com- 
munity has even had an opportunity to persuade them 
that understanding nature, social behavior, economics, 
not to mention the vast changes in technology from a 
quantitative point of view, is a worthwhile pursuit. 

There are many reasons for this. First, it might be 
argued that, except for rare periods, America has never 
encouraged its bright, young people into science. Immi- 
grants have always done the job for us. Second, the peer 
pressure of materir ' success suggests that tough, rugged 
Lee lacocca is a Letter role model than the nerd who 
teachers mathematics on the television at six o'clock on 
a Monday morning. Young people are not exposed to 
role models of a sufficiently heroic type in the mathe- 
matical sciences. 

America is not producing a generation 
of students who will become the 
mathematical scientists and innovators 
of the future. 

T!,ird, and perhaps the only area m which we might 
take action so as to have immediate impact, is the early 
experience of students with mathematical thinking and 
ideas. Presently, the preparation of our young people 
in English and mathematics, the two subjects which 
should surely dominate a high school education, is pa- 
thetic. 

Changes in Attitude 

Therefore the first suggestions which we offer address 
less the details of the curriculum in calculus and more 
the attitudes that we must adopt: 

• Tliere must be a concerted effort, working with local 
high schools and high school teachers, to s^e that stu- 
dents are better prepared in algebra, geometry and 



trigonometry and, most importantly, that they are 
aware of the self-discipline required to learn mathe- 
matics. Real learning requires work. 
We must stress that mathematical knowledge is cu- 
mulative and that scientific knowledge has a verti- 
cal structure. All te^ts and examinations should re- 
flect this fundamental premise. Regular homework 
should be a priority. Homework drill is essential. 
Tests should be cumulative. 



The preparation of our young people in 
English and mathematics ...is pathetic. 



• Let us now agree once and for all that not all students 
have equal abilities and introduce some stratificaMon 
(honors sections, sections which coordinate with el- 
emcatary physics or business courses, etc.) into the 
organization of classes. 

• Above all, we must put our best teachers, the most 
caring and inspiring, in the first year courses. 

• A program that emphasizes mathematical thinking 
and word problems will require more instructor time 
per student. Consequently, it will be necessary to 
restructure the incentive nnd reward syst,em for uni- 
versity professors. Research 5s vital, no one questions 
that. But there is presently far too much recognition 
given in American universities for mediocre resea^'ch 
and far too little for e::cellencc in teaching. This atti- 
tude has not only led to an imbalance in distribution 
of personal time and effort, but also has skewed *he 
internal distribution of faculty among departments 
within a university. 

Change.s in Curricu.lum 

We continue with a similar list of fundamental prin- 
ciples directed at the calculus curriculum itself: 

• Wc must understand that the calculus sequence is 
the basic set of courses in mathematical thinking to 
which a student is exposed. Although the sequence 
must be responsive to the university coiPniunity as 
a whole and must prepare students to hacdle the 
mathematics used in the courses of other discij. Mnes, 
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the teaching of mathematics at this level should not 
have a purely service connotation. 
• It is important that students be exposed to logical 
thought processes, problem solving and other areas of 
mathematics such as probability and number theory 
which stress these activities. The actual material 
covered is not as important as the confidence induced 
by gaining understanding through mathematics and 
simple logical arguments. 



Above all, we must put our best 
teachers, the most caring and inspiring, 
in the first year courses. 



• We must use to the fullest extmt the products of 
modern technology. Homework can be monitored 
and corrected and help can be given on computers. 
The prerequisites of a given course can be introduced 
on VCR tapes which can be used on home televi- 
sions, or on discs which can be used in most standard 
personcil computers. Much of the material which a 
student must do alone (lots of examples, homework, 
etc.), all the repetition which is so necessary in learn- 
ing mathematics, can be done better by the student 
with technological aids. 

• Many students are computer literate (they can oper- 
ate the computer, play games, etc.), but very few can 
write a good program or use packages effectively. All 
summing operations (series, integrals, etc.) should 
be done numerically. There is no harm in intro- 
ducing students to exact methods; it increases their 
literacy and fluency; but it should be stressed that 
there is no difference in principle between calculat- 
ing J^sln^Ttxdx and /J \/l + sin^ Ttx dx. Each is 
a number and the latter number is no less good than 
the former just because it cannot be exactly calcu- 
lated but must be approximated. 



Mathematics education cannot be 
egalitarian. 



• The curric'.lum should stress word problems, the art 
of judicious approximation, and the importance of 
converting conservation laws and problems in op- 
timization into mathematical language. After all, 
practically all laws used in engineering and science 
are derived from looking at balances of mass, concen- 
tration, momentum, heat, energy. Moreover, many 



of the challenges in modern business involve choosing 
optimal configurations of the coordinates to achieve 
certain desirable ends. 

Before writing down an outline of a curriculum, it is 
important to return to the idea that mathematics edu- 
cation cannot be egalitarian. We suggest therefore that 
the best students be separated into classes which cover 
an expanded curriculum in the traditional three courses. 
However, the extra depth and amount of material intro- 
duced should be recognized and so we recommend that 
each of these three courses receive four hours credit. 

In order to coordinate the curriculum between the 
brighter and the less qualified student, we suggest that 
the vast majority take calculus as a sequence of either 
three or four three-credit hour courses. The first option 
would cover less material but still emphasize mathe- 
matical thinking, problem solving, approximation tech- 
niques, and the importance of computers. The four 
course option would allow the less qualified student to 
have an equal preparation should he or she decide to 
continue in a course of studies where all the calculus 
material is required. 

In addition, it should be possible for a student ma- 
joring in engineering or the physical sciences (or any 
other interested student for that matter) to choose a 
calculus track which coordinates calculus topics with 
relevant material in the parallel science sequence (e.g., 
motion problems, Newton's laws, calculation of chem- 
ical compositions). After all, most major universities 
run over twenty sections of each calculus course each 
semester. Diversity and choice should have their place 
in the education system. 



Real learning requires work. 



We want to stress again, however, that except for 
vital prerequisite mc\ierial, the exact topics introduced 
are not crucial. We see the role of the national mathe- 
matics leadership in suggesting a curriculum as limited 
to preparing a readable framework about which indi- 
vidual instructors and teachers can build and which an 
average student can understand. What is important is 
that we structure the curriculum so as to nurture the 
students* abilities to develop clear thinking, do word 
problems and be willing to use modern technology with 
confidence. Former students who have some work ex- 
perience cire far more apt to say that it is their ability 
to think and learn rather than their precise knowledge 
of a given topic which is important to them in later life. 
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The Honors Curriculum 

For honors work we do not suggest any radical 
changes from present practice. However, we do recom- 
mend inclusion of a wider range of topics in the calculus 
sequence. In particular, the mathematical background 
of almost all students studying the quantitative sciences 
should include 

• writing programs and using computer packages effec- 
tively, 

• basic ideas in probability and statistics, 

• the solution of linear equations, matrices, linear in- 
equalities, 

• game theory and the choice of strategies, 

• a litt!:; number theory. 

The last member of this list is included, not because 
it has immediate application but because merny of the 
problems and ideaV. can be understood without a great 
de?l of background, results can be numerically checked, 
and many tools required in constructing logical proofs 
(e.g., induction) can be readily introduced. 



What is important is that we structure 
the curriculum so as to nurture the 
students^ abilities to develop clear 
thinking^ do word problexns and be 
willing to use modern technology with 
confidence. 



We now introduce what we call the Honors Cur- 
riculum consisting of three substantial courses, each 
with 4 hours credit. Specific comments will follow each 
semester's outline; general comments will be given at 
the end. 

1st Semester: Number systems, functions, limits, 
continuity, differentiation, finite differences, indefinite 
integr'^ls, special functions. 

Comments: Little change from the present curriculum 
for the first 1 and 1/3 semesters. Introduces a little 
number theory. At least one-sixth of the teacher's time 
should be spent on the mathematization of word prob- 
lems. Emphasize pictures and curve sketching. 

2nd Semester: A mathematical laboratory emphasiz- 
ing computer programming and use of packages. Defi- 
nite integration by Riemann sums. Introduction of nu- 
merical methods. Techniques of exact integration. Im- 
proper integrals. Series, Taylor series, maximum and 



minimum problems. Solution of systems of linear equa- 
tions. Matrices, determinants. Linear inequalities and 
programming. 

Comments: Introduction to the idea and implementa- 
tion of approximations. Techniques of exact integration 
are exhibited only once; the student using exercises and 
drills, is responsible for mastering this material out of 
class. Numerical verification of all results should be en- 
couraged. A microcomputer laboratory is essential and 
the student should expect to spend at least three home- 
work hours per week working on the computer. If time 
permits, a little game theory and choice of strategies 
might be introduced here. A knowledge of solutions of 
linear equations, ntatrices . nd determinants is impor- 
tant for the differential equations courr^e, which is often 
taken in the third semester. 

3rd Semester: An introduction to probability and el- 
ementary concepts in statistics (mean, variance, least 
squares fitting). Analytic geometry. Coordinate sys- 
tems and the differences between Eucliciean and other 
manifolds. Tangent lir-ts, arc length. Vectors and the 
description of curves surfaces. Partial derivatives, Tay- 
lor series, maxima and minima in higher dimensions. 
Multiple integrals. Line and surface integrals. The no- 
tions of circulation and ilux. The theorems of Gauss, 
Green, and Stokes. 

Comments: Except for the inclusion of probability, this 
program is not a great deal different from the present 
curriculum. We suggest, however, that proofs be re- 
placed by a demand that the student understand the 
results sufficiently well to carry out nontrivial compu- 
tations of circulation, heat flux, etc. 

The Regular Curriculum 

The regular curriculum, which would consist of four 
three-credit hour courses, would omit special functions 
and number theory froxp semester one, would include 
special functions in semester two but exclude solutions 
of lineeir equations. Semester three would be nev; and 
include much of the discrete mathematics, probability, 
statistics, systems of linear equations, matrices, linear 
programming, game theory and strategies and a little 
number theory. Semester four, which would be required 
of students following cerf aiu of the engineering and sci- 
ence majors, would be the same as the honors section 
without probability and statistics. 

Logical Sequence 

One of the primary aims of a mathematical educa- 
tion is to teach students to think logicallv and correctly 
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about the problems at hand. The problem need not be 
mathematical in origin or nature, but the solution will 
require logic. It is therefore important that this logical 
attack be seen in action. For example, in the standard 
calculus course we should not be teaching limits, then 
differentiability, then continuity — as do so many texts 
(and hence courses). We should, instead, be stressing 
the logic involved. For example: 

Here is the definition of a limit, but who wants to 
"dwell in HelP? Here are a few useful results involving 
limits which can be obtained from that definition. Here 
are a few good theorems which also can be proved from 
that definition. Here is how we can combine these re- 
sults and these tb orems to produce more results, with- 
out going back to the initial definition. However, if new 
functions appear (and they do) we will then need re- 
sults associated with them (presumably derived from 
the original definition of limit) to use these theorems. 

OK, so some functions have limits and some don't. 
Let's concentrate on those that do. What other prop- 
erties might these functions have? Ah, continuity. Now 
repeat tne above paragraph with "limit" replaced by 
"continuity." Are there any important functions that 
are not continuous? 

OK, so some functions are continuous and some are 
not. Let's concentrate on those that are. What other 
properties might these functions have'' Ah, differen- 
tiability. Now repeat the earlier paragraph with "limit" 
replaced by "differentiability." Are there any important 
functions that are not differentiable? 



One of the primary aims of a 
mathematical education is to teach 
students io think logically and 
correctly. 



Those "theorems" that are missing from the known 
theorems should also be mentioned (no formula for lim- 
its of composite functions until we have continuity, no 
result for the integral of products or quotients). 

Checking Answers 

An important aim of mathematics is to solve prob- 
lems we haven't seen before. However, it is equally im- 
portant to develop the expertise to decide whether the 
results we get are right. We should be emphasizing 
habits that promote this. For example: 
• While it is true that a curve can be s!<etched cor- 
rectly using only a few results, every available re- 
sult and theorem should be used to ensure that the 



curve "hangs together." Asymptotes, first and sec- 
ond derivative texts, x and y intercepts, symmetry, 
regions where the function is positive and negative, 
while frequently giving overlapping information, also 
lead to inconsistencies if an error has been made. But 
more importantly, they give the student confidence 
that the result is co^'rect without looking at the back 
of the book. 

• Check constructed formulae by using special cases. 
For example, in calculating volumes via integrals in 
terms of a cross-sectional area, the formula for the 
area, A{x)f must be constructed. Before integrating, 
check A{0) and A at any other value where the result 
ii> known independently of the formula. 

• Habitually check indefinite integrals by differentia- 
tion. 

• Does the answer make sense? The age-old example 
of this (from absolute extrema) has someone row- 
ing from an island and then walking along a straight 
shoreline to a destination in minimum time. Faulty 
mathematics suggests that the person should row 
past the destination and walk back. 

• What does the answer .tell us? The problem (again 
from absolute extrema) of finding the dimensions of 
a cylindrical can, holding 1 liter, with minimum sur- 
face area should be interpreted in terms of the shape 
of the resulting cylinder. (Who cares that the radius 
is approximately 5.4 cms?) Much more important is 
the conclusion that the cross section of the cylinder 
is a square, and even more important is the qrestion 
"Why don't manufacturers make them that v.ay?" 

Mathematical Experimentation 

That mathematics is an experimental subject needs 
to be emphasized more. Contrary to cleissroom demon- 
strations, most real problems are not done correctly, or 
even the right way, the first time. We should spend 
time explaining our intuition as well as our knowledge. 
This means doing things that don't work! For ex- 
ample, some time should be spent trying to integrate 
sec(aj), and then when it is finally done (by writing 
sec(aj) = cos(aj)/(l -sin^x)) we should point out how 
most texts do it (by a trick substitution) presumably 
based on kiiowing the answer. We shouldn't be en- 
couraging the idea that mathematics is just a bunch of 
tricks. 

Related to this is the fact that mathematicians arc 
not above thinking like physicists when necessary (all 
functions are infinitely differentiable and have conver- 
gent Taylor series). One of the main reasons for doing 
this is that, as a result, we might be able to guess the 




166 



Issues; Mathematical Science ^ 



answer. Knowing a tentative answer frequently helps in 
proving it. (To a student, knowing what the answer is 
means looking in the back of the book!) 

As an example, consider the following problem: Find 
all functions that satisfy the conditions of the mean 
value theorem, for which c is always the mid-point, i.e., 
find all functions f{x) whose derivative at (a + b)/2 is 
always (/(6)-/(a))/(5-a) for all a, 6. If we could guess 
the answer, we might then define g{x) = /(x)— guess, 
and show that g{x) = 0. So let's assume that the answer 
has a Taylor series expansion and substitute it in the 
condition on / to see what we get. Lo and behold, a 
quadratic! So that would now be our guess, which then 
won't depend on the Taylor expansion assumption. 

We need to get the student away from the notion 
that mathematics is just a collection of formulae that 
need to be memorized. This can be done in at least 
two ways, by giving interpretations and applications of 
the formulas, and by stressing that memory dv.es not a 
good mathematician make. 

For example: The interpretation of the mean value 
theorem in terms of average velocity, or the formula for 
1 + 4 + 9 + . . . bein^ used by spies to count how many 
cannonballs were in a pile, by knowing how many layers 
the (square) pyramid has. We should stress the use 
of tables of integrals, and tables of infinite series, and 
point out, that faced with the problem of integrating 
powers of sin(x) and cos(x) we look it up! We should 
be stressing, in techniques of integration, not how to do 
the integrals which appear in a table of integrals, but 
how to get from the integral at hand to the integral in 
the table. 

We nee^ to stress that "little" things make a big 
difference in mathematics, and attention must be paid 
to them. The results involving the existence of abso- 
lute extrema on closed intervals, as opposed to open 
intervals, \t> one example. Just as dramatic, and an 
important topic which is seldom covered, is sketching 
one-parameter families of curves, such as + c/x^, 
and discussing the three cases for c (positive, negative, 
zero). This also stresses that a mathematical problem 
is frequently solved by looking at different cases. 

A good place to demonstrate the different case con- 
cept is in the previously mentioned extreme value prob- 
lem involving rowing and walking. That is actually an 
infinite domain problem which can be split into three 
cases, land between the closest point to the island and 
the destination, land paiit the destination, and land be- 
fore the closest point. All ihree cases should be ana- 
lyzed, not just one as is often the case. 



Common Sense 

We must emphasize how nature, symmetry, and com- 
mon sense can frequently help in understanding a prob- 
lem or its solution. For example, knowing that the cir- 
cle is the shape which has a maximum area for a fixed 
perimeter helps make sense of the solution to the prob- 
lem of cutting a piece of string into the perimeters of 
a circle and a square, the sum of whose areas is to be 
a m2Lximum. After solving the problem involving the 
shortest distance from a point to a curve, we should ex- 
plain that common sense says that the answer could be 
obtained by considering a small circle centered at the 
point. Then imagine increasing its .'adius until it just 
touches che curve. Intuition suggests that et this point, 
the tangent to the curve should be at right angles to the 
radius. Is it? SnelPs laws should also be mentioned in 
this context (why does nature behave the way it does?) 
to build up some intuition in this area. 

Infinite Series 

The standard trea*.^ lent of infinite series leaves much 
to be desired. If the course follows the usual pattern, 
the good student comes away with the ability to decide 
whethe. a series converges or diverges, with the idea 
that divergent series are diseased and all convergent se- 
ries are healthy, but no feeling for what the illness is. 
They leave with no real idea why convergence scries are 
categorized as absolutely or conditionally convergent, 
and no understanding why we care about convergence 
or divergence. The main justification for emphasizing 
the various tests for convergence seems to be that they 
make good exam questions. 



The good student comes away ...with 
the idea that divergent series are 
diseased and all convergent series are 
healthy^ but no feeling for whht the 
illness is. 



We must de-emphasize these tests. Who cares? Wc 
must stress why a knowledge of convergence or diver- 
gence is important. We must stress why the distinc- 
tion between conditional convergence and absolute con- 
vergence is important. To introduce conditional con- 
vergence without mentioning Riemann*s rearrangement 
theorem seems pointless. We should point out that di- 
veigent series are not useless, by doing the "brick prob- 
lem** (given bricks of the same size, is it possible to place 
one brick on top of another, in a vertical plane, in such 
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a way that no part of the top brick is above the start- 
ing brick?). Lut overall we must give examp'^s on the 
use of Taiylor series. The previously mentioned exam 
involving the mean vaiue theoren\ is one such 
tion. Evaluating definite integrals is anotbv 
y'' - y s= 0 is a third. 

Changing Attitudes 

• It should be repeatedly explained to studcats that 
the answer aione is not good enough. What is re- 
quired is the correct logic leading to the ;;olution. 
There are plenty of examples where the arisi/er is 
right, but the technique is flawed. Don't check the 
answer by looking at the back of the book: find some 
other way of convincing yourself that you arc right 
or wrong. 

• Some material should be covered in class oven though 
it docs not lend itself to testing by examination. For 
example., the proof that sin(z)/z goes to I as z goes 
to 0 is the entire justification for using radians in 
calculus, biit it is not usually important ^^nough to 
examine. 

• Some material should not be covered in class even 
though it does lend itself to testing by examinatior 
Covering every single technique of integration gen- 
erates nice exam questions and kills time, but is it 
justified? 

• Like it or not, computers are here (and we believe to 
stay), so let's learn how to use them effectively. 

New Material 

There are a number of topics, absent from a standard 
calculus sequence, to which students should be exposed. 

Maihemalical induciion. Somehow students never 
seem to get this in any course. Apart from the useful- 
ness of the technique, it also puts the ability to create a 
proof within the grasp and expertise of most students. 
It also stresses the experimental aspect of mathemat- 
ics, assuming the actual conjecture is not given, just 
the problem (i.e., "what is 1 + 4 + 9 as opposed to 
"prove that 1 + 4 + 9 . . . = . . ."). 

Approzimaiions. That some integrals, such as erf(x), 
have no closed form representation should be discussed 
within the context of the approximation of integrals. 
Various arc length integrals should also be done numer- 
ically. With the easy access to computers, standard 
problems that lead to uncontrivcd, non-standard alge- 
bra should be done as a matter of routine. 



Fcf example, finding the shortest distance from (0, 1) 
to 6in{x) (as opposed to the textbook classic, z^), leads 
to solving the equation z— cos(x)+sin(z) cos(z) = 0. In 
llie past we have avoided such problems like tht plague, 

though they didn't exist. We shouhl no longer shrink 
from such tasks. 

Problems vnih no soluiion. Most students are un- 
der the impression that all problems have solutiort. 
("I have a problem, what are you going to do aoout 
it?") Non-closed- form integrals come as a shock. Pos- 
ing problems which have no solutions is important. For 
example, find the area of a four-sided figure given the 
four side-lengths. Ttying to decide what information 
is relevant in solving a problem is also a skill that re- 
quires fostering. The standard is to gi^ve ejcactly the 
right amo'tnt of information to solve the problem, which 
is fine when learning a technique. 

However, we should also give problems where there 
is overlapping relev^.:it information (in addition to giv- 
ing the rower/ walker's velocity, mention that he can 
walk so far in so many seconds), too little relevant In- 
formation (no means of calculating the rower/walker*s 
velocity from the data supplied), or irrelevant informa- 
tion (the luwrr/walker has red hair, has recently signed 
z recall petitioh, has a girl friend at the destination, 
etc.). 

Froblems using many techniques. Calculus has be- 
come very compartmentalized. Problems using diverse 
techniques should be tackled. For example, after sur- 
faco area of solids of revolution, find the shape of the 
coAe of fixed volume and minimum surface area. Since 
most students (and faculty!) don*t know the formula 
for the surface area of a cone, this problem is usually 
avoided earlier when extrema are covered. Now, with 
the benefit of integration, this formula can ^e derived, 
and the extrema problem rc-attempted. 



It should be repeatedly explained to 
students that the answer alone is not 
good enough. What is required is the 
correct logic leading to the solution* 



After arc lengths has been completed, one can do the 
following problem (based on Greenspan and Benney*s 
Calculus). A plane is flying horizontally 5 miles from 
the end of the runway, and is 1 mile 'high. It plans to 
land horizontally following a cubic equation. (Before 
and after, it follows a horizontal stiaight line.) What 
is the maximum slope of the curve it follows? How far 
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does it fly? If its horizontal speed is 150 mph, what is 
its maximum vertical acceleration? 

Finite difference calculus. Many students never hear 
of finite difference calculus, functional equations cr re- 
currence relations, let alone see them. They brinjg to- 
gether a numl 2r of different idea'j ana techniques. Some 
students believe that f{x + ft) = f{x) + f{h). Why not 
solve it? Show that ln{x) is essentially a consequence 

of/(xy) = /(x) + /(y). 

Euler's formula. By introducing cis(x) in the context 
of a little complex arithmetic, at the end of the first 
semester (after exponentials) many of the techniques of 
integration can be bypassed, and many of the trigono- 
metric identities can safely be forgotten! 

Non-mathematical techniques. We should always 
point out other ways of doing things. For exaniple: 

a. A gardener has a kidnev* ahaped lawn to sod. 
He needs to know the area to order thr correct 
amount of sod. (Solution: Cut out kidney-shaped 
piece of card to scale. Cut out what 1 square yard 
is. Weigh both on a chemical balance!) 

b. Someone wants the volume of some strange shaped 
cont^ner* (Sohition: Fill it with liquid, measure 
amount of liquid used.) 

c. Derive Snell's law of reflection. (Solution: Re- 
flect source about mirror. Join eye to source via 
a straight line, reflect line back.) 

Use of Computers 

This is not a negotiable item — it is essential. Com- 
puter labs must be accessible to mathematics students 



and faculty, at all levels. These labs should have pack- 
ages emphasizing demonstrations, drill and practice, ex- 
perimentation, numerics, and graphics, in addition to 
program writing. Software such as MACSYMA, Eu- 
reka, and Gnuplot should be readily available. 

With the increase in the number of such labs around 
the country, it is inevitable, and highly desirable, that 
specialized educational computer packages will continue 
to be developed by faculty, released to mathematics stu- 
dents, and placed in the public dom^n. We recommend 
that minimum cost distribution of such software be en- 
couraged. Furthermore, a central library of such soft- 
ware should be established and vigorously mcdntmned. 
Access to it should be via modem. 
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Computers and Calculus: The Second Stage 

R. Creigkton Buck 
University op Wisconsin 



Computers iii*ve finally ;eached the mathematics 
classroums. Recent joint AMS-MAA summer meetings 
have highlighted talks and workshops dealing with var- 
ious aspects of educational software. Leading calculus 
texts offer floppy disks with programs intended to add 
visual or numerical reinforcement to topics treated in 
the textbook. The computer magazine Byte features 
four universities identified as having made significant ef- 
forts to computerize their instruction in many subjects, 



including mathematics. It is clear that there is strong 
interest among college and university mathematicians, 
yet this interest is restrained by caution, inadequate 
technical experience, funding problems, and sometimes 
a degree of skepticism. 

For many students, the first course in calculus has 
been a very difficult transition from the algebra and 
geometry courses they have taken previously, both in 
content and style. The routine algebra courses usu- 
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ally focus on formal manipulation of symbols according 
to specified rules, accompanied by a coUection of algo* 
rithms which solve related classes of problem*^. 

The geometry course may begin with an extensive 
nomenclature for plane and solid figures and their com- 
ponent parts, move to a collection of algorithms for cer- 
tain geometric, constructions, and then to a relatively 
short list of stattn..nts that describe vaiions relation- 
ships among components parts making up geometric 
figures. (Sample: "If two sides of a triangle are equal 

thcu ^) Some of these may be given formal proofs, 

based on a list of accepted axioms. Additional topics 
often covered are right triangle trigonometry and a brief 
introduction to coordinate geometry with empuasis on 
lines and circles. 

While some of the assigned problems in either course 
will be interesting and challenging, most are likely to fit 
into templates given in the text. Only a few will be seen 
by students as having direct connectio , with realistic 
applications. 

Complexity of Calculus 

In contrast to these courses, calculus d^als with a 
vastly more complex collection of skills and concepts: 

1. Scalar and vector functions of one or more vari- 
ables; differentiation, integration apd their prop- 
erties; definition and properties of the standard 
transcendental functions. 

2. Mathematical models for physical concepts such 
cis velocity, acceleration, center of mass, moments 
of inertia, work, pressure, gradient, gravitation 
and planetary motion, . . . (and this in spite of the 
fact that only one o*/v of six high school graduates 
has taken a course in physics!). 

3. A mathematical and computational approach to 
geometric concepts such as area, volume, length 
of a curve, area of a surface, curvature. 

4. Infinite series, used both as a tool in numerical 
computation and as a way to define and work with 
specific functions, or to construct new functions. 

5. Polar and spherical coordinates, advanced two and 
three dimensional analytic geometry, conies and 
quadrie surfaces, vector analysis and its applica- 
tions. 

6. Assignments that require the student to build a 
mathematical model for a concrete realistic sit- 
uation involving time-dependent components or 
other variables, and then use the model to answer 
specific questions about its behavior or properties; 
this may involve solving a differential equation or 
optimizing a related quantity, or perhaps carry 



out other mathematical procedures suggested by 
the model itself. 

r is important to keep in mind that, in addition to 
traditional mat hematic* knowledge, a growing number 
of students now arrive at college with various levels of 
experience with computers end programming, some of 
which may have involved isolated mathematical con- 
cepts such as factoring, sorting, and various graphing 
techniques. This adds another nonhomogeneous bound- 
ary condition for the college instructor who is trying to 
design a suitable modern calculus course for the incom- 
ing students. 

Current Use« of Computers 

Of the calculu'i software I have examined, many pack- 
ages are tied implicitly to familiar texts even if not cis- 
sociated with its author or publisher. In use, many 
will be run in the classroom with a suitable projection 
apparatus and screen as a demonstration that replaces 
or supplements the usual chalk and blackboard treat- 
ment of a concept or technique. The use of color and 
partial animation may give a much more professional 
touch bbat the teacher could not have provided. 

Some other programs are intended to be used by stu- 
dents in a tutorial mode as a review or drill to test a 
specific technique (e.g., formal differentiation), usually 
with immediate feedback on success or failure. These 
may also replace a portion of routine homework if there 
is an adequate bookkeeping system for student IDs and 
performance records. 

Other programs will permit a student to enter a func- 
tion and then ask for ifs graph or its zeros, or even a 
display of its successive derivative!; given as eicplicit for- 
mulas. Programs are also available that permit a stu- 
dent to ask for the formal solution to any second order 
constant coefficient homogeneous ordinary differential 
equation, or the numerical solution of any first order 
initial value problem. Similar programs now exist in a 
limited form on hand held calculators, and more sophis- 
ticated calculators are ^ust over the horizon. 

Basic Questions 

This situation obviously poses several crucial ques- 
tions to those responsible for planning the content and 
administration of undergraduate mathematics courses. 
When should a student be allowed or encouraged to 
turn to the omputer for assistance or insight? When 
should the computer be used in the classroom? 

Here is one obvious ground rule: Don t do it » '.h a 
computer if you can do it better with gestures, pencil 
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and paper, chalk and hlackboird, or any other tradi- 
tional way. HoV/ever, the word "better" must be inter- 
preted correctly. We know that an uninterested student 
will seldom learn; thus, one must reach a balance be- 
tween the role of compu 3 as interactive information 
sources, and as theatrical attractions. 



DonH do it with a computer if you can 
do it better with gestures^ pencil and 
paper, chalk and blackboard, or any 
other traditional way. 



However, a third question seems to be more central, 
and much harder to answer: How does the existence and 
wide availability of computers modify the objectives of 
the calculus course? 

A satisfactory answer to these questions requires the 
collective work of individual mathematicians, with sup- 
port and recognition from their departments. These 
mathematicians must be willing to spend time in a 
thoughtful analysis of the mathematical content of cal- 
culus and then carry out experiments to test whether 
access to computers results in more effective instruction 
and better educated students. 

Asking the Right Questions 

The starting point in this project may be to pose 
the right questions. Perhaps several samples will clarify 
this. 

• Some student:; who have difficulty with calculus seem 
to be deficient in spotial intuition. Is it possible to 
help th 3e students with special graphics programs? 
Or is this a case w^here the use of tactile wire or 
plaster models is better? 

• At present "curve tracing" is a standard topic in cal- 
culus, ostensibly for the purpose of producmg a rea- 
sonably accurate graph of a specific function or equa- 
tion, but also to reinforce the techniques of differen- 
tiation. Now that a computer (or even a I and-held 
calculator) will display the graph immediately, is this 
.still important? What do we ^epiiy mean when we 
rjay "skill in curve tracing is an essential component 
of calculus?" 

(Cne possible answer: We want students, bcised on 
their mathematical knowledge and computer exper- 
imentation, to be able to look at an equation of the 
form y = /(a;), where the formula foi / contains one 
or more parameters, be able to say: "The graph of 
this sort oi function has one of the following shapes, 
depending on the values of the parameters a, 6, ") 



• When a student has access to programs that do for- 
mal differentiation, should we continue to stress rou- 
tine differentiation exercises? (After all, we now al- 
low students to use calculators to assist with their 
arithmetic on homework and tests!) C'»arly, a stu- 
dent ought to know how and when to use the formu- 
las for differentiating the sun», product, or reciprocal 
of functions, and understand the use of the "chain 
r .le" for composite functions, since these suppl> es- 
sential skills and insight in many other mathematical 
areeis. But at what point in this learning process do 
we let the student replace paper cind pencil manip- 
ulation by a canned production-style differentiation 
machine? 

• It is important that the student be able to describe 
the geometrical meaning of a statement such as: 

f'{x)f"{x) ;> 0 for all a; between -4 and 4. 

Is ability to answer this helped if the students have 
seen appropriate classroom demonstrations and car- 
ried out experimentation i their own? 

• Integration presents a different problem, since we 
must deal both with the definite integral, and with 
anti-differentiation. Accurate numerical integration 
programs obviously should be available. (Students 
already have access to these on some hand calcula- 
tors.) However, substitution (change of variable) in 
either indefinite or definite integrals remains a use- 
ful and very important technique in many areas of 
analysis, and so must he retained. When should this 
approach to the evaluation of a definite integral be 
required, and when is a numerical integration accept- 
able? 

• Simple max/min problems provide some of the more 
interesting elementary applications of calculus. How- 
ever, programs can quickly do a search to locate the 
absolute maximum and minimum of a function of 
ctie variable on an interval. Shall such Programs be 
permitted? Can good problems be selected which 
require students to locate local extrema? 
Problems of this type in more than one variable re- 
quire finding critical points, this in turn often leads to 
the solution of complicated non-linear systems. Do 
we provide students with the sophisticated black box 
Newton-type programs that are appropriate here? If 
so, can we make an honest attempt to explain their 
nature? 

• What about advanced analytic geometry? Certainly, 
lines and planes in space must be covered in order to 
work with normals, tangent planes, and properties 

curves in space. But '»'hat about the usual treat- 
ment of general conies and quadric surfaces? Is this 
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something that is now best replaced by a well chs>- 
sen picture gallery or labeled samples, while all the 
rest is left to be covered in a linear algebra course as 
illustrations of quadratic forms and eigenvalue com- 
putation? 

• Is there no value for today's calculus student in work- 
ing through the proofs of the optical properties of the 
parabola and ellipse, or any of the other classical ge- 
ometric theorems? 

• In the study of infinite series, which computer pro- 
grams should be demonstrated in class and which 
made available tj students? For example, should 
they have access to a program that takes an explicit 
function as input, and supplies a stipulated number 
of coefficients of its MacLaurin se^ries? 

• Ceilculus courses usually include some introduction 
to differential equations. In the past, this has often 
been a compendium of special techniques, tied to spe- 
cific classes of equations. Should all this be replaced 
by a discussion of initial valued problems, both or- 
dinary and systems, followed by experiments with a 
black-box differential equations solver? Would this 
rob the student of use^l basic mathematical experi- 
ences and skills? Would such a student be less able 
to deal with certain applied problems that do not 
immediately fit the standard patterns? 

A New Syllabus 

I hope that it is clear that there are more questions 
to be asked abo'"^. the factors that should be examined, 
as one moves toward computerization of the calculu" se- 
quence. The end product might be e. radically different 
topic seqt-^nce for the calculus course. 



At what point ...do we let the student 
replace paper and pencil manipulation 
by a canned production-^style 
differentiation machine? 



Here is an outline for '>he first four days in one such 
course. It's purpose is provocative raihei than descrip- 
tive. (Since it was devised during a conoc ,rip, it cer- 
tainly, has not been tested in class, liOr researched ex- 
* austively!) 

The course starts by discussing familiar functions: 
polynomhls and rational functions. These are identified 
as specific algorithms, accepting a numerical input and 
delivering a numerical output. Several different formats 
or conventions are suggested for describing a function. 
For example, one might write P() = 6()^ + () - 2 as well 



as P{var) = 6 (var"2) + var - 2. The natural domain 
of a function is the set of admissible inputs. Sequences 
are presented cxs functions on the integers; here it is 
appropriate to include sequences defined recursively. 

Each student receives a disk containing the programs 
PLOT, TABLE, and ZEROS und an assortment of oth- 
ers. Some are demonstrated in class, cind the simple 
procedures for use and function input are explained. 
The assigned problems require students to use the com- 
puter programs to answer questions about specific func- 
tions, and then to carry it experiments on their own. 

Among the demonstration functions is a polynomial 
of degree 5 with one parameter. As different values 
for the parameter are chosen, the effects are seen in the 
graph and in the nature and location of the roots; as the 
number of visible zeros change, the existence of complex 
roots is mentioned, and related to the graph. 

Further exploration of functions; experimentation 
with combinations of functions cuid discussion of the 
architecture of TABLE, PLOT, and ZEROS. Introduc- 
tion of the functions sin and cos, defined by their series. 
Brief discussion of how series are "summed" and the 
sources of error. Intuitive explanation of the concept 
of convergence of series. Discussion of time and posi- 
tion functions that model motion on a line ("dog on a 
road"). 

The assigned problems deal with the new types of 
functions; use of PLOT eind ZEROS to solve equations 
Si -h as 3 + 2i - <2 =. sin(4i + 1). 

The ZOOM command is used to excimine a polyno- 
mial plot in neighborhoods of a point on the graph. 
Conclusion: "In a microscope, curves look like straight 
lines." Counteiexamples: (i^ — .l)sin(l/(i^'-.l)). Con- 
clusion: "Some functions ate smooth everywhere and 
some are not." 

Recall "slope of a line;" definition of: "local slope 
of a curve." Conclusion: "Smooth functions have local 
slopes at each point on their graph." Return to func- 
tions that model motion, and interpret slope as velocity. 

Demonstrate program SLOPE, a program that gives 
the approximate local slopes of smooth functions. Dis- 
cussion of nature of the algorithm, as compared with 
"the exact slope;" formulation of several definitions of 
"limit." 

DERIVATIVE introduced as an algorithm that takes 
a smooth function / as an input and deliver;? a func*ion 
/' = D{f). Sample calculations for linear ani quadratic 
"-nctions; graphs of / and /' are compared. 

Looking to the Future 

I am sure this is enough of a sample. My choice of 
topics was not quite off-the-cuff. The six objectives I 
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listed earlier for the calc?ilus course are some of those 
that have been traditionah^^ cited by textbook authors, 
publishers, and curriculum designers. However, as we 
move toward the next century, I believe that other ob- 
jectives should be mentioned. In the last 40 years, the 
rate of change in all sciences has accelerated, and the 
level of mathematical sophistication used in these sci- 
ences has incrcsi:?«'-i aramatically. 



In the last 40 years, the rate of change 
in all sciences has accelerated, and the 
level of mathematical sophistication 
used in these sciences has increased 
dramatically 



The calculus sequence seems to i.*^er an ideal oppor- 
tunity for us to give students their first exposure to 
certain simple tools and unifying viewpoints of mod- 
ern analysis thai will make their future path smoother, 
whatever their ultimate interests. I would hope that 
computers can be used intelligently in calculus instruc- 
tion in such a way that room could be found for such 
topics. 

My first candidates are function spaces and linear 
operators. As students' gain experience with specific 
functions, and are more at home with the use of for- 
mulas using symbols that represent arbitrary functions 
in some specific class, they will find that the co^:cept 
"function" has begun to acquire the same concreteness 
held by "number.*^ 

The moment when a stadent finds it natural to think 
of an arbitrary continuous function as a point-like ob- 
ject having a specific location with respect to other sim- 
ilar point-like objects represents a major insight! (Is 



it perhaps the mathematical equivalent of a "rite of 
passage," with attend2mt maturity implications?) Such 
students then find it easy to move on to the idea of a 
geometric linear space whose "points** are functions. 



As students gain experience ... using 
symbols that represent arbitrary 
functions ,,,tbey will find that the 
concept ^^function^^ has begun to 
acquire the same concreteness held by 
^^numbei\^^ 



Linear operators are even easier to bring in. In my 
outline, the -alculus instructor has already introduced 
the concept of a linev'.r operator by showing that "dif- 
ferentiation" is merely another type of function that 
accepts a suitable numerical function as its input and 
then delivers a numerical function as its output. 

I own i.n elementary calculus text from 183J that 
uses fluxions and fluents. I am willing to predict that 
onr current elementary texts may look equally strange 
and out-of-date to an undergraduate in 2020. 
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Present Problems and Future Prospects 

Gail 5. Young 

National Science Foundation 



In 1935, the year I took calculus, the content and 
spirit of the course were essentially the same as now. 
But there were major differences in the environment. 

Then a college education was still primarily for an 
elite — a social elite, not an intellectual elite. The stu- 
dents knew they were exp, "ted to graduate, that there 



was a stigma for failure. 

Some mathematics was a usual requirement for grad- 
uation, as "mind-training," but calculus — a soohomore 
course — was taken almost exclusively by students in 
the physical sciences, engineering, and mathematics, a 
small part of the student body, a homogeneous group. 
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Almost aD were concurrently takmg physics. One of our 
problems is that this homogeneity Iicis disappeared. 

Since it was a sophomore course, the preparation of 
the calculus student Wcis controlled by the department. 
When polar coordinates came up, the teacher knew pre- 
cisely v/hat the students had been taught before. That 
preparation Wcis usually a year course .covering college 
algebra, trigonometry, and plane and solid analytic ge- 
ometry. With the placing of calculus in the freshman 
year, starting in the *60s, control over the preparation 
passed to the secondary schools. 

In the *60s that was not bad. Whatever one thinks 
of its conteuc, the New Math had changed the entire at- 
mosphere of secondary school mathematics. In fact, in 
the first CBMS Survey, 1965, 75% of reporting depart- 
ments said it was the New Math that made the change 
to freshman calculus possible. 

That enthusiasm, that p^sh for change, hcis long 
ended, stopped by the crushing problems of our schools. 
We are left with the heterogeneous preparations, but in 
students who no longer ha\e the same enthusiasm and 
confidence. 

Calculus in Context 

Since before Sputnik few students took calculus, for 
staffing purposes it could be considered to be essentially 
an upper-division course. In the first few years of teach- 
ing, a Ph.D. rarely taught a course above calculus, and 
often did not even teach calculus. Only three times in 
my first five years did I teach a course above calculus, 
though I got pretty good at "Mathematics for Home 
Economics." 

Now 31% of our undergraduate mathematics stu- 
dent • take calculus, and hardly anyone legards it as 
a privilege to teach it, nor eis a compliment to one's 
ability. 



Calculus is our most important course^ 
and the future of our subject 
...depends on improving it. 



These changrs are all for the worse and it is hard to 
see what can be dor.c about some of them. Calculus 
is our most important course, and the future of our 
subject cis a separ::te discipline depends on improving 
it. 

otudent;^ no longer enter calculus with enthusiasm. 
One reason, I think, is that many students, particularly 
the better ones, have had experience with the computer, 
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and expect that their college and university mathemat- 
ics courses will use computers heavily. Hoivfiver, the 
1985 CBMS Survey showed that only 7% of the courses 
used computers at all. From anecdotal evidence, much 
of that usage seems co be cis a large calculator, for such 
topics as Simpson's Rule. I do not believe the main rea- 
son for bringing the computer into calculus is to make 
the students nappier, but that would be a desirable re- 
sult. 

I am one of the people who believe that the computer 
wiil revolutionize our subject as greatly as did Arabic 
numerals, the invention of algebra, and the invention of 
calculus itself. All these were democratizing discoveries; 
problems solvable only as research and by au elite sud- 
denly became routine. The computer will do the same 
for our mathematics, and calculus is the place to begin. 

Our calculus course (eis well as differential equations) 
comes from the British curriculum of *,he last part of the 
Icist century with the British emphcisis on hard problems 
and little theory. It is a course not :n the spirit of 
contemporary mathematics, and needs change for that 
reason alone. What is left of the British tradition now is 
an emphas) on working many problems, finding, say, 25 
centroids, without really understanding what a centioid 
is. That in itself is reeison to change. 

Using Computers 

To my mind, the most important change will be 
the introduction of symbol manipulation ^ SM). Perhaps 
this should come before calculus. The present calculus 
is really a collection of algorithms with a little theory 
and a few applications. It is not easy for a student to 
see that. After learning the common substitutions for 
changing variables in indefinite integrals, I thought that 
given some function to integrate, my task was to in- 
vent some substitution to make it integrable. That the 
whole topic could be covered by one algorithm never 
entered my head. I had no concept of an algorithm. 
But practically every method in a first calculus course 
is an algorithm, never clearly stated, neve; explicit. 

Once a topic k '•educed to an algorithm, we are in 
the realm of the computer, and the prob!«»m becomes 
one of optimal programming. Once progr^^^ nmed, there 
is no need to repeat it. Except for its pcjdible effect 
on moral character, I see no point in mcistering hand 
computation of square roots, with calculators available 
at $5.95 that will do it with one key punch. Nor do I 
sec any point in finding the partial fraction expansion 
of a rational function if a computer can do it. 

The intellectual merits of the above discussion, how- 
ever, are not relevant. The fact is that we can now do all 



184 



174 



Issues: Mathematical Sciences 



the manipulation in calculus on the computer cheaply 
enough for claasrooni use. I mention MAPLE and mu- 
MATH as examples. One can also consider the HP- 
28Cf a hand-held calculator that CcUi do algebra, and 
that is clearly a precursor of more powerful SM calcula- 
tors. These developments make the introduction to SM 
inevitable, if not by us, by our customer departments. 



The computer will revolutionize our 
subject as greatly as did Arabic 
numerals^ the invention of algebra^ and 
the invention of calculus itself. 



Are there problems in introducing SM? Yes, of 
course. Here is one I Ccin't handle. In research papers 
using SM, one sees a hand calculation, then S^x, then 
more hand calculation, then more SM, ... . How do 
people learn the necessary hand teciiniques? Is that a 
real problem? I've seen indications that scjdents learn 
hand techniques better with SM. 

Ac e different level, how do you get the necessary 
training for the faculty? What equipment do,you need, 
and where does the money come from? Do you have 
the necessary additional space? It will probably not be 
possible to use as many graduate students and part- 
time faculty as one can in the present course. How do 
you handle that? Where are texts? Etc. 

Besides these local problems, there are ones that *vill 
require national effort, to carry out necessary experi- 
mentation. For example, how much hand computation 
will still be needed? Such questions seem to me to re- 
quire research at a number of schools. 

Numbers and Graphj 

But SM is not the only use of the com^-uter in cal- 
culus. One could say that the objective of most real- 
world problems in calculus is to give a foreman some 
directions. For that, one needs numbers. In most of 
my career, we have not been able to give calculus stu- 
dents numerical problems of the sort they might actu- 
ally meet, because of the time required. One gave a few 
simple problems with 5he IVapezoidal Rule or Simpson's 
Rule, or approximated the sum of a T&iylor's Series at 
some poinv, cind i:iat was it. 



We can do better. 



We can do better. In addition, there are other 
choices. I suspect, for example, that to evaluate a def- 
inite integral with the computer, SM is not the way to 



go. One should instead immediately turn to numerical 
integration, and the question of indefinite integration 
becomes wildly irrelevant for that purpose. 

Computer graphics must have a place. For the otaer 
tv:o uses, I know that it is rather easy to learn the nec- 
essary techniques; I don't know about graphics. But 
the ignorance of geometrical techniques by our students 
could be largely remedied by graphics. For example, one 
could sketch a volume determined by several equations. 
Is it too much to ask for all three techniques? 

In my opinion computer methods will let us cut in 
half the time required to teach our present course, that 
is, the current set of algorithms done by the computer 
and not by the student, and the same amount of theory 
and applications. If so, wliat do we do with the extra 
time? One choice is to use it for topic? that do not now 
usi'ally get into the first two years. This possibility was 
discussed extensive]y in the report of a conference at 
Williams College [l]; Kemeny's talk is particularly rel- 
evant. I believe that for many types of sladents (social 
science majors, for exariple), this would be best. But 
for students going into fields where analysis is much 
used, why not usr the time to teach a better under- 
standing of calculus and how to apply it? 

Teaching Applications 

Let me discuss applications first. Consider the stan- 
dard topic of force exerted by water on the face of a 
dam. When I took calculus, the necessary physics had 
been taught all of us earlier in the year (in Physics), 
and we all had done simple problems. We had only to 
learn how tc set up sums by appropriate partitions that 
would converge on the one hand to the total force on 
the dam, and on the other hand to the definite integral 
of a function. 

We had a good basis for an intuitive understanding 
of the first, and there were results in the text for the 
second. There were many exercises devoted to finding 
the force on improbable dam faces, which dams, how- 
ever, all had the common property that the resultant 
integral co'*ld be calculated by indefinite integration. 

The ^nly major change I see from then to now is that 
most current students have no knowledge of fluid pres- 
sure, and must use not physical intuition, but faith as 
justification. In such topics we are not teaching Ihe ap- 
plication of nttithematics, and our good students know 
that. 

Our applications should be taught as modelling. 
We are dealing with continuous models; fluids, gases, 
electrical currents are continuous functions in calcu- 
lus. Reasons for the use of continuous models instead 
of discrete ones should be given, and some examples 
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where discrete modeb are better should be given. There 
should be enough explanation of the underlying physics, 
economics, whatever, i *;hat the student can under- 
stand the basis for the model. The fact that the model 
is not reality should be explcuned over and over. Should 
there be some purely computer treatments, perhaps a 
simulation? 



Computer methods will let us cut in 
half the time required to teach our 
present courses. ...Why not use the 
time to teach a bettf r understanding of 
calculus and how to apply it? 



How much of such treatments can be done is a sub- 
ject for experiment, but a few good models will beat our 
present array of poorly understood problems apparently 
intended mostly for civil engineers. 

Teaching Theory 

We do a poor job of theory. I am not here calling 
for rigor; 1 have long been convinced that cpsilon-delta 
proofs won't work with students who have no great tal- 
ent or interest in mathematics per se, (There is the pos- 
sibility of approaching epsilontics from numerical anal- 
ysis, as error and control of error. That might work.) 
What 15 possible, I believe, is the sort of clear explana- 
tion found, e.g., in Courant's Calculus, at tinito being 
close to a rigorous proof. 



It is difficult to persuade .aost students that a proof 
that the limit of a sum is the sum of th^ limits is neces- 
sary or inteiesting. On the other hand, the ""proof" that 
a function continuous and monotone on a closed interval 
is integrable mere is perceived differently, cis a clarifi- 
cation of what is going on in integration. At p'-^sent, 
time pressures force most teachers to rush through such 
a topic, to be understood only by the best students. 

With a course of this nature and with freedom from 
the necessity of manipulative skills, more students will 
go on to take higher courses, more students will be able 
to actually use calculus in their major fields, and more 
graduates will be mathematically competent. 
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Final Examinations for Calculus I 



The following thirteen examinations represent a cross 
section of final examinations given in 1986-87 for stv- 
dents enrolled in the first calculus course. The exami- 
nations come from ^arge universities and small colleges, 
from Ph. D, granting institutions and iwo year colleges. 

Brief descriptive information preceding each exam- 
ination gives a profile of ihe i'^stitution and circum- 
stances of ike examination. Unless otherwise noted, no 
books or notes are allowed during these examinations; 
calculator usage is explicitly noted where the informa- 
tion was provided. Except for information on problem 
weights and grading protocol, tk6 texts of the examina- 
tions are reproduced here exactly as they wer^i presented 
to the students. 



Institution: A public Canadian university \ !lh nearly 
20,000 students that in 1987 awarded 15 bachelor's de- 
grees, 4 master's degrees, and 6 Ph.D. degrees in math- 
ematics. 

Exam: A two-hour exam (calculators not allowed) for 
all students (except engineers) taking first term calculus. 
Of the 2500 students who enrolled in the course, 50% 
passed, including 15% who received grades of A or B. 

1. a. Use the definition of continuity to s! w thut the 
given function is discontinuous at a; = 1. 

{2a; - 1 if a; < 1 
0 if a; = 1 

if a; > 1 



b. Evaluate 1 



• [ 1 

im - 

-1 j a; - 1 



c. Evaluate lim trtii(3a;)/a;. 

2. a. Use the limit definition of derivative to find /'(O) 
if/(a;) = a;/(a;2 + l). 
b. Find ^ [sm (cos(ei/^))]. 



Find ~ 
ax 



a; Ina; 



a. Find the equation of the line tangent to the curve 
2(a;^ + 2/^)^^^ = 27a;y at the point (2, 1). 

b. lig{-l) - 1, i'(-l) = 2 and f (1) = evaluate 



dx 



[/(i?(-H)) ^ta;=2. 



4. A spot light located on the ground shines on the 
wall 12m. away. If a man 2m. tall, walks from the 
spotlight toward the wall at a speed of 96m./niin., 
how fast is his shadow on the wall decreasing when 
he is 4m. from the wall? 

5. Given f{x) = zl{z - 2)^. 

a. Find 

i. the domain of / 

ii. the asymptotes of / 

Hi. intervals where / is increasing and decreasing 

iv. relative extrema of /. 

b. Further, find the intervals where / is concave up 
and concave down and the points of inflection. 
And sketch an accurate graph of/. 

6. If 1200 cm^ of material is available to make a box 
with a square base, rectangular sides and no top, 
find the volume of the largest possible box. 



7. a. Find J {x^ / dx 

b. Evaluate //(1/v^) cos dx 

c. Show that J^^a^/{1 4- a^')dx = 1, where a is a 



positive constant. 



INSTITUTION: A stule universiiy in the Midwest with 
20,000 undergraduate and 6 000 graduate students that 
in 1987 awarded 45 bachelor's degrees, 14 master's de- 
grees, and 7 doctor's degrees in mathematics. 

EXAM: A two-hour exam (calculators allowed) el- 
ementary calculus for business students. Of th^ I44O 
students who enrolled in the course, approximately 74% 
passed, inrhding 40% who received grades of A or B. 

1. F ind each of the following liirits which exist. 



lim 

X-+-4 x^ 



a;^ 4- 2a; - 8 
6a; + 8 



b. lim 



a;2 4- 2a; - 8 



3a;2'-4a;4-7 , 
lim X z d. 



e. 



X-400 — 5a;^ + 9a; 

,. 16 

lim 



11 



-^2 a;2 
lim 



■6a; 4- 8 
16 



x-*oo i 4* 4e~^^ 



1 4-4e-3i 
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2. Find the derivative of each of the following functions. 

a. f{x) = ' + Ax^ 

b. f{x) = (3a; + 2) V9T45D2 

c. f{x) = 3c(-^*'+2x+3) 

d. /(3c) = -2ln(2a;^-3a; + i) 

5. Let f{x) = a;^ - 8a;^ + 216. 

a. Determine those intervals of the x-axis on which 
f{x) is increasing and those intervals of the x-axis 
on which f{x) is decreasing. 

b. Determine where f{x) has a relative maximum 
value and where f{x) has a relative minimum 
value. 

c. Determine those intervals of the is-axis on which 
the curve y = f{x) is concave upward and those 
intervals of the aj-axis on which the cuive y = f{x) 
is concave downward. 

d. Find all inflection points on the curve y = f{x). 

e. Sketch the curve y = f{x) carefully and neatly. 

f. Determine where f{x) has an absolute maximum 
value on the closed interval [2, 8). 

4. Find each of the following. 

a. S3xV9+4x2dx h. / ^3 _ ^,.2 _ 9 
c. / 16xe(-''''+^)dx d. /4 (ln(x2)]^ ids: 
/ tAt-^- f- /n \/l6+'5J da; 

5. Set up the trapezoidal rule ready for calculating an 
approximation to 3c~^^'^^*'a;dx using 8 subinter- 
•als. 

6. Determine which of the following improper integrals 
converges, and find the value of each convergent one. 

a. fT^ -;;rrT'd^ b. f^a;^e~*'da; 

7. Determine where the graph of each of the following 
functions has a relative maximum point, a relative 
minimum point, a saddle point. 

a. /(aJ,y) = - Axy + Sy^ - 14a; + 24y - J7 

b. /(x,y) = a;2 - 4xy + 2y'^ + 11 

8. Use the method of Lagrange multipliers to find the 
maximum value of /(x, y) = — 32a;^ + 3xy — 2y^ + 45 
subject to the constraint g{x^y) = 16a;^ + J/^ = 32. 



Institution: A southern urban iwo-year college with 
5,000 siudenis. 

Exam: A iwo-hour exam (calculators allowed) for the 
first term of calculus for science Md business students. 
Of the 28 siudenis who enrolled in the course, 64% 
passed, including 40% ^ho received grades of A or B. 

1. Answer either a or b but not both: 

a. If f{x) = 2x2 « 35, J. 1^ find /' (v'3/2) by us;ng 
the definition of the derivative. 

b. By means of an appropriate Riemann Sum, find 
/fj(2a;2-3a;+l)da;. 

2. Answer a or b but not both: 

a. Find the area of the region bounded by x = y^ 
and a; 4- y = 2. 

b. Find the volume of the solid of revolution gen- 
erated when the region bounded by a; = a,ad 
X + y ■= 2 is revolved about the line y = 1. 

3. Do either a or b but not both: 

a. Use Newton's Method to estimate v^, storting 
with ai = 2 and finding 03. 

b. Estimate (.94)^ - l/(-9'^0^ by using differentials. 

4. Answer either a or b below, but not both: 

a. Sketch the graph of y = a;^/4 - (4a;^)/3 •\-2x^ -I 
by finding the local max and local min; point(s) of 
inflection; intervals where the graph is increasing; 
decreasing; concave upward; concave downward. 

b. Estimate J.^* a;^ da; using the Trapezoidal Rule with 
n = 4. 

5. Do either part a or b, but not both: 

a. A drinking glass is in the shape of a truncated cone 
with a base radius of 3cm, a top radius of 5cm, and 
an altitude of 10cm. A beverage is poured into the 
glass at a constant rate of 48cm^/sec. Find the 
rate at which the level of the beverage is rising 
in the glass when it is at a depth of 5cm. (Note: 
Volume of a cone = (l/3)7r(radius)^(altitude).) 
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b. Two straight roads intersect at right angles, one 
running north and south, while the ocher runs east 
and west. Bill jogs north through the intersection 
at a steady rate of 6 miles per hour. Sue pedals her 
bicycle west at a steady rate of 12 miles per hour 
and goes through the intersection one half hour 
after Bill. Find the minimum distance between 
Bill and Sue. 

6. For each of the following functions, determine both 
f{x) (you need no^ simplify f{x)) and / f{x)dx. 

a. f{x) = 21x^ + ISx^ - 3a; + 

b. f{x) = 32; (e*') + xy/d^^ 
1 1 



f{x) = 



yJT^x'' 



? 4 + a;2 

d. f{x) = e»"(^*+2^'+i) 

e. /(a;)= (sin a;} (e^"**^) 



Institution: A midwestem liberal arts college with 
1750 $iudenis that in 1987 awarded 24 bachelor de- 
grees in maihemaiics. 

Ex AM: A two-hour exam (calculators allowed) from one 
section of firsUterm calculus taken all students whose 
intended course of study requires calculus. Of the 160 
students who originally enrolled in the course, approxi- 
mately 88% passed, including 50% who received grades 
of A or B, SO students were in the section that took this 
exam, 

1. Differentiation. 

a. Definx^ f{x). 

b. On the pictures below, indicate Ay and dy. 




x + Ax 




c. According to Newton*s law of heat transfer, the 
rate at which the temperature of a body changes 
is proportional to the difference between the tem- 
perature of the body (call the temperature of the 
body u) and the temperature T of the surround- 
ing medium. Express this law as a mathematical 
equation. 



J. Given /(2) = e, /'(2) = -1, g{2) = 4, y'(2) = 3, 
r{x) = [f{x)]oi^). Find r'(2). 

e. Find ^ if y/a; + a;/?; = 4. 

2. Integration. 

a. Consider the function f{t) =. l/t defined on the 
interval [1,2). Let be the partition of [1,2] 
into n equal subinlcrvals, and in each subinterval 

choose U = Si-i. Thsn the sum 5,^ is 
dehned to be 

Sn = /(to)(aJi ~ »o) + /(ti)(a;2 - a;i) + • • • 

Find the two sums, 52 and 53. 

b. If you had the use of the tables in your text or a 
calculator, you should be able to find the number 
to which the sums in part a above will converge 
(that is, the number which will be approached) as 
n increases. What number would you look up (or 
enter into your calculator)? 

c. Let G{x) = VlQ-t^di 
t. Which is correct? 

G(2) = -G(-2) or G(2) =^ G(-2) 
u. What is G(0)? 
m. What is G'(2)? 
iv. What is G(4)? 

d. Find the indicated aii*!^::rivatives. 

t. Sit + lyvidt a. s v/</(i3/i + 1) dt 

3. Graphs and derivatives. For each of the following 
functions, find /'(a;). Give the answer, then find the 
critical points, if an>, ^..^ ufaw a graph of y = /(a;). 

a. f{x) = 3a;^ - 8x^ + Ga;^ ~ 5 

b. /(a;) = 4a;/(a;2 + 2) 

c. /(a;) = lna;/a; 

d. f{x) = x^^"^' 

e. f{x) = 5-== 

4. The following two questions both refer to the func- 
tion f{x) = \nx/x gr;'|>hcd in part c of question 3 
above. 

a. Write the equation i ^' the line tangent to the graph 
at a; = ^/e, 

b. Find the area undci* the graph from a; = */e to 
x = e\ 
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Institute N: ^4 western land-grant university with 
15,000 studmtM that awarded 29 bachelor's, 9 master's, 
and 3 doctoral degrees in mathemaiics in 1987, 

EXAM: A three-hour exam (calculators not allowed) 
given to all students in a first term calculus for en- 
gineering, science, and mathematics students. Of the 
435 students who enrolled in the course, 4^% withdrew 
before the final exam, 6% failed the course, and 24% 
received grades of A or B, 

1. Find the equation of the line tangent to the graph of 
y = f[x) at the point (0,-4) where f{x) = /nx - 
4 + 3x. 

2. Determine all relative extreme values of y - .•>^-20a:. 
(Justify your results.) 

3. Find the derivatives of the following functions: 

a. /(x) = (x2-l)/(x2 + l) 

b. f{x) = {l/xs\nx\^'^ 

c. /(x) = e-' 

d. /(a:) = (lnx)^"^ 

e. f{x) = arctan {{x + l)/(x - 1)) 

4. Evaluate the follows g limit in two distinct ways: 

hm 

x-J 2x-l 

5. Sketch the graph of /(x) = x3-6x^ + 12x-4, showing 
a!l principal features (such as asymptotes, extrema, 
and inflecton points). 

6. Approximate v^l7 by using differentials. 

7. A crate open at the top has vertical sides, a square 
bottom, and a volume of 4 cubic meters. If the crate 
has the least possible surface area, find its dimen- 
sions. 

8. Compute the following: 

b. Sxy(i-x^)dx 

c. Jlip - {llt')f dt 

d. j xy/x — Idx 

e. J^l/Vie-x^dx 

9. Evaluate lim (sin 3x)/x for 



10. Suppose that the equation y = (2x)/(l + 2") defines 
y as a diffcrentiable function of x. TJae implicit dif- 
ferentiation to determine ^. 

11. A board 5 feet long slides down a vertical wall. At 
the instant the bottom end is 4 feet from the base of 
the wall, the top end is moving down the wall at the 
rate >f 2 feet per second. At that moment, how fast 
is the bottom sliding along the horizontal ground? 

12. Assume that the half-life of radon gas is 4 days. De- 
termine a formula which gives the time required for 
10% of a given quantity of this gas to become harm- 
less. 

13. Evaluate the area under the curve y = 2~* on the 
interval [|, 1]. 

3x + 5 

14. Find a formula for the inverse of /(x) = 



X — 4 



15. Sketch the graph of /(x) = ln(2- x-.-c^). (Note that 
X must be such that 2 - x - x^ > 0.] 

16. Determine whether the following statements are true 
or false: 

a. The function /(x) = 1/x is its own inverse. 

x^ + 5x + 6 

b. Defining /(~2) = 1 makes /(x) = 
continuous at x = —2. 

c. lim {Vx^ — X + x) r= 1 



x + 2 



^ = -(In 1 - In 1) = 0. 

e. If lin? /(jc) = lim /(x), the '(y) is continuous 
at the ooint x = a. 



Institution: A highly selective private northeastern 
university witn 4t^00 undergraduate and 4t^00 gradu- 
ate students. In 1987, 68 students received bachelor^s 
degrees in mathematics, 2 received master ^s, and 11 re- 
ceived mathematics Ph,D, degrees. 

Exam: A three-hour exam for all students enrolled in 
first term calculus. Course enrollment ivite from 230 to 
275 during the term, and 94% of the enrolled students 
passed; 62% received grades of A or B, 



a. xo = 7r/3 
c. Xq = 0 



b. xo = ?r/6 



1. If/(x) = x2 cos X, then /'(7r/2) = 

(A) Tr (B) -^7rV4 (C) 

(D) -7r (E) 7r-7rV4 
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2. For what value of the constant c will ihe tangent 
line to the curve y = + cx^ — cx + 1 at the point 
(x, y) = (1, 2) intersect the z-axis at z = 2? 

(A) -1 (B) 3 (C) -6 (D) 2 (E) 15 

3. Wiiich of the following gives the best approximation 
for /(l.Ol) if f{x) = 2/x' + Zz*? 

(A) 5.00 (B) 5.02 (C) 5.01 

(D) 4.98 (E) 4.99 

4. The equation of the tangent line to the curve x^ + 

+ 3xy^+4x^y = 1 at the point (1, 0) is 

(A) y = -{l/2)x + 1/2 (B) y = {l/2)x - 1/2 

(C) y = a;-1 (D) y = 2a: - 2 

(E) y= -2x + 2 

5. If f{x) = cos IT (a:^ - (l/2)a;), then /'(I) = 

(A) 3/2 (B) (2/3)7r (C) -(3/2)7r 

(D) -3/2 (E) (3/2)7r 

6. The curve y = 4x^ - 3x^ + 2x — 1 has a point of 
inflection at a; = 

(A) 1 (B) 1/2 (C) 1/3 (D) 1/4 (E) 1/5 

7. The curve y = x^/3 + l2/x^ has a 

(A) relative minimum at x = 6 

(B) relative minimum at a; = y/6 

(C) relative maximum at x = 6 

(D) relative maximum at a; = ^/6 

(E) point of inflection at a; = 0 

8. If a solid right circular cylinder of volume V is made 
in such a way as to minimize its surface area then 
the ratio of its height to its base radius is 

(A) TT (B) 1/2 (C) 0 (D) 1 (E) 2 

9. A ladder of length 15 ft. is leaning against the side 
of a building/ The foot of the ladder is sliding along 
the ground away from the wall at 1/2 ft./sec. Hov/ 
fcist is the top of the ladder falling when the foot of 
the ladder is 9 ft. from the wall? 

(A) 3/2 ft./sec. (B) 3/4 ft./sec. 

(C) 3/8 ft./sec. (D) 1/3 ft./sec 

(E) 1/2 ft./sec. 

10- Consider the following two statements: 

P. If a function is continuous then it is diflferentiable. 
Q. If a function is different iable then it is continuous. 

(A) P and Q are both true. 

(B) P and Q are both false. 

(C) P is true and Q is false. 

(D) P is false and Q is true. 
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11. For which values of the constants a and b will the 
function f{x) defined below be differentiable? 

X _ f ax X < 1 

Ux^ + x + l x>l 



(A) a = 6 = 1 (B) a = 1, 6 = 2 

(C) a= 1, b= -1 (D) a = 2, 6 = 0 
(E) a=3, 6= 1 

12. The total area enclosed between the curves y = x 
and 1/ = x^ is 

(A) 1 (B) 1/2 (C) 1/3 (D) 1/4 (E) 1/5 

13. The area bounded by the curve y = tt sin(7rx) and the 
x<axis between two consecutive points of intersection 
is 

(A) 1 (B) 2 (C) 3 (D) TT (E) 7r/2 

14. If the acceleration of a particle moving in a straight 
line is given by a = lOt^ and the particle hcis a veloc- 
ity of 2 ft./sec. at i = 0, then the distance traveled 
by the particle between i = 0 and t = 3 sec. is 

(A) 277r ft. (B) 147/2 ft. (C) 135/2 ft. 

(D) 41 ft. (E) 83 ft- 

15. If /(x) = J^sin^tcos^tdt then /'(7r/4) is 

(A) 1/2 (B) 1/4 (C) 1/8 (D) 1/16 (E) 1/32 

16. /o^%in2xcix = 

(A) 0 (B) 1/2 (C) 1 (D) 2 (E) tt 

17. The region bounded above by the curve y = x — x^ 
and below by the x-axis is rotated about the x-axis. 
The volume generated is 

(A) 7r/6 (B) 7r/30 (C) 7r/12 (D) 7r/l5 (E) 7r/3 

18. The region in problem 17 is rotated about the y-axis. 
The volume generated is 

(A) 7r/6 (B) 7r/30 (C) 7r/12 (D) ^r/15 (E) t/3 

19. The length of the curve y = (2/3)x^/^ between x = 1 
and X = 2 is 

(A) 1 (B)V^-I 
(C) 3\/3 (D) 1/2 

(E) (2/3)(3\/3-2v^) 

20. The average value of the function /(x) = x^ between 
X = 0 and x = 2 is 

(A) 1/4 (B) 1/3 (C) 1/2 .(D) 1 (E) 2 
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21. The following table lists the known values of a certmn 
function / 



X 


1 


2 


3 1 4 


5 


6 


7 


/(^) 


0 


1.1 


1.4 1 1.2 


1.5 


1.6 


1.1 



If the trapezoid rule is used to approximate Jl*f{x) dx 
the answer obtained is 



(A) 7.9 
(D) 7.35 



(B) 7.5 
(E) 7.05 



(C) 6.8 



22. If Simpsons's rule is used to estimate f{x)dx for 
the function given in problem 21, the answer ob- 
tciined is 

(A) 7.9 (B) 7.5 (C) 6.8 

(D) 7.35 (E) 7.05 

23. If /(i) = c""2x^ ti,gn /'(^/2) = 

(A) 2 (B) 1 (C) 0 (D) -1 (E) -2 

24. If f{x) = in (sin-^(j;/2)) then /'(I) = 

(A) 1/x (B) (2V3)/x (C) (xv^)/4 

(D) Try/2 (E) 7r/2 

25. If lim (e* + l)/(a;^ + In i) = i4 and lim ^ 



then 



(A) i4 = 0, B = oo 
(C) A = oo,B = 0 
(E) i4= 1, B = 1 



r-»oo JC*^ 4* 1 

(B) j4 = 0, B = 0 
(D) i4 = oo, jB = oo 



= B 



26. lim (a: in a; + x^)/(x^ + 2) = 

x-*oo 

(A) 0 (B) CO (C) 1 (D) 2 (E) 1/2 

27. The temperature, T, of a body satisfies the equa- 
tion dT/dt = kT, t in seconds. If r(0) = 30° and 
T(5) = 5", then Ji: = 

(A) -1 (B) -In 2 

(C) -(1/5) In 6 (D) -(1/3) In 3 

(E) -(1/7) ln5 

r3 



28. 



/ 

Jo 



: dx = 



Vx-hl 

(A) 1/3 (B) 2/3 (C) 4/3 (D) 8/3 (E) 16/3 

29. / sin^ X cos^ xdx = 
Jo 

(A) (4V2)/81 (B) (b^/2)/7 (C) (3>/2)/17 

(D) (E) 7V2/120 



30. j xt^dx = 
(A) 1 (B) 0 



31. (2a: + 3)/(a:^ - 21^ - 3a:) dx = 



32. The ini 



(A) 2ln3 + ln2 (B) (1/4) ln3 - 2ln2 

(C) (1/2) In 3 + (1/2) In 2 (D) 2 In 3 - (1/3) In 2 
(E) ln3- ln2 

tegral / — 
Jo 

(A) diverges for p > 1, converges for p < 1 

(B) diverges for p > 1, converges for p < 1 

(C) converges for p > 1, diverges for p > 1 

(D) converges for p > 1, diverges for p > 1 

(E) diverges for all p 



Institution: A southwestern public university with 
12,000 students that in 1987 awarded 24 bachelor's and 
5 master's degrees in mathematics. 

Exam: A three-hour exam (calculators not allowed) 
given to 18 students in one section of first term calculus 
for engineering, mathematics, and science Tiiajnrs. Of 
the 269 students who enrolled in the course, 4^% com- 
pleted the course with a passing grade; 60% of those who 
passed received grades of A or B, 

1. An object shot upward has height x — — + 30i m 
after i seconds. Compute its velocity after 1.5 sec, 
its maximum height, and the speed with which it 
strikes the ground 

2. Two cars leave an intersection P. After 60 sec, the 
car traveling north has speed 50 ft /sec and distance 
2000 ft. from P, and the car traveling west has speed 
75 ft/sec and distance 2500 ft. from P. At that 
instant, how fast are the cars separating from each 
other? 



(C) e (D) (E) l/e 



3. Find the maximum and minimum of f[x) — xy/\ — 
on the interval [—1, ;I. 

4. Find the coordinates of all local maxima and minima 
of/(a;) = a:V(l + a;^). 

5. Find the point on the graph of the equation y = y/x 
nearest to the point (1,0). 

6. An athletic field of 400-meter perimeter consists of 
a rectangle with a semi circle at each end. Find the 
dimensions of the field so that the area of the rect- 
angular portion is the largest possible. 
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7. Differentiate: 

a. /(x) = e5*(x2 _ 3x + 6) 

b. s(x) = l/(l + e-) 

8. In a certain calculus course, the number of students 
dropping out each class day was proportional to the 
number still enrolled. If 2000 started out and 10% 
dropped after 12 classes, estimate the number left 
after 36 classes. 

9. Differentiate: 

a. f{x) = ln(a;^ + a;) 

b. g{x) = ln(sec x + tan x) 

10. Use the logarithm function to differentiate: 
a. y = (2 + sin x)^ b. t/ = c^^^ 

11. Evaluate arccos(l/2) — arccos(— 1/2). 

12. Differentiate f{x) = a;arcsin x + arccos(2a; + 1). 

13. Differentiate f{x) = a? cosh x — sinh x. 

14. Find 

a. lim((l-aj)/(e--e)) 

b. lim (a; — 7r/2) tana; 

15. Assume the population of a certain city grows at a 
rate proportional to the population itself. If the pop- 
ulation was 100,000 in 1940 and 150,000 in 1980, pre- 
dict what it will be in year 2000. 

16. Evaluate: 

a. JI{x^ — 4a5 + 4) da? b. J^^\sin x cos aj) dx 

17. Find ^ 

a. y = Jq^^ Vidt b. y = J^sectdt 

18. Compute the area under the graph f{x) = a? + sina? 
over the interval [0, 7r/2]. 

19. Show that 2 < 1/(1 + sin^ aj)daj < 4. [HINT: If 
f{x) < g{x) on [a, 6] then S^f{x)dx < J^g{x)dx.] 



Institution: A midwestem community college with 
approximately 8500 full time students. 

EXAM: A two-hour exam (calculators allowed) given to 
60% of the students who completed a first term calcu- 
lus course for students specializing in business or liberal 
arts. Of the 1^2 students who enrolled in the course, 
30% withdrew, 1% failed, and 37% received grades of A 
or B. 



1. A manufacturer has been selling lamps at a price of 
$15 per lamp. At this price, customers have pur- 
chased 2,000 lamps per month. Management has de- 
cided to raise the price to p dollars in an attempt to 
improve profit. For each $1 increase in price, it is 
expected that sales will fall by 100 lamps per month. 

If the manufacturer produces the lamps at a cost of 
$8 each, then express the monthly profit for the sale 
of lamps as a function of price p. Then maximize the 
profit by finding the price p at which greatest profit 
occurs. 

2. Find each derivative. 

a. f{2) if f{x) = Va?^ -I- 4a; 

b. g{x) = §a;^ + Zx^ 

c. h{x) = xe^' 

d. j{x) = ln(a;^ + 4a;) 

e. n{x) = (a; + l)/(a; - 1> 

3. A fine restaurant hcis purchcised several cases of wine. 
For a while, the value of the wine increases; but even- 
tually, it passes its prime and decreases in value. In t 
years, the value of a case of the wine will be changing 
at the rate of 62 — I2t dollars per year. If the an- 
nual storage costs remain fixed at $2 per case, then 
when should the restaurant sell the wine in order to 
maximize profit? [HINT: Profit depends upon value 
"minus" storage costs.] 

4. Use implicit differentiation to find ^ if a;^y + 2y^ = 
30. 

5. It is estimated that t days from now a citrus farmer's 
crop will be increasing at the rate of 0.3t^ + OM + 1 
bushels per day. By how much will the value of the 
crop increcise during the next 6 days if the market 
price remains fixed at $7 per bushel? 

6. Evaluate these integrals: 

a. (6a;^ + 3y/x) dx 

b. J2e^^'^^dx 

c. J{3x^)/{x^'hl)dx 

d. J{x^-\-l){x^ + 3x+lfdx 

e. J xe^ dx [Use parts.] 

f. S^3/x^dx 
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7. At a certain factory, the output is Q = 120K^^^L^^^ 
units, where K is the capital investment in $1000 
units and L is the size of the labor force measured 
in worker-hours. Currently, capitaP investment is 
$400,000 and labor force is 1000 worker-hours. Use 
the total differential of Q to estimate the change 
in output which results if capital investment is in* 
creased by $2000 and labor is increased by 4 worker- 
hours. 

8. A sociologist claims that the population of a certmn 
country is growing at the rate of 2% per year. If the 
present population (1987) of the country is 200 mil- 
lion people, then what will the population be in the 
year 2000? [HiNT: Solve the separable differential 
equation ^ - .02P.] 

9. Sketch carefully the graphs of f{x) = 2a; - and 
g{x) = 2x — 4. Then find the area of the region 
enclosed by the two graphs. 

10. Determine th *axima and minima for the function 
/(x, y) = + u;t/ + - 3a:. 



INSTITUTION: A western public university with 23,000 
undergraduate and 10,000 graduate students that in 
1987 awarded 350 bachelor's degrees, 19 master's de- 
grees, and 13 Ph.D. degrees in mathemaiics. 

Exam: A three-hour exam (calculators not allowed) 
given to 71 students in one section of a first term calcu- 
lus course for students intending to major in the life sci- 
ences and economics. Of the 914 students who enrolled 
in the course, 79% passed the course, 44% of whom re- 
ceived grades of A or B. 

1. Differentiate the following: 

a. £s.c{e^^) 

b. jL3C<«a: 
ax 

c. ^arcsin(a;^) 

d. ^ ln(arctan a;) 

2. Find the area of the 3-sided region in the first quad- 
rant enclosed by the straight lines y = x and y =z x/S 
and the curve y = 8/a;^. Draw a picture. 



3. Consider the region enclosed betv/een the curves y = 
2a;' and y = a;' + 1 as shown: 




X 



a. Suppose the region is rotated about the axis a; = 5. 
Write down a definite integral which would give 
the volume. Do not evaluate this integral. 

b. Same as part (a), except let the axis be the line 

y = 7- 

4. A spring, whose natural length is 10 ft., requires 40 
ft-lbs. of work to be stretched from a length of 13 ft. 
to a length of 17 ft. How much work would it require 
to stretch it from a length of 15 ft. to a length of 21 
fl.? 

5. An object is removed from an oven and left to sit in a 
70^ room. After 2/3's of an hour it is 170% and after 
2 hours it is 120*^. Assuming that Newton's law of 
cooling applies, how hot was the object when it was 
removed from the oven? (Note: You may leave your 
answer in any reasonable form; the actual numerical 
answer will contain a ^/~•) 

6. Find the following indefinite integrals, using substi- 
tution if necessary: 

a. /(e3^)/(l+e^^)^da; 

b. J^/{^-l)dx 

7. Using integration by parts twice, find / a;^ sin a; da;. 
(Recall you can check your answer by differentia- 
tion.) 

8. Solve the following differential equation, making use 
of an integrating factor. Then evaluate your constant 
using the initial condition. 

£=3-y/(2x + l); t,(4) = 5 

(Assume 2a; + 1 > 0 always.) 

9. At time ^ = 0 a tank contains 13 gallons of water in 
which 2 pounds of salt are dissolved. Water contain- 
ing 6 pounds of salt per '3allon is added to the tank 
at the the rate of 8 gallons per minute. The solu- 
tions mix instantly and the mixture is drdned at the 
rate of 3 gallons per minute. Write down a differen- 
tial equation which relates the amount of salt s (in 
pounds) to the time t. Do not solve this equation. 
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10. Using Theorem 19.3, find the solutions of the follow- 
ing two differential equations, use the initial data to 
evaluate your constants, and identify the appropriate 
graphs. 

a. y" + 6y' + 9y = 0; y{0) = 0 and y'{0) = 2. 

b. y" + 5y' + 4y = 0; y{0) = 2 and j/'(0) = -5. 
(A) (B) 



(C) 



(B) 



(D) 



(F) 



Exam: A three-hour exajn (calculators not allowed) 
administered in 1985 to 35,000 high school students 
by the advance placement (AP) program. This is the 
"AB" exam for students who have studied the prescribed 
curriculum, 35% of those who took the exam received 
grades of 4 or 5, the highest two grades available. 



1. J^x-^dx = 

(A) -7/8 (B) -3/4 

(D) 3/8 (E) 15/16 



(C) 15/64 



2. If /(x) = (2x+ 1)^, then the 4th derivative of /(a;) 
at s = 0 is 

(A) 0 (B) 24 (C) 48 (D) 240 (E) 384 

3. Ifj/ = 3/(4 + a;2), then = 

(A) -6a:/(4 + a:2)2 (B) 3a:/(4 + a:2)2 

(C) 6x/i4 + xy (D) -3/(4 + xy 

(E) 3/2a: 

4. If ^ =cos(2a;), then y = 

(A) -| cos(2a;) + C (B) -f cos2(2a;) + C 
(C) i8in(2a:) + C (D) ^s\n^{2x) + C 

(E) -§sin(2a;) + C 



5. Iim(4n2)/(n2 + 10,000n)is 

n—oo 

(A) 0 (B) 1/2,500 (C) 1 

(D) 4 (E) nonexistent 

6. If fix) = X, then /'(5) = 

(A) 0 (B) 1/5 (C) 1 (D) 5 (E) 25/2 
V. Which of the following is equal to In 4? 
(A) ln3 + lnl (B) In8/ln2 

(C) J^c'dt (D) S^lnxdx 

(E) J^\/tdt 

8. The slope of the line tangent to the graph of y = 
ln(s/2) at s = 4 is 

(A) 1/8 (B) 1/4 (C) 1/2 (D) 1 (E) 4 

9. If e-'^ dx = k, then /"^ e-'^ dx = 

(A) -2k (B) -k (C) -k/2 

(D) k/2 (E) 2k 

10. Ify = 10(^^-1), then ^ = 

(A) (Inl0)l0(==^-i) (B) (2a:)10(*^-i) 

(C) {x^ - 1)10(^^-2) (D) 2a;(ln 10)10(*^-i) 

(E) a;2(ln 10)10(^^-1) 

11. The position of a particle moving along a straight line 
at any time t is given by s{t) = + 4f + 4. What is 
the acceleration of the particle when t = 4? 

(A) 0 (B) 2 (C) 4 (D) 8 (E) 12 

12. Uf{g{x)) = \n{x^ + 4), f{x) = \n{x^), and g{x) > 0 
for all real x, then g{x) = 

(A) 1/V^j4 (B) 1/(^2 +4) 

(C) V^Ti (D) x^ + 4 

(E) a: + 2 

13. If x^ + xy + y^ = 0, then, in terms of x and y, ^ = 

(A) -(2a; + y)/(a;+3y2) 

(B) -(x + 3y2)/(2x + y) 

(C) -2x/{l + 3y2) 

(D) -2a;/(a;+3y2) 

(E) -(2a; + y)/(a;+3y2- 1) 

14. The velocity of a particle moving on a line at time t 
is i; = 3fi/^ + 5t^f^ meters per second. How many 
meters did the particle travel from f = 0 to f = 4? 
(A) 32 (B) 40 (C) 64 (D) 80 (E) 184 

15. The domain of the function defined by f{x) = 



ln(a 
that 



4) is the set of all real numbers x such 



(A) \x\ < 2 (B) \x\ < 2 (C) \x\ > 2 
(D) \x\ > 2 (E) a; is a real number 



1,97 
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16. The function defined by f{x) = - 3x^ for all real 
numbers x has a relative maximum at x = 

(A) -2 (B) 0 (C) J (D) 2 (E) 4 

17. j^xe-'dx = 

(A) l-2e (B) -1 (C) l-2e-i 

(D) 1 (E) 2e - 1 

18. If y = cos^ X — sin^ a;, then y' = 

(A) -1 (B) 0 

(C) -28in(25c) (D) -2(cos x + sin x) 

(E) 2(cos X — sin x) 

19. If f{xi) + /{xz) = f{xi + X2) for all real numbers xi 
and X2, which of tLe following could define /? 

{A)f{x) = x+l {B) f{x) = 2x 

(C) fix) = 1/x (D) fix) = 

(E) fix) = x^ 

20. If y = Arctan (cos a;), then ^ = 

(A) — sin xl(l cos^ a;) (B) — (Arcsec(cos aj))^sin x 
(C) (Arcsec(cosa;))2 (D) l/((Arccos a;)^ + 1) 
(E) l/(l + cos2a;) 

21. If the domain of the function / given by f{x) = 
1/(1 — a;^) is {x : \x\ > 1}, what is the range of 
/? 

(A) {aj : -00 < a; < -1} 

(B) {aj : -00 < a; < 0} 

(C) {aj : -00 < a; < 1} 

(D) {a; : -1< aj < oo} 

(E) {aj : 0 < aj < oo} 

22. /,V-l)/(^+l)rf^ = 

(A) 1/2 (B) 1 (C) 2 (D) 5/2 (E) In 3 

23. £ [ijx^ - 1/a; + a;^) at a; = - is 

(A) -6 (B) -4 (C) 0 (D) 2 (E) 6 

24. If jl^{x'^ + ib) da; = 16, then Jb = 

(A) -12 (B) -4 (C) 0 (D) 4 (E) 12 

25. li f{x) = e^, which of the following is equal to /'(e)? 

(A) Hm(e^+'OA (B) lim(e^+'* - .3^)//i 
(C) faie"""^^ - e)lh (D) Hm(e^+'* - l)lh 

(B) lim(e^+''-e«)/A 



26. The graph of = a;^ + 9 is symmetric with respect 
to which of the following? 
I. The a;-axis 
II. The y-axis 
III. The origin 



(A) I only 
(C) III only 
(E) I, II, and III 



(3) II only 

(D) I and II only 



27. /o |a;-l|dx = 

(A) 0 (B) 3/2 (C) 2 (D) 5/2 (E) 6 

28. If the position of a particle on the a;-axis at time i 
is — 5t^, then the average velocity of the particle for 
0 < t < 3 is 

(A) -45 (B) -30 (C) -15 (D) -10 (E) -5 

29. Which of the following functions are continuous for 
all real numbers a;? 

L y = a;2/3 
XL y = 
FIL y = tana; 

(A) None (B) I only (C) II only 

(D) I and II (E) I and III 

30. / tan(2a;) da; = 

(A) -21n|cos(2a;)| + C (B) -| In |cos(2a;)| + C 
(C) |ln|cos(2a;)| + C (D) 2ln | cos(2a;)| + C 

(E) |sec(2a;)tan(2a;) + C 

31. The volume of a cone of retdius r and height h is 
given by V = ^Trr^ft. If the radius and the height 
both increase at a constant rate of 1/2 centimeter 
per second, at what rate, in cubic centimeters per 
second, is the volume increasing when the height is 
9 centimeters and the radius is 6 centimeters? 

(A) |7r (B) IOtt (C) 247r (D) 547r (E) IOStt 

32. J^'^^'^sin(3a;)da; = 

(A) -2 (B) -2/3 (C) 0 (D) 2/3 (E) 2 



33. The graph of the deriva- 
tive of / is shown in 
the figurs at the right. 
Which of the following 
could be the graph of /? 




Final Exams for Calculus I 



189 




(D) 1 (E) 65/4 



34. The area of the region in the first quadrant that is 
enclosed by the graphs of y = B and y = a; + 8 
is 

(A) 1/4 (B) 1/2 (C) 3/4 

35. The figure at the right 
shows the graph of a sine 
function for one complete 
period. Which of the fol- 
lowing is an equation for 
the graph? 




(B) y = sin(7ra;) 
(D) 3/ = 2sin(7ra3) 



(A) 2/ = 2 sin (fa;) 
(C) 3/ = 2sin(2aj) 
(E) 3/ = sin(2aj) 

36. If / is a continuous function defined for all real num- 
bers X and if the maxiirum value of f{x) is 5 and 
the minimum value of f{x) is —7, then which of the 
following must be true? 

I. The maximum value of f{\x\) is 5. 
II. The maximum value of \f{x)\ is 7. 
III. The minimum value of /(|a;|) is 0. 

(A) I only (B) II only 

(C) I and II only (D) II and III only 

(E) I, II, and III 

37. Iim(a;csca3) is 

(A) -oo (B) -1 (C) 0 (D) 1 (E) GO 

38. Let / and g have continuous first and second deriva- 
tives everywhere. If f{x) < g{x) for all real a;, which 
of the following must be true? 

I. /'(^) < ^'(^) for all real x 
II. f"{x) < g''{x) for all real x 



III. Sof{^)dx<J^g{x)dx 

(A) None (B) I only 

(C) III only (D) I and II only 

(E) I, II, and III 

39. If f{x) = lnx/x for a; > 0, which of the following is 
true? 

(A) / is increasing for all x grea .er than 0. 

(B) / is increasing for all x greater than 1. 

(C) / is decreasing for all x between 0 and 1. 

(D) / is decreasing for all x between 1 and e. 

(E) / is decreasing for all x greater than e. 

40. Let / be a continuous function on the closed interval 
[0,2). If 2 < f{x) < 4, then the greatest possible 
value of f{x) dx is 

(A) 0 (B) 2 (C) 4 (D) 8 (E) 16 

41. If lim f(x) = Zr, where i is a real number, which of 
the following must be true? 

(A) /'(a) exists. 

(B) f{x) is continuous at a; = a. 

(C) f{x) is defined at k = a. 

(D) f{a)^L. 

(E) None of the above 

42. ^/;vTTi^da; = 



(A) a;/vl + a;2 
(C) VlT^ 



(B) VTTx^ - 5 

(D) x/VlTx^ - 1/V5 



(E) l/(2x/rT^)-l/(2x/5) 

43. An equation of the line tangent to y = a;*^ -f 3a; -f 2 
at its point of inflection is 



(A) y = -6a; - 6 
(C) y = 2a; -flO 
(E) 2/ = 4a;+l 



(B) 2/ - -3a; -fl 
(D) 3/ = 3a; - 1 



44. The average value of /(a;) = x^y/x^ -f 1 on the closed 
interval [0, 2] is 

(A) 26/9 (B) 13/3 (C) 26/3 (D) 13 (E) 26 

45. The region enclosed by the graph of y = a;^, the line 
a; = 2, and the a;-axis is revolved about the y-axis. 
The volume of the solid generated is 

(A) 8;r (B) fx (C) fx O) 47r (E) fx 
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Frbb-rbsponsb Qubstions: 

1. Let / be the function given by f{x) = |f5f . 

a. Find the domain of /. 

b. Write an equation for each vertical and each hor- 
izontal asymptote for the graph of /. 

c. Find f{x). 

d. Write an equation for the line tangent to the graph 
of / at the point (0,/(0)). 

2. A particle moves along tl.^ x-axis with acceleration 
given by a{t) = cost for t > 0. At t = 0 the velocity 
v{t) of the particle is 2 and the position x{i) is 5. 

a. Write an expression for the velocity v{t) of the 
particle. 

b. Write an expression for the position x{t). 

c. For what values of t is the particle moving to the 
right? Justify your answer. 

d. Find the total distance traveled by the particle 
from t = 0 to t = 7r/2. 

3. Let jR be the region enclosed by the graphs of y = 
e""*, y = e*, and x = ln4. 

a. Find the area of R by setting up and evaluating a 
definite integral. 

b. Set up, but do not integrate^ an integral expres- 
sion in terms of a single variable for the volume 
generated when the region R is revolved about the 
X-axis. 

c. Set up, but do not integrate, an integral expres- 
sion in terms of a single variable for the volume 
generated when the region R is revolved about the 
y-axis. 

4. Let f{x) = 147rx2 and g{x) = s\n{irx)/{2k) for 
Jb > 0. 

a. Find the average value of / on [l, 4]. 

b. For what value of k will the average value of g on 
[0,^] be equal to the average value of / on [1,4]? 

5. The balloon shown at the 
right is in the shape of a cy- 
linder with hemispherical 
ends of the same radius as 
that of the cylinder. The 
balloon is being inflated at 
the rate of 26l7r cubic cen- 
timeters per minute. At 
the instant the radius of 
the cylinder \s 3 centime- 
ters, the volume of the bal- 
loon is 1447r 




cubic c^ utimeters and the radius of the cylinder is 
increasing at the rate of 2 centimeters per minute. 
(The volume of a cylinder with radius r and height 
h is Trr^/i, and the volume of a sphere with radius r 
is (4/3)7rr3.) 

a. At this instant, what is the height of the cylinder? 

b. At this instant, how fast is the height of the cy- 
linder increasing? 

6. The figure below shows the graph of /', the derivative 
of a function /. The domain of the function / is the 
set of all X such that — 3 < a: < 3. 




[NOTB: This is the graph of the deri, it've of /, not 
the graph of /.] 

a. For what values of a;, —3 < a; < 3, does / have a 
relative maximum? A relative minimum? Justify 
your answer. 

b. For what values of x is the graph of / concave up? 
Justify your an'jwer. 

c. Use the information found in parts a and b and 
the fact that /(— 3) = 0 to sketch a possible graph 
off. 



Institution: A major midwestern research university 
with approximately 40,000 students. In 1987, 75 stu- 
dents received bachelor ^s degrees, 30 received master's 
degrees, and 11 received Ph.D. degrees in mathematics. 

EXAM: A two-hour exam (calculators not allowed) on 
first term calculus for science and engineering students. 
Of the 1650 students who enrolled in the course, approx- 
imately 85% passed, including 40% who received grades 
of A or B. 

1. For each of the following find 

a. y = (cos(5x))^'^ 

x^ 

b. y = . 

\/2^Tl 

c. y = X tan x 
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e. -+y^ = 2x^ + 1 

y 

2. Find the following limits. If the limit is a )mite num- 
ber, write that number. If there is no finite limit, 
write +00, -co, or "none." 

a. Iim — 5 — 7 

^ 7x^ -3x2 + 1 

b. hm T — 

x-*+oo + 1 

sin(a; — 3) 

c. lim — ^ — — ^ 

x-*3 2-3 

d. Hm So{^i^-l)dt 

3. For the function y = — 6x^ + 9a; - 3 answer the 
following questions. 

a. Give the coordinates of all relative minima and 
relative maxima (if any). Justify your answer. 

b. Give the coordinates of all inflection points (if 
any). Justify your answer. 

c. For what interval(s) is the function concave up? 
For what intervals(s) is it concave down? 

d. Sketch the graph using the information from a-c. 

4. Let fix) = 3a;2 - 5a; + 1. 

a. State carefully what properties of / guarantee that 
the Mean Value Theorem applies to / on the m- 
terval [1, 2). 

b. This theorem asserts the existence of a certain 
number c. Find this c for / on [1,2]. 

5. A flood light is positioned on the ground shining on 
a white wall 30 feet away. A woman 5 feet tall starts 
at the wall and walks towards the light at a rate of 4 
ft./sec. How fast is the height of her shadow on the 
wall increasing when she is 10 feet from the light? 

6. Find the following indefinite integrals. Do not sim- 
plify your answers. 

, 3a;^ + 2;: 



- dx 



c. / sin(2a; + l)da; 

d. /(4a;^ - 2a; + 1) dx 

7. Find the solution to the diflferential equation ^ = 
(x^ + I)y2 subject to the initial condition y= I when 
a;= 2. 



8. Suppose that f{x) is continuous for all real values of 
X and symmetric about the y-axis, F is an antideriva- 
tive of /, and F has values F(0) = 3, F(l) = 5, and 
F{2) = 9. Find 

a- So /(®) ^® 

9. Evaluate the following definite integrals, 
a. S^^xix^-hiy^dx 



: dx 



10. Let f{x) be the function with graph as shown. An- 
swer the following que.stions from the graph. Yon 
should not try to find an equation for /(x). 
y 





r 








1 


\ 
























1 — 




\ 


3 








1 - 











a. Find f{x)dx 

b. For what number 0 < a < 4, does f{x) dx 
have the smallest value? 

11. Find the area enclosed by the two curves y = 2x^ + 1 
and y = a;2 + 5. 

12. Suppose that f{t)dt = a; -f • f^if{i)di. Give an 
explicit algebraic expression (not involving integrals) 
for fix). 

13. For each part set up do not evaluate the integral(s) 
which give(s) the result. Both parts relate to the 
given graph of y = cos a;. 




t/6 r/3 r/2 



a. Find the volume of the solid formed by rotating 
the shaded region about the a;-axis. 

b. Find the volume of the solid formed by rotating 
the shaded region about the y-axis. 
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14. An object starts from rest and moves with a velocity 
in m/sec given by v = - 2t, where i is time in 
seconds. 

a. Find the displacement of the object between the 
times t = 0 and t = 3. 

b. Find the iDtal distance travelled by the object be- 
tween the times t = 0 and i = 3. 

c. What is the average acceleration betv^een times 
t = 0 and t = 3? 

15. For what value(s) of a; does the slope of the tangent 
line to the curve y = —x^ + 3x^ + 1 have the largest 
value? Justify your answer. 

16. Set up the computation to find an approximate value 
for the integral J^(l/ ^) dxy using the trapezoidal rule 
with n = 4 subintervals, but do not do the final arith- 
metic. 

17. Find the length of the curve y = (§) x^^^ from (0,0) 
to (3,2>/3). 



Institution: A private western university with about 
4fOOO undergrad.uates that in 1987 awarded 50 bache- 
lor's degrees in mathematics. 

Exam: A three-hour exam (calculators allowed) on fir*i 
tem calcuhs for a mixture of engineering, business, and 
science students. Of the 277 students who enrolled in 
the course, 41 were in the particular section that was 
given this exam. Approximately 32% of the students in 
the course received grades of A or B. 

1. Find formulas (in split-rule form) for the function 
graphed below. 




2. Find ^ for each of the following: 



1 



h, y = sin^(3i), x = cos(3i) 
c. tan(l + xy) = 86. 



3. Suppose the position of a moving object at time t 
(seconds) is given by 5 = (i^ + 1)^ feet. Find each 
of the following: 

a. The average rate of change of 5 between 1 = 0 and 
i= 1. 

b. The instantaneous velocity at i = 1. 

c. The acceleration at i = 1. 

4. Evaluate each of the following limits: 

a. lim — ' 

b. lim 

c. lim ^^^^±lzl 

5. Suppose y = f{x) = ^ 

a. State the equations of any horizontal or vertical 
asyniptotes to the graph of /(sc). 

b. Find ^ (the derivative of the inverse function) 
and evaluate it at x = 3. 

c. Sketch the of /(sc) 

d. Find ^fifix)) 

6. Sketch the graph of y = 3a;*^ -f- 16a;^ + 24x^ - 2, after 
completing tables for the sign of y' and y". Label 
turning points. Also, find the values of a and 6 such 
that the curve is concave down for a < x < 6. 

7. A printer is to use a page that has a total area of 96 
in^. Margins are to be 1 in. at both sides and 1^ in. 
at the top and bottom of the page. Find the (outer) 
dimensions of the page so that the area of the actual 
printed matter is a maximum. 

8. A variable line through the point (1,2) intersects the 
X-axis at the point A{Xi 0) and the y-axis at the point 
B(0,y), where x and y are positive. How fast is 
the area of triangle AOB changing at the instant 
when sc = 5, if x increases at a constant rate of 16 
units/sec? 

9. Let f{x) = s/Zx - 2, Find a point sc = c between 
a = 1 and 6 = 2 at which the slope of the tangent 
line equals the slope of the line connecting (l,/(l)) 
and (2,/(2)). Also, what is the name of the theorem 
that guarantees the existence of the point sc = c? 

10. a. Find all functions y(x) such that = ^ i 
c. J x^{2 - Zx^y dz 
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Institution: A large midwesiern state university with 
approximately 25,000 students. In 1987, 50 students 
received bachelor's degrees, 6 received master's degrees, 
and 3 received Ph.D. degrees in mathematics. 

Exam: A two-hour exam (calculators not allowed) on 
elementary calculus for business students. Students are 
allowed one 5/8 "crib card." Of the 64O studenU who 
enrolled in the course, approximately 60% passed, in- 
cluding 27% who received grades of A or B. 

1. Find t.hc equation of the tangent line to the curve 
y = - 3a; + 30 at the point where x = -2. 

2. Evaluate the following limits: 

a. hm b. hm ^ 7 

i-»3 X - 3 /i-40 h 



Q. 



lim 



3x^-1 



x-*oo 1 Sa;"* 

3. a. If y = In {x^ + x^) + find 

b. If F{x) = {x + \)\x + 2)^ find F'{x). 

d. If + a;t/ + 1/^ = 3, use implicit differentiation to 
find 5^ in terms of x and Evaluate ^ at the 
point (1, 1). 

4. Find the absolute maximum and the absolute mini- 
mum of F{x) = x'"^ — 4x+ 1 in the interval 1 < x < 4. 

5. a. If y = -v/S, find the differential dy. 
h. Use differentials to estimate 

6. Sketch the graph of y = x^— 6x^ and use it to identify 
a. x-intercepts 



b. critical points 

c. inflection points 

d. intervals in which y is decreasing 
c. intervals in which y is concave up 

Evaluate the following integrals: 



a. / x^ e^' dx 



xdx 
x^ + l 



c. fxe^dx (by parts) 

d. f^{3,/S+J,)dx 
t. /(2x"^•^3c=^)dx 

8. Sketch the curves y = x^ and y 
the area between them. 



2x and compute 



9. The Pullman company knows that the cost of making 
X spittoons is C(x) = 50 + x + 

a. Find the P'smber x of spittoons that must be made 
in order to minimize the cost. 

b. What is the minimum cost? 

10. Let F{r, y) = Sx^ + Gy^ ^Sx + xy + 10. Find 

a. Fx(l,2) b. Fy{l,2) 

C. Fxx(l,2) d. F^y{l,2) 

a;3 2 

11. a. Find the critical points of F(x, y) = — xy. 

3 2 

b. Determine any relative maximum, relative mini- 
mum, or saddle points. 

12. Use tho method of Lagrange multipliers to find the 
minimum of F(x,y) = x^ -f y^ subject to the con- 
straint 4x + 2y = 10. 
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The following twelve examinations represent a cross 
section of final examinations given in ISSS-Sl for stu- 
dents ftarolled in tie second calculus course. The exami- 
nations come from large universities and small colleges, 
from Ph. D. granting institutions and two year colleges. 

Brief descriptive information preceding each exam- 
ination gives a profile of the institution and circum- 
stances of the examination. Unless otherwise :ioted, no 
books or notes are allowed during these examinations; 
calculator usage is explicitly noted where the informa- 
tion wcLf) provided. Except for information on problem 
weights and grading protocol, the texts of the examina- 
tions are i^produced here exactly as they were presented 
to the students. 



Institution: A souiheastem land-granl university 
with 12,500 students that in 1987 awarded 65 bachelor's 
degrees, 26 master's degrees, and 5 doctor's degrees in 
mathematics. 

Exam: A final exam (calculators allowed) from one 
section of second term calculus for engineering stu- 
dents. Of the 390 students who originally enrolled in the 
course, 72% passed, including 38% who received grades 
of A or B. 32 i ^udents were in the section that took this 
exam. 

1. Find the area of the region bounded by the curves 
y = 6 — and y = x. 

2. Consid-sr the region R bounded by the y.-axis, the 
curve y = and the lines x r= 1, x = 4. Find the 
volume, V, of the solid obtained when R is 

a. revolved a^ouni the x-axis. 

b. revolved around the y-axis. 

3. Find the length of the curve y = x^f^ from (0,0) to 
(5,v/5). 

4. In 1977 the world's population was 4.3 billion persons 
and growing at a rate of 2.12% per year. If this 
continues, 

now long will it take for ihe world's population to 
double? 

b. what will the population t-i in 2000 AD? 



5. Find y': 




a. y = In x^f^ 


b. y = ln(8ccx) 


c. y = e'^^'' 


d. y = c^*"*^* 


c. y - X* 


f. y = 2''+^ 


g. y = CSC 


h. y = log2 c*' 


i. y = x* sin"^ x 


j. y = tan"^(7rx) 



6. Antidcrivativcs 
a. /yc^'dy 



b. /(3/c^)Vl + e-«di 

c. / sec^ z/(l - tan z) dz 

d. / XTT*' dx 

e. /tan(e/x)/x^dx 

f. J dx 



x\/9x2 - I 

1 

+ 4i + 5 

h. / x"*"* In xcfx 

i. / cos^(2x) cfx 
1 

(2 + x2)3/2 

X 



j-/ 



dz 



(X + I)(x2 + 1) 



dx 



7. Determine whether the following series arc absolutely 
convergent, conditionally convergent, or divergent; 
show your work. 

Ti-D'JL b. 



<:=1 



8. Write the Taylor series expansion for c = 0 and 
a. c* b. sinx 

c. cosx 

9. Find a/Zx's for which the following power series con- 
verge. 

(-l)^x^ u ^{^^ 
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Institution: A midwestem church-relatGd college with 
400 undergmduates that in J 987 awarded 5 bachelor *s 
degrees in mathematics, 

BXAM: A two-hour exam (calculators allowed) given 
to students in a second term calculus course. Of the 7 
students who enrolled in the course, 6 passed, 3 of whom 
received a grade of A or B, 

1. a. Sketch (carefully label) the region bounded by the 
two curves, y — and 1/ = x + 2. 

b. Find the volume of the solid generated by revolv- 
ing the above region about the x-axis. 



2. a. Determine the eigenvalues of i4 = 




b. Determine the eigenvectors for A. 

c. Carefully and thoroughly discuss the graph of the 
equation 2x^ — 4ajy + Sy^ — 6. 

3. a. Carefully sketch (with labels) the graphs of r = 

1 + cos 5, r = 2 — cos 5. 

b. Identify by name these curves. 

c. Determine the points of intersection of these 
cur 'vs. 

d. Determine the area inside r = 2 — cos 5 that is 
outside r = 1 + cos 9. 

4. Determine the following: 

a. /(xe^)/(l + x2)daj 

b. /(2x2+3)/(x(x-l)2)da; 

c. lim(a:+l)^"* 

X-0+ 

5. Determine the most general form of the solution of 
the system of equations 



"1 


4 


2" 








T 


2 


5 


1 




X2 




5 


1 


1 


-1 








4 



6. a. Determine the equation of the plane through the 

points P(5,2,-l), Q(2,4,-2), i2(l,l,4). 

b. Determine a unit vector that is perpendicular to 
the above plane. 

7. Assume M2X3 is a vector space. Which of the fol- 
lowing are subspaces of M2X3? 

0 0) ' where6=a + c| 



8. a. Write the equations of the tangent(s) to the curve 
x(t) = t2 - 2t+ 1, y{t) = - 4^2+4, at the point 
(1,4). 

b. Is there any point at which the curve has a vertical 
tangent? Explain. 



Institution: A public Canadian university with 14,000 
students that in 1987 awarded 52 bachelor^s degrees, 5 
master's degrees, and 2 Ph.D. degrees in mathematics. 

BXAM: A three-hour exam (calculators allowed) for all 
students in a year-long course for social science stu- 
dents. Of the 820 students who enrolled in the course, 
69% passed, including 32% who received grades of A or 
B. 

1. Inventory Control Problem: The success of 
"Le declin de I 'empire americain" inside Canada has 
given hope to the Memphremagog Music company 
located in Scunt-Benoit du-Leic, Quebec and they are 
now optimistic that Canadians might even start buy- 
ing Canadian music. They have predicted that they 
can sell 20,000 records in the next year and thus a de- 
cision must be made as to the number of production 
runs. Since each run involves a production set-up 
cost of $200 they do not want too many runs. On 
the other hand there are storage costs involved with 
keeping records on hand so they do not want the pro- 
duction runs to be too big. The total storage cost for 
the year is $.50 times the average number of records 
on hand during the year. 

a. Let X be the number of records produced in one 
run. Assume that the records are sold at a con- 
stant rate in the peHod from the beginning of 
one run until the beginning of the next run and 
that a run is sold out just as the next one starts. 
Draw a diagram to indicate the production pro- 
cess throughout the year. 

b. What will be the average number of records on 
hand from the beginning of one run until the be- 
ginning of the next? Why is this number also the 
average number on hand during the year? 

c. Find the number of runs that the Memphremagog 
Music company should have so as to minimize its 
total set up and storage costs. 

d. Show that the value obtained does indeed corre- 
spond to minimum cost. 
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e. [Optional cultural question.] What other famous 
musical organization, ciside from the Memphrem- 
agog Music company, is located in Saint-Benoit 
du-Lac,. Quebec? 

2. The Camrose (Alberta) Souvenir corporation spe- 
cializes in the manufacture of models of oil drilling 
rigs. Production involves a fixed cost of $5000 for 
market research and tooling up, but experience has 
shown that the marginal cost is constc at at $2 per 
oil rig. All items produced are sold. The demand 
equation for the rigs is a; = 10000 - lOOOp. 

a. Find the cost function. 

b. Sketch the cost and revenue functions on the same 
graph using the production level cis the indepen- 
dent variable (abscissa). 

c. What range of production levels should the com- 
pany analyze? 

d. For what levels of production does the company 
make a profit? 

3. The economists at the Bank of New Brunswick have 
discovered a new semi-cyclic law governing mort- 
gage rates; if t is time, in years, mecisured from 
April 12, 1964 then the interest rate r is given by 
r{t) = sin(ln[a;^ + ln(sina;^)]). On the other hand the 
New Brunswick board of realtors has noticed that 
housing starts varies with the mortgage rate accord- 
ing to the formula N{r) = 4.591 ■ (10)^ • e'CS'-'+s.?!)^ 
At what rate was the number of housing starts chang- 
ing seven years after the April 12, 1964 date? Do not 
simplify your answer; at certain points in your calcu- 
lation you may simply indicate which quantities you 
would evaluate numerically. 

4. Because of a drop in demand for salmon the minister 
of fisheries has decided to reduce the allowable catch 
for British Columbia fishermen. The demand has 
been dropping according to an exponential function. 
The records for the month of January 1986 were lost, 
but the demand for March and May were 400 and 100 
metric tonnes respectively. 

a. Find a numerical relationship between the rate at 
which the demand is dropping and the demand at 
any point in time. 

b. Tell the minister what the demand was in January 
1986. Simplify your answer as much as possible. 

c. Tell the minister when the demand for salmon will 
be zero. 

5 In order to predict how many branch plants it should 
set up in northern Saskatchewan to produce its uni- 
que brand of junk food, the Aunt Sarah corporation 



has made a population study of the Beuval region. In 
1970 the population was 25. It Wcis found that start- 
ing in 1970 people entered the region (this included 
births and immigration) at the rate of 20-)-200i peo- 
ple per year where i is years mecisured from January 
1, 1970. With the peissage of time people also leave 
the region (due to deaths and emigration) and it was- 
found that if there £ire p people in the region at a 
given time, then t time units later pe"*^* of these 
people will still be there. 

a. Out of the 25 people in the Beuval region in 1970 
how many will be there in 2000? 

b. Approximately how many people entered the re- 
gion in the first two months of 1972? 

c. Of the people who entered the region in the first 
two months of 1972 how many will still be there 
in the year 2000? 

d. Find an expression for the population of the Beu- 
val region in the year 2000. Do not evaluate this 
expression. 

6. The CCCC (Canadian Calligraphy and Clacker Com- 
pany) produces two kinds of typewriters, manual and 
electric. It sells the manual typewriters for $100 and 
the electric typewriters for $300 each. The com- 
pany has determined that the weekly cost of pro- 
ducing X manual and y electric typewriters is given 
by C{x,y) = 2000 -I- 50a; -I- -I- 2y^. Assuming that 
every typewriter produced is sold, find the number 
of manual and electric typewriters that the company 
should produce so as to maximize profits. Show that 
the value obtained does indeed correspond to maxi- 
mum profit. 

7. Different items that a consumer can purchase have 
different "utility" values, i.e., how much the item is 
"worth." If the consumer considers two items at a 
time, then they will have a joint utility value. Sup- 
pose that a consumer has $600 to spend on two com- 
modities, the first of which costs $20 per unit and the 
second $30 per unit. Further let the joint utility of x 
units of the first commodity and y units of the sec- 
ond commodity be given by U{xyy) = lOx'^y"^. Use 
the method of Lagrange multipliers to determine how 
many units of each commodity the consumer should 
buy in order to maximize utility. [Note: a joint util- 
ity function which is of the form U{xyy) = C - x^y^ 
is called a Cobb-Douglas utility function.] 

8. Evaluate: 

3 x^ 

a. S2 y^4^^ b. / cos(4a; -I- 2) dx 

c. / xlnxdx 
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9. Use an appropriate 2'*** Taylor Polynomial to esti- 
mate -^17. Do 710^ simplify the arithmetical quanti- 
ties that you obtain. 



Institution: A mid-Atlantic suburban community col- 
lege with 3500 students that awarded 750 associate de- 
grees in 1987. 

Exam: A two and one-half hour exam (calculators al- 
lowed) for the second term of calculus for engineer- 
ing, science, and mathematics students. Students are 
allowed to use a handbook of tables, together with an 
instructor-supplied set of basic formulas. Of the 16 stu- 
dents who enrolled in the course, 93% passed, including 
63% who received grades of A or B. 



1. Find the area under the curve r[x) = y/x + 1 from 
a; = — 1 to a; = 8. Sketch the region. 

2. Find the area between the curves f{x) = and 
g{x) = X. Sketch the region. 

3. Find the volume of the solid of revolution generated 
by revolving the region bounded by y = 1/a;, the 
aj-axis, a; = 1, and k = 6 about the a;-axis. Sketch. 

4. Find all points of intersection of the curves r = 2 — 
2cosB and r = 2cosfl; sketch the system. 

5. Using the curves in problem 4, find the area between 
the curves. 

6. Find an equation of the curve where d^y/dx^ = 18a;— 
8 if the curve passes throu|,h (1,-1) and the slope of 
the tangent line is 9 at (1,-1). 

7. Find four derivatives: 

a. y = In^ 5a; b. y = ln(5a;)^ 

c. /(i) = t2g-5t d r(fl) = 2cos(2fl2) 

e. as^y = tan"*^(a5/y) 

8. Evaluate five integrals (without using tables): 
6a;2 



/J 



(x3+2)^ 



dx 



b. xe^'dx 

c. JZ^'-Ut 

a;** -f a;2 

„ cos 3fl 

e. / -^4 — d$ 
^ sin* 36 

f. / sin* 2a; dx 



9. Simplify: 

a. lim (1 + ^)""*^ b. lim (l + 

10. Find the angle of rotation for the conic \/3a;^-|-3a;y = 
V3/2. 

11. For the conic x^ f- + 8y + 6a; = 3, determine the 
coordinates (A, A) for the origin in the asV plane. 

12. Identify each conic and sketch: 

a. a;2 - 6a; + 12y = 3 b. y^ = 4x^ + 64 

13. Find each limit, if it exists: 

a. lim(l-cosfl)/fl2 b. lim a;Ve^ 

c. lim cot x/ In x d. Hm (sec x - tan a;) 

14. Write the Taylor polynomial for n = 4 at c = 1 for 

15. Determine whether each of the following converges 
or diverges: 

ri dx du 
Jo b. 

Pi a? 



+ 4u + 5 



dx 



Institution: A publicly-funded Canadian university 
with approximately 30,000 students that in 1987 awarded 
125 bachelor's degrees, 15 master's degrees, and 6 Ph.D. 
degrees in mathematics. 

Exam: A three-hour exam (calculators allowed) given, 
to all students completing a year-long calculus course 
for students of finat. :e, commerce, business, and eco- 
nomics. Students are allowed one 8| x 11 "a:d sheet'* 
in the student's own handwriting. Of the 750 students 
who enrolled in the course, 69% passed, including 19% 
who received grades of A or B. 

1. You have $1500 to invest for 120 days. Which of the 
following investment strategies is better, and by how 
much? 

(A) 8% annual interest compounded daily. 

(B) 8.25% simple annual interest. 

2. Calculate Sl2^x-\- l)dx. 

3. Ify = /(a;),find/(a; + yy')da5. 

4. If y^ = a;-H/find lim(y-l)/a;. 
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5. Let 9{x,y) = xyf{x,y), where /(2,1) = 1, §(2,1) 
= -1. if (2, 1) = -1. Find the value of |(2, 1). 



6. Compute 



1 1/2 
I 1/3 1/4 



7. Find a saddle point and a local minimum point for 
f{x,y) = 7i^ + y^-3xy. 

8. Find (graphically or otherwise) the maximum value 
of 6a; + 4y, subject to 5a; + 4y < 100, 2x + y < 30, 
7x+4y< 108, a; > 0, y > 0. 

9. Find the volume obtained by rotating y = x^ about 
the y-axis, 0 < a; < 2. 

10. Ifc*2' = 10,find ^. 

11. Evaluate /^ie"'*'da; using Simpson's rule with four 
intervals. 

12. Evaluate: 

a. /a;^ln(5a;) cfa; 

b. /(a;2+3)/(a;2 + 2a; + l)da; 

c. /e* cosh 2a; da; 

13. G^iven f{x) = |a;|e""=^ 

a. Graph f{x) for — 2 < a; < 4, showing all local 
extrema and inflection points. 

b. Find the absolute maximum and absolute mini- 
mum of f{x) for — 2 < z < 4. 

c. Evaluate f{x) dx. 

14. A factory assembles sedan cars with 4 wheels, 1 en- 
gine and 4 seats, trucks with 6 wheels, 1 engine and 
2 seats, and sports cars with 4 wheels, 1 engine and 
2 seats. 

a. How many wheels, engines and seats are required 
to assemble x sedans, y trucks and z sports cars? 

b. How many sedans, trucks and sports cars respec- 
tively can be assembled using exactly 218 wheels, 
47 engines and 134 seats? 

c. If sedans sell for $10,000, trucks for $12,000 and 
sports cars for $9,000, find the total value of out- 
put in part b. 

d. If an extra pair of wheels, an extra engine, and 
an extra pair of seats become available, can the 
output value in part c be increased? Is so, how 
much? 



15. A rectangular 3-story building is to be construct- 
ed of material costing $100 per square metre for 
floors, $200/m^ for roofing, side and back walls, and 
$400/m2 for the front wall. If $144,000 is available 
for materials, then, neglecting all other costs, find 
the dimensions of the building that will enclose the 
greatest volume. 



Institution: A s^juihwesiem public university with 
45,000 students thai in 1987 awarded 36 bachelor's de- 
greeSf 10 master's degrees, and 1 Ph.D, in mathematics. 

Exam: A three-hour, closed book final exam (calcula- 
tors allowed) from one section of second term calcu- 
lus for engineering and 5cxence students. Students are 
allowed to use pre-approved outline notes during the 
exam. Of the 1150 students who originally enrolled 
in the course, 77% passed, including 35% who received 
grades of A or 8—4% A's, 31% B's. 113 students were 
in the section ihat took this particular exam. 

1. Using limit theorems (like "the limit of a sum is the 
sum of the limits"), prove that 



2n 



3n2 + 1 



sin n = 0. 



2. State (with reasons) whether the infinite series 
f;(-l)*/((fc + 2)lnfc) 



is absolutely convegent, conditionally convergent, or 
divergent. 

3. Evaluate the improper integral f'{x) dx if f{x) — 
a;^e""*. (Note that f appears in the integral). 

4. Find the interval of convergence of 

f;(-z)V(2Mnfc) 

5. Let n denote the banana-shaped region between 
the graph of y = a;^ and that of y = a;^. Find 

6. Write down (but do not evaluate) a formula using 
only a single integral of a function of one variable for 
the area of the region inside the graph of r = 3cos6 
but outside the graph of r = cos 5, where 0 < 6 < tt. 
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7. For each limit below, find the limit if its exists and 
call the limit non-existent otherwise: 

a. lim(l-2/i)i/'^ b. lim n^/^ 
c. lim sin n/n^/^ 

n-*-oo 

8. Find the Tfeylor series expansion in powers of a; - 2 
for cos 32;. 

9. Find the Tfeylor series in powers of x for an an- 
tiderivr.tivc of ln(l + x). 

10. Show that the point {x^y) = (97r^,0) is in the inter- 
section 5 == TT. 

11. You're suppose to design a fully enclosed rectangu- 
lar box (having ail six of top, bottom, front, back, 
left, and right) whoso cost is exactly $60, where the 
material from which the six faces are made costs $2 
per square foot. Find the dimensions /, w, and h of 
such a box having the largest possible volume of all 
such boxes. 

12. Find lim ln(2/(l + x))/{x - 1) 

x-*l 

13. Find lim (>/iTl)^/"^ 



4. Graph y = e^/x and identify the value of x that 
corresponds to a vertical asymptote, the value of y 
that corresponds to a horizontal asymptote, and the 
value of (x^y) at which a minimum occurs. [Note: 
y' = (e-ix - y" = {e'^x - 1)^ + l))/x\] 

6. a. lim (1 - 

x-*oo 

b. lim (a;lna;)/(a;2 + 1) 

X— ♦oo 

7. Argue the case for convergence or divergence. Find 
the value if convergent: 

X 



f 

JO 



dx b. f ^- , dx 



(aj2 + 9)2 

8. Find the Taylor polynomial for f{x) = Ins if a = 1 
and n = 4. Also give R^. 

9. The region in the first quadrant bounded by the 
graphs of y = l/\/c, a; = 1, a; = 4 and y = 0 is 
revolved about the c-axis. Find the volume of the 
solid of revolution. 

oo 

10. a. Expl^n why is divergent. 

b. Find' the exact sum of the geometric series 



Institution: A midwestem liberal arts college with 
2200 students that in 1987 awarded 8 bachelor's degrees 
in maihemaiics. 

Exam: Two two-hour exams (calculators not allowed) 
from two different sections of second term calculus taken 
primarily by prospective mathematics, computer sci- 
ence, economics, and science majors. Of the 75 stu- 
dents who originally enrolled in the course, approxi- 
mately 83% passed, including 55% who received grades 
of A or B. 24 students were in the section thai took 
the first of these exams, 18 in the section that took the 
second exam. 

1. Find the area bounded by the graphs of = 1 - c 
and 2t/ = a; + 2. (Use a horizontal element of area.) 

2. Find y' if 

a. y = 8in~^(5a; — 1) 

b. y = ln(3a:H 5)3/2 

c. a;y2 = — 

d. y = (2a; + 3)sin3(a;2) 

3. Find: 



a. J{2x)l{y/¥^^l?)dx b. /a; In a; da; 



n=2 



c. If a„ = (2n + l)/(4n + 3) then lim =? 



1. Evaluate the following limits: 
a. lim (e^+3a;)^/^ 



X-0+ 



^- xll-3((a;2+2a;-3) (a;+3)) 



2. Differentiate the following functions. Derivatives 
need not be simplified. 



a. \/\r^^/x 
c. (cosa;)^+^ 



b. a;^"^ 
d. sin^e-^x 



3. Evaluate the following integrals: 
a. /l/(a; + aJ^)cia; 



-4x 



dx 



b. j V4 — a;2/a; dx 
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4. Set up integrals that could be evaluated (but do not 
evaluate) to find the volume of the solid generated 
by revolving the region bounded by the graphs of 
y = 35^ g; _ 2, and y = 0. 

a. about the x-axis; 

b. about the y-axis; 

c. about the line x =: 3. 

5. An above-ground swimming pool has the shape of a 
right circular cylinder of diameter 12 ft and height 
5 ft. If the depth of the water in the pool is 4 ft., find 
the work required to empty the pool by pumping the 
water out over the top. 

6. Find the local extrenia for f{x) = xlnaj, aj > 0. 
Discuss concavity, find the points of inflection, and 
sketch the graph of /. 

7. The rate at which sugar decomposes in water is pro- 
portional to the amount that remains undecomposed. 
Suppose that 10 lb. of sugar is placed in a container 
of water at 1:00 P.M., and one-half is dissolved at 
4:00 P.M. How much of the 10 lb. will be dissolved 
at 8:00 P.M? 

8. A person on level ground, |km from a point at which 
a balloon was released, observes its vertical ascent. 
If the balloon is rising at a constant rate of 2 m/sec, 
find the rate at which the angle of elevation of the 
observer's line of sight is changing at the instant the 
balloon is 100 m. above the level of the observer's 
eyes. [NoTE: 1 km= 1000m.] 

9. Find a second degree Taylor polynomial for f{x) = 
sin(x) around a = ir/4. Use this polynomial to es- 
timate sin(46*), but do not simplify. Find an upper 
bound on the error of your estimate. 



Institution: A highly selective northeastern private 
university with 6,500 undergraduates that in 1987 award- 
ed 28 bachelor^s degrees, 3 master*s degrees, and 10 doc- 
tor's degrees in mathematics. 

EXAM: A three-hour final exam (calculators not al- 
lowed) for all students who take second term calculus. 
Of approximately 160 students who originally enrolled 
in the course, 92% passed, including ^7% who received 
grades of A or B. 



1 S^{2x)/{x^-'3x + 2)dx = 
(A) In 3 -In 2 (B) ln(3/4) 

(C) In2-ln3 (D) 61n2-2ln3 
(E) Does not converge. 

2. S^xe'^-'dx = 

(A) 1/6 (B) -2/9 (C) 0 

(D) 1 (E) Does not converge. 

3. Which integral gives the 
volume generated when 
the area under the arc of 
y = sine, 0 < a; < ^ is 
rotated about the verti- - 
cal line x = 2ir1 




(A) Jq irsin^ xdx 
(C) 2irx3inxdx 
(E) Jq 2irx3\nxdx 



T 2t 
(B) 2'Kx sin^ X dx 
(D) jjj^2x(27r— a;)8ina;c?a; 



/ 

J2. 



■.dx 



x^y/x^ — 1 

(A) 1 (B) (V3-l)/2 (C) ir/6 



(D) 9/2^ 



(E) V3- 



a/3 



5. The area of the region R shaded below can be rep- 
resented by which of the following? (iZ is the region 
outside the circle r = 3 cos 5 but inside r = 2 — cosO 
and above the i-axis.) 




(B) / -{2 - cose) dS- f ' i(3cos0)<W 

7ir/3 2 7«-/3 2 

(C) r \{2-c<ycefdd- r'^UzcosOfdS 

Jie/3 2 7o 2 

(D) r U2-coa0fdd-r'^\{'icos9fd9 

Jr/3 2 7ir/3 2 

(E) r -{2-cose)^de- f -{ScosefdO 

Jir/3 2 J,/3 2 



,.6 Sin X J , 
6. L ax IS closest to: 

" X 



(A) .302 
(D) .602 



(B) .282 
(E) .988 



(C) .588 
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7. The first few terms of the Taylor series for f{x) = 
x/{l + x) about aj = 0 are: 

(A) a; + + a;^ + f • • • 

(B) a; - a;2 ^ _ ^ . . . 

(C) a;-a;2+2a;3-3a;^ + 4a;5... 

(D) aj-aj' + 2!a;3-3!a;^+4!a;5... 

(E) X - 2\x^ + 3\x^ - 4!a;^ - 5lx^ - • • 

8. Le*: a; be a positive but small quantity. Use the first 
few terms of the Taylor series for the functions x, 
sin a;, and — 1 to determine which of the following 
inequalities is correct: 

(A) a; < sin a; < — 1 

(B) ain a; < a; < - 1 

(C) - 1 < sina; < a; 

(D) - 1 < a; < sin a; 

(E) sin a; < - 1 < a; 

9. A medication has a half life of 6 hours. A person 
takes a first dose of the medication now, the second 
dose in six hours, and continues to take the medicine 
every six hours. If the dose is 10 grams, the amount 
of medication in the blood immediately after the 7i-th 
dose will be: 

(A) 20(1 - grams 

(B) 20(10(|)'*-i) grams 

(C) 20(1 - (§)'^+i) grams 

(D) 20 grams 

(E) 20(1)'* grams 

10. If ^ = cosx/ey and y{0) = 0, then y (|) = 

(A) 0 (B) In 2 (C) 1 (D) 1/2 (B) -1 

11. A boat is driven forward by its engine, which exerts 
a constant force F. It encounters water resistance 
which exerts a force proportional to its velocity. Let 
V = f{t) be the velocity of the boat at time m be 
the boat's mass, and A be a positive number. Which 
of the follov/ing equations describes the situation? 

(A) dv/dt = ^{F - kv) (B) dv/dt = ^kv 
(C) dv/dt = ^{F + kv) (D) dv/dt = ^^Fkv 
(E) dv/dt = ^{Ft - kv) 

12. Find the solution to + i/' — 61/ = 0 which satis- 
fies the following conditions: i) as t — ♦ 00, y — ♦ 0; 
ii) j/(0) = 6. 

(A) 1/= e"*(2sin3a; + 3cos2aj) 

(B) y = 6e2« + 26"^* 



(C) y = -2e-3* 

(D) y = -3e-2t 

(E) y = e"*(3sin2a; + 2cos3a;) 

13, Which of the following is the graph of the solution 

d^y dy , . , 

to -z-r — + 2/ = 0 and with the initial condition 

dt^ at 
y(0) = 0, /(O) > 0? 






(E) 




(B) i (C) 1 

(E) cos (fi) 



14. e('^/2)' = 

(A) y/e^ 
(D) 1+i 

15. To approximate the value of In 5, use the fact that . 
In 5 = Jj jdt and estimate the integral by dividing 
the interval of integration into four equal pieces and 
using the trapezoidal rule. Which of the following 
sums will you get? 

(A) i[ln2 + ln3 + h4 + ln5] 

(B) Hl + 2(i)+2(i)+2a) + l] 

(C) i [1 + i + i + i + i] 

(D) l[l + 2(|)+2(l) + 2(i) + i] 

(E) + l + ^ + 

16. a. Find the second degree Taylor polynomial (i.e., 

up to and including the quadratic term) for the 
function f{x) = y/x about the point, x = 16. 

b. What approximation does part (a) give for \/i5? 
(You may leave your answers a sum.) 

c. Estimate the error in the above approximation* 
You may use the fact that 3.8 < \/l5 < 3.9. You 
must justify all steps. You may leave powers of 
3.8 or 3.9 unsimplified in your answers. 
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17. A part manager plans to put 100 goldfish in a man- 
made pond in her park. The birthrate (goldfish per 
week) of goldfish is proportional to the population 
of goldfish, with proportionality constant 10. Given 
the size and the ecological conditions of the pond, the 
manager calculates that the death rate (goldfish per 
week) is proportional to the interactions between the 
fish (i.e., is proportional to the square of the goldfish 
population) with proportionality constant .04. 

a. Write a differential equation which describes this 
situation. (Let P = f{t) be the number of goldfish 
in the pond.) 

b. Will the number of fish reach an equilibrium? If 
so, what is it? 

c. For what value of P is the fish population increas- 
ing most rapidly? You must give a complete math- 
ematical justification of your answer. 

d. Graph the number of fish versus time. 

e. Describe in words what would happen if the park 
manager originally put 350 goldfish into the pond. 

18. Barnacles grow on the outside of a cylindrical dock- 
post. The density of barnacles at a depth d feet below 
the surface of the water is given by 25 — (3/4)d bar- 
nacles per square foot, from the ocean floor to the 
surface of the water. It has a radius of 1/3 ft. 

a. What Riemann sum approximates the total num- 
ber of barnacles on the dockpost? Please justify 
your answer carefully. 

b. Use your answer to part (a) to find an integral 
which represents the total number of barnacles on 
the dockpost. 

c. Find the total number of barnacles on the dock- 
post. 

19. A contagious fatal disease is spreading through a 
growing population. Let / denote the number of in- 
fected individuals and let S denote the number of 
susceptible individuals. Assume that in the absence 
of the infection, the growth of S would be exponen- 
tial: S grows at a rate proportional to itself with 
proportionality constant 2. Assume that if everyone 
were infected, the population would die out exponen- 
tially according to the law / = /oe"^* and hence the 
death rate of the infected population is proportional 
to J. Now suppose that the spread of the infection is 
directly proportional to the product of S and I with 
factor of proportionality .5. 

a. Write a system of differential equations for dS/dt 
and dl/dt describing the above situation. 



b. Is there any pair of positive values of S and / at 
which both S and / are constant for all time? If 
so, v/hat are these values of S and 11 

c. Sketch various trajectories of the system of equa- 
tions in the first quadrant of the 5 — / plane. 
(Please draw arrows indicating direction.) 

d. What is the average value of 5? You need not 
justify your answer. 



Institution: A private Midwest university with 7,500 
undergraduate and 2,000 graduate students that in 1987 
awarded 33 bachelor *s degrees, 6 master's degrees, and 
6 Ph.D. degrees in mathematics. 

Ex AM: A iwo-hour exam (calculators not allowed) 
given to all students in a second term calculus course 
for students enrolled in the colleges of Business and 
Arts and Letters. Of the 263 students who enrolled in 
the course, 87% passed the course, including 66% who 
received grades of A or B. 

1. The limit of sequence 1/2, 2/3, 3/4, 4/5, ... is 

(A) 5/8 (B) 1/e (C) 1 

(D) (E) diverges 

2. In the partial fraction decomposition of (3c^ — 10a: + 
12)/(aj - l)(sD^ - 4), the numerator of the term with 
denominator ai — 2 is 

(A) -2 (B) ^1 (C) 0 (D) 1 (E) 2 

oo 

3. The sum of the infinite series X) (S"** - 5-('*+^)) is 

n=l 

(A) 4/5 (B) 00 (C) 0 

(D) 4/25 (E) 1/5 

4. The graph of y = 3 sin (7r/2 - x) most closely resem- 
bles 



(A) 




(B) 

I 
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(D) 



(E) 




5. The coefficient of a;^° in the Taylor series for sin(22;^) 
is 

(A) 1/20 (B) 4/15 (C) 0 

(D) -1/6 (E) -1/10 

6. Let z be define.', by the implicit equation ln(a:t/+t/2 + 
zx)-\. Then ^ is 



(A) 
(C) - 
(E) - 



a: + J/ 
x + z 

y + z 
x + y 

y + z 



(B) 

^ ' x + y 

23 + 2; 



7. If f{x, y)=:x sm{x + y), then ^ = 

(A) sin(a; + y) + a; cos(a; + y) 

(B) X cos{x + y) 

(C) co8(a; + y) - a: sin(a; + y) 

(D) 2 cos(a; + y) - a: sin(a: + y) 

(E) — a;sin(a; +y) 

8. Let f{x) = -v/^- The 3rd degree Taylor polynomial 
about 1 for f{x) is 

(A) 

(B) i + (^-i)-l(^-i)2 

(C) l + i(:,-l)-i(^-l)^+i(:,-l)3 

x^ 

(D) ^ + - + 

(E) l + (a,-l) + i(j,-i)2 + 2(j,_i)3 



9. The sum of the infinte serif j (4/5)^ - (4/-)^ + 
(4/5)" -(4/5)" + ■■■is 

(A) 256/881 (B) 369/125 

(C) 5/4 (D) 256/36S 
(E) series diverges 

10. The improper integral 1/x^ dx equals 

(A) diverges (B) 1 (C) -1 

(D) 0 (E) e 

11. The function /(a:,y) = y^ - a:^ — 3y + 12a: + 5 pos- 
sesses the critical points (2, —1), (2, 1), (-2, —1), and 
(-2,1). The point (2,-1) is 

(A) a saddle point. 

(B) a local maximum. 

(C) a local minimum. 

(D) an absolute maximum 

(E) an absolute minimum. 

12. If y = ln|cos2a:| then ^ = 

(A) -2tan2a: (B) 2sec2a: 

(C) sin 2a: (D) -esc 2a: 

(E) l/(|cos2a:|) 

13. (i(a:ln(a: + y)) = 

(A) (ln(a: + y) + a:/(a: + y)) dx + a:/(a: + y) dy 

(B) (ln(a: -f y) + a:/(a: + y)) dy + a:/(a: + y) dx 

(C) ln(a: + y) da: + a:/(a: + y) dy 

(D) ln(a: + y) dy + a:/(a: + y) dx 

(E) a:/(a:+y)(ia:+l/(a: + y)dy 

14. The volume generated by revolving about the a:-axis 
the area bounded by the graphs of y = a:^, a: = 1, 
and a: = 2 is 



(A) 327r/5 
(D) 77r/3 



(B) 3l7r/5 
(E) 47r 



(C) 87r/3 



15. How many of the following infinite series converge? 

i) 1 + 1/7 + 1/72 + .. . + 1/7'* + ... 

ii) 3/2- (3/2)2 +(3/2)3 -(3/2)4 + ... 

iii) 1-1 + 1-1 + 1-1 + .. . 

iv) 1 + 1/2+1/3+1/4 + -- 

v) 1 + 1/2! + 1/3! +1/4! + 



(A) 0 (B) 1 

16. fxe'^'dx = 

(A) a:e-^ +e-^ 
(C) -a:e-^-e'-^ 
(E) (a:V2)-e-^ 



(C) 2 



- + l/n + ... 
••+l/n! + - 

(D) 3 



(E) 4 



(B) -a:e-* + e-* 
(D) (xV2)e-^ 
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(B) ln(a!lna!) 
(D) -l/{xHnx) 



17. The Taylor series for 1/(1 + 1^) dt is 

(A) 1 + e + eV2 + :c^/3 + -" 

(B) x^/2\ - !cV4! + a:V6! -- x^/8\ + ■ • • 

(C) 1 -a:V2 + £4/4-276 + 

(D) a! ~ x^/3 + E V5 ~ e77 + • • • 

(E) 1 - 2x + 3a!^ - tx^ + . • . 

18. The volunie obtained by revolving about the y-axis 
the region bounded by the graphs of f{x) i:. and 
f{x) = x^ is 

(A) ir/6 (B) 7r/l2 (C) ir/lO 

(D) ir/20 (E) 7r/2 

19. S^^\cosx)/{l +sinx)<ix 

(A) Inl (B) In 2 (C) 1 

(D) 2 (E) 7r/2 

20. Iirn(csc 2x)/(cot x) = 

(A) Does not exist (B) 2 

(C) 1 (D) 1/2 

(E) -1 

21. Sl/{x\nx)dx = 
(A) Inlnx 

(C) In X + X 
(E) Inx + l/(lnx) 

22. The surface x^ + + - 2x + 4y - 6z •{ 10 = 0 is 
a sphere with center 

(A) (-2,4,-6) (B) (2,-4,6) (C) -1,1,-3) 

(D) (1.-2,3) (E) (4,8,-12) 

23. The solution of the differential equation ^ = y cos as 
given that y = 8 when x = 0 is 

(A) y = 8 +sin X (B) y = AVsinx 

(C) y=8e«"»* (D) y = 8 + e^*^»' 

(E) y = 8 — cosx 

24. The area bounded by the graphs of f{x) = and 
g{x) = is 

(A) 1/12 (B) 1/6 (C) 1/4 

(D) 1/2 (E) 1 

25. Let N{t) denote the size of a population of animals at 
time t. Suppose the growth rate of the population is 
directly proportional to 100 - N and the constant of 
proportioncility is 7. Furthermore, N{0) = 10. Then 
N{t) for any time t is given by 

(A) N{t) = lU-"" 

(B) N{t) = lOe - 90e-" 

(C) N{t) = 100 - n 

(Dj N{t) = 100/(100 - gOe-'^') 

(E) N{t) = 10 + 90e^' 



26. J^e^"^""'Ux = 

(A) e - 1 (B) -1 (C) e' - 1 

(D) 2 (E) 1/^ 

27. The following is a table of values of the function y = 



X 


0 


0.5 


1.0 


1.5 


2 




3 


2 


1 


2 


3 



Use the trapezoidal rule (with n = 4) to find the 

approximate value of f{x)dx, 

(A) 1/8 (B) 11/4 (C) 2 

(D) 11/2 (E) 4 

28. The fifth term of the geometric series whose first term 
is 2 and whose ratio is -2 is 

(A) -6 (B) -1/16 (C) 32 

(D) 0 (E) -8 

29. The fuiiction f{x,y) = y/{x^ + y2 ^ 9) has the fol- 
lowing critical points. 

(A) (0,0) only (B) f0,3) only 

(C) (0,3) and (0,-3) (D) (0,-3) only 

(E) (0,0), (0,3), and (0,-3) 

30. If TT < a < 37r/2 and tana = 1 then sec a = 

(A) -2 (B) -n/2 

(C) -2/%/3 (D) -1 

(E) does not exist 



Institution: A public Canadian university with 14,000 
students that in 1987 awarded 52 bachelor's degrees, 5 
master^s degrees, and ,2 PLD, degrees in mathematics. 

Exam: A three-hour exam (calculators allowed) for all 
students in a year-long course for mathematics , physics 
and computer science students. Of the 190 students en- 
rolled in the course, 33% passed, including 13% who 
received grades of A or B. 

Answer questions i-4: 

1. Find the following limits, if they exist. Explain your 
reasoning. 

a. l.n,''°'t''-'» 

x-»l X — 1 

b. lim (1+5/0' 

c. lim (sinz + 2)/(cos2 — 32) 
x-»oo 

d. Hrn^ i ((2 -f- h) ln(2 + /i) - 2 In 2) 
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2. Determine convergence or divergence of the following 
series. Justify your answers. 

1.11 1 

, ln3 ln4 InS ln6 

b. - — 4---- + ... 

00 2* 

A§)3*+(-2)* 

3. Evaluate these integrals and expleiin clearly what the 
improper integral :n part (c) means. 

b. / «^ arcsin(3x) dx 

JiOO 2 

4. a. Find the solution to the differential equation 

(secx)3/ + y = 4 satisfying the condition y = 1 
when X = 0. 

b. Find the general solution of the differential equa- 
tion y" - 4y' + 5y = X. 

Attempt any three questions; 

5. Consi(/er the function /(x) = (e"*)/(x+l) for a: € i2, 

X ^ -:i. 

a. Find the local extreme values of / and the inter- 
vals where / is increasing and decreasing. 

b. Find the points of inflection of / and the intervals 
where its graph is concave up and concave down. 

c. Find all asymptotes. 

d. Using this information (and any other information 
you need), sketch the graph of y = f{x). 

6. a. Let 0 < lif < 1. Sketch the region bounded by 

the curves y = x^^ l/x, and y = if (only the 
part where y > K should be considered). Find 
the area of this region as a function of K, 

b. Compute the volume of revolution obtained by re- 
volving the region defined in part (a) about the 
X-axis. 

7. a. Define what is meant by the radius of convergence 

of a power series. If the radius of convergence is 
J2, what does this tell you about the convergence 
of the power series? Give examples of power series 
with B = 0, 1, and oo (no proofs required). 

b. Write down the power series for and find its 
radius of convergence. Use this to find a power 
series for c"* and give its radius of convergence. 

c. Using (b.)t and explaining the theorems which you 
use, find a power series for jF(x) = e—t^ dt. 



d. Show that 0.C9666 < F(O.l) < 0.09668. 

8. a. State and prove the Intermediate Value Theorem. 

b. Prove that the polynomial p(x) = x^ - 3x + 1 has 
at least 2 roots in the interval [0,2]. 

9. a. Show that the curve given parametricelly by 

x{t) = c"* cos t and y{t) = e"* sin t for 0 < i < oo 
has finite length, and find this length. 

b. An object of mass m falling near the surface of the 
earth is retarded by air resistance proportional to 
its velocity so thai, according to Newton's second 
law of motion, = mg - kv where v = v{t) 
is the velocity at time and g is the acceleration 
due to gravity near the earth's surface. Assuming 
the object falls from rest at time i = 0, find the 
velocity v{t) for any time t > 0. Show v{t) ap- 
proaches a limit as t — + oo. Find an expression for 
the distance fallen after time L 



Institution: A pubHcly-funded Canadian universiiy 
wUh approximately 30,000 students thai in 1987 awarded 
125 bachelor's degrees, 15 master's degrees, and 6 Ph.D. 
degrees in mathematics. 

Ex AM: 'A three-hour exam (calculators allowed) given 
to allstu(li.its completing a year-long calculus course for 
specialist students in mathematics. Of the 100 students 
who enrolled in the course, 39% passed, including 14% 
who received grades of A or B. 

Answer both questions 1 and 2. 

1. State and prove one of the following theorems. 

a. The Fundamental Theorem of Calculus (both 
parts). 

b. The Intermediate Value Theorem for Continuous 
Functions. 

c. Taylor's Theorem with Reminder for a function 
/ which is n+ 1-times difTerentiable on a neigh- 
bourhood of a point a. (Give whatever form of 
the Remainder you wish.) 
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r 




1 




J3~2~-rb 


l\ 2 3/4 



Sketch the graphs of the following functions. 

^-lofm h.f'{x) 

c. l/{/(a:)P d. /(2-a:) 



2. The graph of a function / defined on R is given below. b. tan x < (4i)/t (0 < i < 7r/4) 

c. lim In = '3 
n-»oo 

d. 1 - 1/3 + 1/5 - 1/7 -H/9 = 7r/4 

e. 1/2-1/4 + 1/6-1/8 + = (1/2) log 2. 

5. Consider the ioUowing property (P) of a set S cf real 
numbers: 

a. Prove that, if 5 is bounded and satisfies (P), then 
sup 5 > 1. 

b. Determine, with justification, all sets 5 that sat- 
isfy (P) and for which supS = 1. 

c. Give arl example, with justification, of a set 5 for 
which i) (P) holds, ii) sup S = 2, iii) 2^S, 

6. a. Find the solution to the equation (1 4-3c')y' + (l — 
x)^y = a;e"* which satisfies y = 0 when 3C = 0. 

b. Sketch the' graph of the solution obtained in 
part (a). 

7. Consider / = ^/xsh\{x^)dx, 

a. By using a series expansion of sin a;^, evaluate I 
to 4 decimal places, 

b. By dividing the interval [O, l] into four parts, ap- 
proximate the value of / by using either the trape- 
zoidal rule or Simpson's rule. 

8. a. Determine lim a: log a:. 

x-*oo 

b. Determine the volume of the solid of revolution 
obtained by rotating the region bounded by the 
curves y = 0 and y = a: log 3C (0 < a: < 1) about 
the a;-axis. 



Answer any four of questions 3-8. 
3. a. Let f{x) ^ 1 1, 



if a; = 0 
^ ^sina;)/a; otherwise. 
State whether /'(O) and /"(O) exist, and if so, 
calculate these derivatives, 
b. Verify that 



/^^ sint ,^ sin2t . 

^0 



sin^ X 



sm t 



X Jn 

and deduce that the improper integral 
sint 

converges. 

4. Let /„ = /o"'* tan" x dx. Show that 

a. J„ = l/(n + 1) - 7„+2 (n = 0, 1, 2, . . .) 



di 



f 

Jo 
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The following seven txaminaiions represent a cross 
section of final examinations given in 1986-67 for stu- 
dents enrolled in the third calculus course. The exami- 
nations come from large universities and small colleges, 
from Ph. D. granting institutions and two year colleges. 

Brief descriptive information preceding each exam- 
ination gives a profile of the institution and circum- 
stances of the examination. Unless otherwise noted, no 
books or notes are allowed during these examinations; 
calculator usage is explicitly noted where the informa- 
tion was provided. Except for information on problem 
weights and grading protocol, the texts of the examina- 
tions arc reproduced here exactly as they were presented 
to the students. 



Institution: A western state university with 16,000 
students that in 1987 awarded 36 bachelor's degrees, 9 
master's degrees, and 3 Ph.D. degrees in mathematics. 

BXAM: A two-hour exam (calculators allowed) given 
to 26 students in one section of a third term calcu- 
lus course for scicnze, mathematics, and computer sci- 
ence students. Of the 3^9 students who enrolled in the 
course, 74% passed the course, including 32% who re- 
ceived grades of A or B. 

1. Find the length of the arc of a; = i^, y = t^ from 
i = -1 to t = 0. 

2. Find the area inside the graph of r = cos2^. 

3. Find thciimits of these sequences, if they exist: 

a. an = (sin n)/n 

b. On = 8in(|_+ i) 

c. On = v^n^ + n 

d. a„ = (l-2/n)"" 

4. Test and decide if the following scries are absolutely 
convergent, conditionally convergent, or divergent. 
State the test used. 

b.£(-.r"fg 



5. Evaluate /^^ -^|L-== etc if it converges. 

6. Estimate f'^ ^"(^"^^) ^ within .001. 

^'^ a; 



7. Find the sum g (^l)^*^. 



8. Find the Taylor series at s = 0 for f{x) = 
(in powers of c). 



e^ -\'e 



9. Find the limit lim = — 

10. FindUw third Taylor polynomial ^3(2) for f{x) = 
^/x^^ in powers of (3c — 5). 

00 ^2x — 5)^ 

11. Find the interval of convergence of 52 ^ — 1,2 • 



INSTITUTION: A southwestern public university with 
12,000 students that in 1987 awarded 24 bachelor's and 
5 master's degrees in mathematics. 

EXAM: A three-hour exam (calculators not allowed) 
given to 21 students in one section of third term calcu- 
lus for engineering, mathematics, and science majors. 
Of the 138 students who enrolled in the course, 50% 
passed, including 38% who received grades of A or B. 

1. Given x{i) = (c^2cS3c*). Determine the arclcngth 
of»(iUor ^6(0,1]. 

2. Let x{t) = {x{t),y{t)) = (3 cos ^, 4 sin t € (0,7r). 
Find d^y/dx^. 

3. Determine the maximum absolute value of the cur- 
vature of y = f{x) = ln(x); a; > 0. 

4. Determine the unit tangent vector and the curvature 
K of x{t) = (^cos^,^sini) and show that if > 0 for 

teR. 

5. Let S{t) = (cos ^, sin ^, sin 2^). Show that the curva- 
ture of x{t) vanishes at ^ = l/2arccos (±y/VI/12^. 

6. Find the unit normal vector of x{i) = (3i, sin t, cos t). 
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7. Using the chain rule, find ^ if W=exp(-x)y2 3> 
x = t,y=2tf and z = 4L 

8. Find the equation to the tangent to y + sin(xy) = 1 
at (0, 1) by evaluating the gradient of the i pective 
level curve /(x,y) = 0. 

9. Compute the directional derivative of /(x,y,2!) =: 
x^yV at (1,-1,2) in the direction of (1,0,1). 

10. Find all unit vectors u for which the directional deriv- 
ative of /(x,y,2) = x^-xy-yz at (-1,-1, 1) in the 
direction of u vanishes. 



Institution: A private midwesitrn liberal arts collegt 
of 2206 students thai in 1987 awarded 17 bachelor's de- 
grees in mathematics. 

Exam: A three-hour final exam (calculators allowed) 
from the only section of the third term of a calculus 
course for prospective mathematics and science majors. 
Of the 20 students who enrolled in the course, 85% 
passed, including 33% who received grades of A or B. 

1. Find the cosine of the angle between the two line 
segments which start at (0,0,0) and end A (2,3, -4) 
and (5,-2,4), respectively. 

2. Let z = - 2y2, x = 35 + 2i, and y = 35 - 2L Find 
Zg in two ways. 

3. Let z = {2x^ - 3x^)/{xy^). Calculate xz^ - yzy. 

4. Let z = x^ + xy + y^. Find the directional derivative 
of z at (3, 1, 13) in the direction f + VZu 

5. Solve y" - - 2y = c^* given y(0) = y'(0) = 1. 

6. Suppose a particle has position f{i) = t^i + {t ^ 
t^/^)j + (t ' i^lZ)k at time i. Find the particle's 
velocity and acceleration, and decompose ;ts acceler- 
ation into tangential and normal components. 

7. Solve xy' = y + yjx^ + y^. 

8. Write two triple integrals — in rectangular and cylin- 
drical coordinates — for the volume bounded below 
by 2 = + y2 and above by 3 = 2y, and evaluate 
one of them. 

9. Find the length of the curve x = 3i^, y^Zi-i^ for 
0 < i < 2. 



10. Invert the order o * integration in 

/ / f{^,y)dydx. 

11. If (x,y) ^ (0,0), /(x,y) = {Axy)l{Ax^ + y^). As 
(x,y) approaches (0,0) along a line through the ori- 
gin, /(x, y) approaches 1. What is the slope of the 
line? 

12. Find the y-coordinate of the centroid of the first- 
quadrant region bounded by v = x^ and y = y/x, 

13. Sketch the iirst-octant portion of the graph of x^ + 
2z^ = 3y^ and find the equatf -^ns of the tangent plane 
and nornial line at (2, -2, -2)* 

14. Find the minimum distance from (1,-1,4) to the 
surface x^ + y^ + + 2x - 4y + 4js = 16. 

15. Find the equation of the plane passing through 
(1,2,3) and (3,— 2, J) which is p*ipendicular to the 
plane with equation 3x — 2y + 4js = 5. 



Institution: ^1 private university in the south with 
6,600 undergraduates thai in 1987 awarded 8 bachelor's 
degrees, 3 master's degrees, and 3 Ph.D. degrees. 

Exam: A four-hour final exam (calculators allowed) 
from the only section of third term calculus for Arts and 
Sciences students. (A separate course serves engineer- 
ing students.) Of the 20 students who enrolled in the 
course, 50% passed^ including 20% whc received grades 
of A or B. 

1. a. Find an equation of the line through (2,-1,5) 
parallel to the line i{t) 5= (3d, 2 + t,2 - t) where 
-co < £ < CO. 

b. Find the parametric equation of the line of in- 
tersection of the planes 2x + y + z = 4 and 
3x - y + z = 3. 

c. Find an equation of the plane passing through 
(1,0,-1), (3,3,2) and (4,5,-1). 

d. Find the distance between the parallel planes 2x~ 
y + 2j8 = 4 and 2x - y + 2j8 = 13. 
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2. Find (a) the unit tangent, (b) the unit normal, (c) the 
unit binormal, (d) the curvature, (e) the torsion at 
each point of the curve 

•r«) = (',f«",^). 

Also, if 7 gives the path of a moving particle, what 
arc the (f) tangential and (g) normal accelerations of 
this particle at time t? 

3. Write down parameters equations for the two dimen- 
sional torus centered at the origin obtained by rotat- 
ing {x -2)^ + = 1 about the z-axis. 

4. a. What is the peirtial differential equation obtained 

from tiie equation 



dxdy 

by substituting x = 2s — y = s — t? 

b. Suppose that y = g{x^z) satisfies the equation 
F{x^ytz) = 0. Find ^ in terms of the partials of 
F. 

5. a, An open topped rectangular box is to have a total 

surface area of 300 in^. Find the dimensions which 
maximize the volume. 

b. Find the minimum distance between the circle 
a:^ + = 1 and the line 2a: + y = 4. 

6. a. Find and classify all critical points of the function 

fix^y)--2y^^x{x^l)\ 

b. Find the maximum and minimum values of 
/(35,y,25) = a: - y + 22 on the ellipsoid M = 
{(y.,y,2;) :a:2 + y2+22;2 = 2}. 

7. Find the total mass of an object with density 
g(a,y, 2) = z + 3 bounded by a:^ + y^ = 4 and 
z = y/x^ and the a:y-plane. 

8. Evaluate / cos(y - sc)/(y + x) dx dy where R is the 
region bounded by the lines sc+y = 2, a: + y = 4, 
a: = 0, y = 0. 

9. Write the parametric equation of the surface given 
by the equation z = 4 - (a:^ + y^) and then find the 
area of the part of this surface which lies above the 
ajy-plane. 

10. Let F{x,y) = \n{y/t)dt and compute ^ and 

11. Compute the line integral of 2^ = (-y, a:) around the 
cardiod r = 1 + 8in6 where 0 <6 <2Tt and find the 
area enclosed by this curve. 



12. Compute 

a. § {-ydx -\-xdy)/{x^ + y^), if 7 is a closed curve 
aoout the origin. 

b. § Axdx + ydy)/{x^ + y^) if 7 is a closed curve 
about the c.igin. 

13. Let /(f) = g(r/||rlp) where g is a constant and f = 
xi'\-yj-\-zk. Let V be a region surrounding the origin 
and let 5 be its surface. 

a. Compute JJgf'fids, 

b. Compute f f-ds where is a closed curve within 
the unit sphere. 

c. Explain the different effects of the singularity at 
(0,0, 0) on the value of the integrals. 

14. By first showing that 

/// ll^/lN^^2/^^ = / / 
V dv 

conclude that the steady state temperatures within a 
region V are determined by the surface temperatures 
where the temperatures u satisfy V^u = + 1^ 4- 



^-0 



Institution: A major midwestem public research uni- 
versity with 27,000 undergraduate and 9000 graduate 
students. In 1987, this university awarded I84 bache- 
lor's degrees, 32 master's degrees, and 13 doctor's de- 
grees in mathematics. 

EXAM; A three-h^ur final exam (calculators allowed) 
from one section of third term calculus for engineering 
and science students. Of the 1200 students who origi- 
nally enrolled in the course, 87% passed, including 55% 
who received grades of A or B, 150 students were in the 
section that took this particular exam. 

1. Locate and clcissify all the critical points on the sur- 
face 2; = a;** + y"^ — 3ajy. 





'x =2-1 ' 






= 1 + 2a 1 


2. Let Li : i 


y =-l + 3< 


^ and £2 : < 




= 7 + 4s \ 




z =2t \ 






= 3 - 2s J 


Find the 


bllov/ing: 









b. The point where Li and £2 intersect. 

c. The equation of the plane containing Li and L2. 
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d. The equation of the line through the point of in- 
tersection (part b) and perpendicular to the plane 
(part c). 

3. Sketch the region of integration and evaluate 

Jo 

4. Consider the curve with the parametric equations 

a. Carefully sketch the graph of the curve. 

b. Find the unit tangent vectox T and the unit nor- 
mal vector N at the point (3, -2). 

c. Find the equation of the tangent line at the poini 
(3,-2). 

d. Find the equation of the normal line at the point 
(3,-2). 

e. Find the curvature at the point (3,-2). 

f. Find the equation of the osculating circle at the 
point (3,-2). 

5. Let w = f{u) and suppose u = — y^. Find an 
expression for ^ and 

6. The circle {y — 1)^ + = 1 (lying in the t/z-plane) 
is revolved around the z-axis. 

a. Write the equation of the solid of revolution. 

b. Set up but do not evaluate a triple integral in 
cylindrical coordinates to calculate the volume of 
the solid. 

7. Find the equation of the line tangent at (1, - 2, —3) to 
the curve of intersection of the surface z = 5—4x^—2/^ 
and the plane sc — t/ + 2z = —3. 

8. Consider the surface -{-y^ —z^ = 1. 

a. Sketch the surface. 

b. Use Lagrange multipliers to find the point(s) on 
the surface which are closest/ to (4, 0, 0). 

c. Is there a point on the surface farthest away from 
(4, 0, 0)? Is so, find it; if not, explain why not. 

9. Let w{t) = {t,^t\t^) be the position vector of a 
pcurticle moving in three space. 

a. F.ad the distance that is travelled by the parti- 
cle along the curve as it moves from (1,|,1) to 
(3,18,9). 

b. What is the speed of the particle at (1, |, 1)? 



10. Suppose T is the region between the spheres x^ + 
2/2 + - 1 and x^ ^y^ +z^ = 5. Evaluate 

J JtJ y/x^ + f 

11. Find the centroid of the region R shown. Assume 









to 
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12. Show that t he surfac e area of the region S on the 
cone z = ay/x^ + 1/2 which lies about the region JR, 
satisfies the following relationship: 

Area of 5 = y/o? (Area of R). 




13. Consider the surface y/x + \/5 + \/J = 1. 

a. Find the plane tangent to the surface at (a,6,c) 
(where a > 0, 6 > 0, c> 0). 

b. Show that the sum of the x-intercept, y-intercept, 
and 2-intercept of this plane is 1. 



Institution: An eastern liberal arts college for women 
with 2600 students that in 1987 awarded 25 bachelor's 
degrees in mathematics. 

Exam: A two and one-half hour exam (calculators al- 
lowed) from one section of third term calculus for fresh- 
man and sophomore science and mathematics majors. 
Of the 70 students originally enrolled in the course, 
approximately 90% passed, including 67% who received 
grades of A or B, 30 students were in the section that 
took this particular exam. 

1. Suppose the temperature at the point {x^y^z) is 
given by the function T{xy t/,z) = t/^e^*"*"^'. What is 
T2(0,2, 1)? What is the significance of this number 
in terms of how the temperature changes? 
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2. Let f{x,y) = a;/(a; + y) and suppose a particle is at 
the point (1,0). What direction should the particle 
travel in order that the function / decrease as rapidly 
as possible? 

3. What *is the equation of the plane tangent to the 
surface z =/(a;,y) at the point (a;o,yo,/(a5o,yo))? 

4. Let f{x, y) = |1 + a;^ - y|. Does /x(0, 1) exist? Does 
/y(0,l) exist? Be sure to give reasons for your an- 
swers. 

5. Suppose f{x,y) = e^(**"^). What does the contour 
line for / = 1 look like? 

6. Find all the critical points of xy^ + cosx but do not 
classify them. 

7. Use the method of Lagrange multipliers to find the 
point (or points) (a:,y) on the circle x^+y^ = 4 where 
the value of the function a;^ + y^ is greater than or 
equal to its value at any other points on the given 
circle. 

8. Evaluate JJj^xydA over the region enclosed by the 
curves y = |a: and y — 

9. Below are some values of a differentiable function 
f{x,y). The numbers are placed directly over the 
corresponding points so, for example, /(2.5,2) = 
1.899, /(2.5,2.5) = 1, /(4, 1) = 4, /(4,2) = 2.203, 
etc. Assuming that nothing unexpected happens be- 
tween the given values, answer the following ques- 
tions. 

a. If tl is a unit vector in the noithwest direction, 
which of the following numbers best approximates 
/»(3,2)? 

(A) -V2 (B) -1 (C) 0 (D) 1 (E) ^/2 

b. Which of the following numbers best approxi- 
mates /x(3,2)? 

(A) 0 (B) 0.1 (C) 0.2 (D) 0.5 (E) 1 



, 2- S,(f5 ).757 ).SM i 2.10] 2.2?3 ?.*05 2.«07 
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Institution: A midwesiem public university with 
8500 students that in 1987 awarded SO bachelor's and 5 
master's degrees in mathematics, 

BxAM: A two-hour final exam (calculators allowed) for 
one section of the third term of a calculus course for en- 
gineering, physical science, and mathematics students. 
Of the 106 students who enrolled in the course, 71% 
passed, including 25% who received grades of A or B. 

1. Find a rectangular equation of the curve F{t) =: 
y/t+A r+ 2tj and sketch the curve in the xy-plane. 

2. Find the length of the curve whose parametric equa- 
tions are x-Zt,y- 2t^^^ where 0 < i < 4. 

3. Find the equation for the plane through the points 
P(l,2,3) and Q(2,4,2) that is parallel to a = 
(-3,-1, -2). 

4. For 4a;2 + y2 _ ^2 = 16, 

a. Find and name the traces in the coordinate planes 
and in other planes us needed; 

b. Sketch the surface; 

c. Name the surface. 

5. Find parametric equations for the tangent line to 
the curve a; = e*, y = ie^, 2 = + 4 at the point 
P(l,0,4). 

6. Find the critical points and then the extrema of 
f{x,y)=zx^y-6y^-2x^. 

7. Let f{x,y,z) = x^ H- :iyz+4xy 

a. Find the directional derivative of /(a;,y,2) at the 
point jP(1,0,— 5) in the direction of a = (2,-3, 1). 

b. Find a vector in the direction in which / increases 
most rapidly at P and find the rate of change of 
/ in that direction. 

8. Reverse the order of integration and evaluate the re- 
sulting integral: f^fy7 y cos{x^) dx dy. 

9. Find the volume of the solid in the first octant bound- 
ed by the sphere p = 2, the coordinate planes and 
the cones (f> = 7r/6 and ^ = 7r/3. (Draw appropriate 
pictures.) 

10. Use the change of variables a; = 2u, y = 3v to 
express the integral //^ {x^/4 + y^/9) da; dy, where 
R = {{^,y) I (a;V4H-yV9) < 1}, as a double inte- 
gral over a region 5 in the uv-plane. (Do noi evalu- 
ate,) 
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A Special Calculus Survey: Preliminary Report 

Richard D. Anderson and Donald' 0, Loftsgaarden 

Louisiana State University 
University of Montana 



A preliminary report from a sjpecial survey of calcu- 
lus, conducted during October 1987 by the MAA-CBMS 
Survey Committee: 

The MAA Survey Committee has, over the past 
month and with support from NSF (under Grant SRS- 
8511733), conducted a survey among four-year colleges 
and universities to get much more detailed statistical 
information on calculus than that available elsewhere. 
The (CBMS) Surveys conducted every five years tradi- 
tionally are concerned with the fall term only and lump 
all calculus courses in just two categories with no dif- 
ferentiation by level. 

The same survey questionnaire was sent to a strat- 
ified random sample of about one-sixth of the almost 
1500 mathematics departments. The preliminary re- 
sults reported below are projections to the total indi- 
cated four-year college and university populations. A 
much more detailed report including breakdowns by 
class of institution is to be submitted shortly to Focus 
and the Notices of the AMS. 

This survey sought information on mainstream (M) 
calculus, i.e., freshman-sophomore calculus courses or 
sequences designed as a basis for eventual student ac- 
cess to upper-division mathematics courses, and non- 
mainstream (N-M) calculus, i.e., calculus courses or se- 
quences (such as most business calculus) not intended 
specifically for student access to upper-division math- 
ematics courses. The calculus courses considered were 
Calculus I, II, III, and IV with Calculus I the beginning 
semester or quarter course. Unless otherwise specified, 
all data here refer to phenomena in the two semesters 
or three quarters of the academic year AY 1986-87. 

At the time of the preparation of thi*? preliminary 
report, the full data were still being analyzed. It is 
believed that the percentage figures cited here are quite 
accurate, but some of the total enrollnient figures may 
be off by a few percent (probably low). The over-all 
response rate from the sample was a little over 50%, 
with a higher response rate from the public university 
category and a somewhat lower response rate from the 
private college '•ategory. 

Enrollments and Success Rates 

For all of AY 1986-87, there were a total of slightly 



more than 300,000 enrollments in mainstream Calcu- 
lus I and just under 260,000 in non-mainstream Calcu- 
lus I. Thus 54% of all Calculus I enrollments were in 
mainstream calculus. There were also 16,000 to 17,000 
enrollments in each of Calculus I (M) and Calculus I 
(N-M) in the summer of 1987. Total semester or quar- 
ter enrollments in all of Calculus I to Calculus IV in AY 
1986-87 were 975,000. 

In AY 1986-87, there were a little more than 140,000 
students who completed (with a D or better) the final 
course of the first year of mainstream calculus (Calcu- 
lus II for semester schools and Calculus III for quarter 
schools) and there were about 113,000 students who en- 
rolled in the next term of calculus heyond the first year 
of mainstream calculus. About 85% of all enrollments 
in non-mainstream calculus were in Calculus I wherecis 
less than 50% of mainstream calculus enrollments were 
in Calculus I. 

Slightly over 20% of all students in Calculus I (M 
or N-M) were enrolled in lecture-recitation section for- 
mats. Almost three-fourths of all enrollees in Calculus 
I pcissed the course with a D or better (with 11-12% of 
all enrollees getting a D). Enrollees in lecture-recitation 
sections had a 3% better passing rate than enrollees in 
single-instructor sections. 

More than four-fifths of all enrollments in Calculus I 
were in institutions using the semester calendar. 

Section Sizes 

The average of sections in calculus taught on the 
semester basis in AY 1986-87 are shown below: 

Mainstream Non-Mainstream 



Section 


I 


II 


III 


I 


II 


Single Instr. 


29 


26 


26 


38 


35 


Lecture 


126 


108 


95 


153 


115 



In mainstream calculus the typical lecture section Wcis 
split into about four recitation sections and in non- 
mainstream calculus the figure was about five. 

Who Teaches Calculus? 

The table below shows the percentage distribution 
by type of faculty for all single-instructor sections in 
AY 1986-87 for institutions on the semester schedule: 
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Faculty Type: 



Mainstream Non-Mainstream 
I II III I II 



FT Professor 
FT Instructor 
Part-time 
Teach. Assist. 



70% 73% 82% 

9% 14% 10% 

6% 4% 3% 

15% 9% 5% 



47% 45% 

13% 12% 

13% 20% 

25% 23% 



For classes taught in the lecture-recitation section for- 
mat, almost 100% of the recitation sections were han- 
dled by TA's. Almost 100% of the lecture sections in 
mainstream calculus were taught by professorial faculty, 
as contrasted to 80% in non-mainstream calculus. 

From this data as well as section size data, it is clear 
that, as expected, departments generally give priority 
to mainstream calculus. 



Characteristics of Calculus Classes 

A little more than 60% of all single-instructor main- 
stream semester calculus sections met four hours per 
week whereas about 50% of all mainstream quarter cal- 
culus sections met five hours per week. 

About 3% of all calculus students have some com- 
puter use required in homework assignments. 

About 55% of all calculus students on semester 
schedules rarely or never had their homework picked 
up and graded. About 30% of calculus students on 
semester schedules were not given short quizzes. If they 
were, almost all the quizzes were instructor designed. 
About one-eighth of such calculus students took group 
or departmental-designed hour exams and about 50% 
took group or departmental finals. 



Two Proposals for Calculus 

Leonard Gillman 
University of Texas, Austin 

A reprint of **From the President's Desk" in the 
September 1987 issue of Focus, the Newslette of the 
Mathematical Association of America: 

In 1946, in the town of Sullivan, Indiana, a man was 
accused of murdering his estranged wife in what was an 
open and shut case. The county put its greenest attor- 
ney in charge, and no lawyer seemed willing to under- 
take the defense. Finally, Norval Kirkhan Harris (later 
Judge Harris), a well-known local attorney, agreed to 
take it on. He decided on the line that the whole 
thing was an unfortunate accident, and he played up 
the phrase unsparingly. ("You say you were at the gro- 
cery the morning of this unfortunate accident Where 
were you the afternoon of this unfortunate accident?**) 
At the final summation, the prosecutor got up and be- 
gan, "I intend to show that this unfortunate accident 
. , . (The entire courtroom from the judge down burst 
into a guffaw, and the defendant got away with a^neasly 
2-1/2 years for manslaughter.) 

I am reminded of the incident every time I encounter 
the phrase the crisis in calculus. There is no crisis in cal- 
culus. Students come into the course unprepared — yes. 
Textbooks are too big — of course. Emphasis should be 
modified to reflect the world of computers — certainly. 
Crisis — no. 



Any crisis that may exist is in education, or in so- 
ciety. Up to World War II, only a minor portion of 
college-age youth went on to college, and of those, only 
a small fraction took calculus. Students typically began 
with a full semester of analytic geometry or a preced- 
ing semester of trigonometry. Colculus was big stuff; at 
Columbia University, where I studied, the final require- 
ment for the mathematics major was a comprehensive 
exam in calculus and analytic geometi'y. In those days, 
a class of 40 students was considered huge. There was 
little concern with "motivating" students; when a pro- 
fessor told you something was important, you learned 
it. 

The Problem 

Today, we bellow at 100 poorly prepared students at 
a time and "cover" in two terms what used to use up 
three. Students are reluctant to ask questions in front 
of so many people, and no sensible exchange of ideas 
is possible anyhow. Faced with student evaluations, we 
play to the gallery, giving easy quizzes and grades that 
students did not earn. (Why should I split a gut trying 
to buck the system? If they didn't study, that's their 
problem. Til go back to my rescjirch or my garden or 
whatever.) 
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I am unpersuaded by results purporting to show that 
learning is independent of class size. To me, the ex- 
periments prove once again that the standard tests are 
insufBcient. We test only a small, easily quantifiable 
part of what we hope the student is learning. We leave 
out subject matter that cannot be easily adapted to the 
test, as well as searching questions that require thought- 
ful responses and equally thoughtful, time-consuming 
grading. And we perforce omit a host of delicate intan- 
gibles, such as the little ways the instructor responded 
to a question or attacked a problem, which can make 
a lasting impression on students and shape their at- 
titudes. Certainly I can never forget a discussion in 
George Adam Pfeiffer*s class rt Columbia when one 
of the students — a very bright one, by the way — was 
wrestling with epsilon and delta. Finally, in desper- 
ation, he blurted out, "But suppose I choose epsilon 
large?" "Ah," said Pfeiffer, "but you don*i choose ep- 
silon. /choose epsilon." 

American students spend hours watching television. 
That most of what they look at is without merit is the 
minor crime. The major one is the fact of passive look- 
ing, encouraging them to sit back and let things come 
to them. "Good" television programs are still television 
programs: Sesame Street and Square One are still pas- 
sive entertainment. There is no opportunity for viewers 
to hold up the show while they sit back and reflect, to 
mull over ideas and express them in their own words — as 
they can when reading a book. The constant, mindless 
blare trains people not to listen. Mathematics requires 
intense concentration; television encourages nonconcen- 
tration. I sometimes wonder how many of my students 
are capable of concentrating on one idea, uninterrupted, 
for ten full minutes. 

Today there are vast numbers of families where both 
parents work, or in which there is only one parent (who 
perforce works). Parents therefore have less time to 
spend with their kids, stimulating their curiosity, an- 
swering their questions, reading to them, relaxing with 
them, inculcating a love of books. (If they can. Allan 
Bloom, in The Closing of the American Mind, asserts 
that though families may eat, play, and travel together, 
they do not think together.) As a result, students don^t 
know anything. They don*t know who Grant and Lee 
were (reported by B.D. Hirsch in Cultural Literacy). A 
history colleague tells of a student's question: ^1 keep 
forgetting. Which side was Hitler on?" I remember a 
college algebra class being tripped by a problem because 
they don^t know a revolution of the moon takes about 
a month. (Can they never have remarked on the simi- 
larity of the words?) In 1980 I gave a . ounting problem 
that depended on knowing the number of days in that 



year, but the class stumbled because they didn't know 
it was a leap year; the day of tli<: test was February 
29th. 

Neither can we count on mathematical prerequisit/es, 
on the elementary facts. What we really hope for is 
some true mathematical understanding; but you can't 
understand ideas without knowing the facts they rest 
on. It is always exciting to me to announce to a cal- 
culus class that we are about to enter a new realm of 
mathematical power — in computing areas, we will jump 
from parallelograms and trapezoids or other polygons to 
curved boundaries. Many students fail to share my ex- 
citement. The big jump in power I am so excited about 
is to them a confused blur. They have no clear picture 
of what they have been able to do thus far. They are 
not confident about computing the area within a par- 
allelogram. As for trapezoids, they are not ever sure 
what they are. 

Our students live in a world of morale-sapping 
hypocrisy. (When was the last time you braked on the 
yellow light?) They see America being run by crooks. 
(Where is Richard Nixon now tluit his country needs 
him?) The glamorizing of senseless violence by the 
movies and TV pays off in real life: during 1986, the 
city of Detroit averaged one child murder per day. What 
our young people see about them are not incentives to 
scholarship and learning but causes for despair. If all 
our values are a mess, what's the point of clean living? 

Two Proposals 

Mathematicians cannot single-handedly solve the 
problems of society, but we can do better than leave 
out related rates. Updating the curriculum is a wor- 
thy goal but addresses only one of the variables under 
our control. I suppose it is an improvement to go from 
outmoded methods of teaching ill-prepared students a 
ragged curriculum to outmoded methods of teaching ill- 
prepared students a spruced-up curriculum, but we can 
set our sights higher. I have two proposals, both sim- 
ple, although to put them into effect may require some 
unglamorous hard work. But I think they would go a 
Jong way toward setting our classes on a more realistic 
footing. 

Proposal 1: Let computers handle the drill. In learn- 
ing a subject, there arc two things you have to do — 
absorb the ideas, and acquire skill in the routines. The 
appropriate setting for learning ideos is some thoughtful 
give and take with a teacher. For skill with the routines, 
you have to have a lot of just plain drill. Today we don't 
need humans to oversee routine drill. That task should 
be taken over by computers. This requires some truly 
first-rate programs; but such thin(;r» are possible. 
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Advantages of computer drill are well known, but I 
will mention some anyhow. Students do their practic- 
ing at times convenient to them. They work at their 
own,pace. They not only get feedback but instant feed- 
back. (In contrast, homework papers are often graded 
without comment by a teaching assistant and returned 
several days after being handed in.) Students work in 
privacy, with no one scolding or laughing at them or 
chiding them for being slow. A well-desigued program, 
with thoughtful conditional branching, will oiTer guid- 
ance while at the same time allowing students to pick 
the topics they need practice on. The instructor is freed 
to devote full time to the exchange of ideas. Finally, 
classes can meet less often, and large classes can be di- 
vided into smaller ones. 

Proposal 2: Enforce the prerequisites. Not only do 
we award grades that were not earned, but we do a dis- 
service at the beginning when we admit students who 
are not qualified for the course. These students usually 
do poorly and end up soured on math. Instructors feel 
obliged to review background material in class, cutting 
into time for the regular syllabus, degrading the charac- 
ter of the course, and shortchanging the better-prepared 



students. 

I propose we all be brave and enforce the prerequi- 
sites. This is consistent with the MAA-NCTM reso- 
lution of last fall on calculus in high school. Just re- 
member to check your plau with your engineering and 
business colleagues, pointing out that they too will gain 
from the new standards — otherwise, they may put in 
their own mathematics courses. 

The resolution just referred to lists algebra, trigon- 
ometry, analytic geometry, complex numbers, and el- 
ementary functions, studied in depth, as prerequisites 
for the high school calculus course. For the college pre- 
calculus course, I would say be sure to include a thor- 
ough treatment of the conic sections (with the byprod- 
uct of freeing up the calculus course from that hereto- 
fore obligatory chapter). It's a difficult course to han- 
dle, because the students know some of the material 
and become easily bored; but that^s a poor reason for 
putting them directly into calculus, where the material 
is assumed to be known. Do an honest job, make the 
course exciting — there is plenty of exciting material — 
and entrust it to your conscientious teachers. And don't 
inflate the grades. 



Calculus in Secondary Schools 



Text of a letter endorsed by the governing boards of 
the Mathematical Association of America and the Na- 
tional Council of Teachers of Mathematics concerning 
calculus in the secondary schools: 

Memo 

TO: Secondary School Mathematics Teachers 
FROM: The Mathematical Association of America 
The National Council of Teachers of Math. 
DATE: September, 1986 
RE: Calculus in the Secondary School 

Dear Colleague: 

A single variable calculus course is now well estab- 
lished in the 12th grade at many secondary schools, and 
the number of students enrolling is increasing substan- 
tially each year. In this letter, we would like to discuss 
two problems that have emerged. 



The first problem concerns the relationship between 
the calculus cour.se offered in high school and the suc- 
ceeding calculus courses in college. The Mathemati- 
cal Association of America (MA A) and the National 
Council of Teachers of Mathematics (NCTM) recom- 
mend that the calculus course offered in the 12th grade 
should be treated as a college4evel course. The expec- 
tation should be that a substantial majority of the stu- 
dents taking the course will master the material and will 
not then repeat the subject upon entrance to college. 
Too many students now view their 12th grade calculus 
course as an introduction to calculus with the expecta- 
tion of repeating the material in college. This causes 
an undesirable attitude on the part of the student both 
in secondary school and in college. In secondary school 
all too often a student may feel "I don't have to study 
this subject too seriously, because I have already seen 
most of the ideas.** Such students typically have con- 
siderable difficulty later on as they proceed further into 
the subject matter. 
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MAA and NCTM recommend thai all students taking 
calculus in secondary school who are performing satis- 
factorily in the course should expect to place out of the 
comparable college calculus course. Therefore, to verify 
appropriate placement upon entrance to college, stu- 
dents should either take one of the Advanced Placement 
(AP) Calculus Examinations of the College Board, or 
take a locally-administered college placement examina- 
tion in calculus. Satisfactory performance on an AP 
examination carries with it college credit at most uni- 
versities. 

The second problem concerns preparation for the 
calculus course. MAA and NCTM recommend that 
students who enroll in a calculus course in secondary 
school should have demonstrated mastery of algebra, ge- 
ometry, trigonometry, and coordinate geometry. This 
meaiis that studeiits should have at least four full years 
of mathematical preparation beginning with the first 
course in algebra. The advanced topics in algebra, 
trigonometry, analytic geometry, complex numbers, and 
elementary functions studied in depth during the fourth 
year of preparation are critically important for students' 
latter courses in mathematics. 



It is important to note that at present many well- 
prepared students take calculus in the 12th grade, place 
out of the comparable course in college, and do .veil 
in succeeding college courses. Currently, the two most 
common methods for preparing students for a college- 
level calculus course in the 12th grade are to begin the 
first algebra course in the 8th grade or to require stu- 
dents to take second year algebra and geometry con- 
currently. Students beginning with algebra in the 9th 
grade, who take only one mathematics course each year 
in secondary school, should not expect to take calculus 
in the 12th grade. Instead, they should use the 12th 
grade to prepare Uicmselves fully for calculus as fresh- 
men in college. 

We offer these recommendations in an attempt to 
strengthen the calculus program hi secondary schools. 
They are not meant to discourzi^e the teaching of 
college-level calculus in the 12th grade to strongly pre- 
pared students. 

Lynn Arthur Steen John A. Dossby 
President President 
Mathematical Anuociation National Council of 
of America Teachers of Mathematics 



Calculators in Standardized Testing of Mathematics 



Recommendations from a September 1986 Sympo- 
sium on Calculators in the Standardized Testing of 
Mathematics sponsored by the The College Board and 
the Mathematical Association of America: 

In the ten years that inexpensive hand-held calcula- 
tors have been available, a great deal of consideration 
has bee!i given to their proper role in mathematics in- 
struction and testiiig. In September 1986, the College 
Board and the Mathematical Association of American 
arranged a Symposium on Calculators in the Standard- 
ized Testing of Mathematics to focus on a specialized 
but essential aspect of this debate. 

The participants found in this arena of rapid change 
a variety of old and new issues. Many of the old issues 
again yield the same educational conclusions, ones that 
cause everyone to be frustrated with the delays that 
surround implementation of calculator usage. 

At the same time, rapid changes in technology and 
price are presenting fresh issues. In particular, falling 



prices » essentially resolved the old equity issue of 
student a cess to calculators and have introduced in- 
stead a more important issue of student access to ade- 
quate preparation for using these devices appropriately 
and well. 

Likewise, the earlier complications arising from dif- 
ferent calculator capabilities that generated test admin- 
istration policies which gave upper limits to the type of 
calculators permitted have been superseded. The new 
issue is that test makers now must specify the minimum 
level of sophistication necessary for a calculator to be 
appropriate for use in taking a given examination. Ex- 
cess sophistication in a machine can be self-defeating; 
surplus machine capabilities may detract far more than 
they contribute to a student's performance. 

Recommendations 

1. The symposium endorses the recommendations made 
by the National Council of Teachers of Matliemat- 
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ics, the Conference Board of the Mathematical Sci- 
ences, the Mathematical Sciences Education Board, 
and the National Science Board that calculators be 
used throughout mathematics instruction and test- 
ing. 

2. The symposium calls for studies to identify content 
areas of mathematics that have gained importance as 
a result of new technologies. How achievement and 
ability in these areas are measured should be studied, 
and new testing techniques should be considered. 

3. The symposium points to a need for research and 
development on: 

a. item types and formats; 

b. characteristics of new item types; 

c. student responses to items that allow the use of a 
calculator; and 

d. instructional materials that require the use of a 
calculator. 

4. The symposium believes that a mathematics achieve- 
ment test should be curriculum based and that no 
questions should be used that measure only calcula- 
tor skills or techniques; 

5. The symposium recognizes. that choosing whether or 
not to use a calculator when addressing a particu- 
lar test question is itself an important skill. Conse- 
quently, not all questions on a calculator-based math- 
ematics achievement test should require the use of a 
calculator. 

6. The symposium gives strong support to the devel- 
opment of examinations in mathematics that require 
the use of a calculator for some questions. In partic- 
ular, we support The College Board in its E^udy of 
mathematics achievement examinations that require 
the use of calculators, and we commend the Math- 
ematical Association of America for its intention to 
develop a new series of "calculator-based" placement 
examinations in mathematics. 

7. The symposium recommends that nationally devel- 
oped mathematics achievement tests requiring the 
use of a calculator should provide descriptive ma- 
terials and sample questions that clearly Indicate 
the level of calculator skills needed. However, there 
should be no attempt to define an upper limit to the 
level of sophistication that calculators used on such 
tests should have. Any calculator capable of perform- 
ing the operations and functions required to solve the 
problems on a particular examination should be al- 
lowed. 

8. The symposium notes that different standardized 
tests in mathematics are used to serve different ed- 
ucational purposes. Therefore, some tests need to 
be revised as soon as possible to allow for the use of 



calculators, whereas others may not need to change 
very soon. In every case, however, the integrity of the 
test must be maintained in order for its relevance to 
the mathematics taught in schools and colleges to be 
sustained. 

9. Because of the importance of the SAT in the college 
admission process, as well as the nature of its math- 
ematical content, the symposium carefully examined 
the use of calculators on that test. Wc recommend 
that calculators not be used on the SAT at this time. 
However, this issue should be reconsidered period- 
ically in light of the status of school mathematics 
preparation. 
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Texi of a report prtpared in June 1986 as a $tqud to 
the National Scitnct Board Ta$k Committer Report on 
Undergraduate Scitnct, MathtmaticSf and Enginttring 
Education: 

The mathematical sciences are both an enabling force 
and a critical filter for careers in science and engineer- 
ing. Without quality education in mathematics we 
cannot build strong programs in science and engineer- 
ing. NSF policy for science and engineering education — 
both precollegiate and collegiate — must be built on this 
central fact: mathematics is not just one of the sci- 
ences, but is tht foundation for science and engineer- 
ing. 

In our view the most serious problem facing un- 
dergraduate mathematics is the quality of teaching 
and learning for the three million students in all 
fields who study undergraduate mathematics each term. 
We are concerned about the professional vitality of 
the faculty, the "currency" of the curriculum, and 
the shortage of matkematically-trained students, es- 
pecially those preparing for careers in mathematics 
teaching or research. These problems are all interre- 
lated and must be addressed collectively and simulta- 
neously. 

The explosion of new applications of mathematics 
and the impact of computers require major change in 
undergraduate mathematics. Moreover, recent trends 
towards unification of basic theory must be integrated 
into the curriculum. These trends reinforce the ur- 
gency of an NSF initiative in undergraduate mathe- 
matics based on the themes of leadership and lever- 
age elaborated in the report of the NSB Task Commit- 



tee on Undergraduate Science and Engineering Educa- 
tion. 

We propose programs in four categories: faculty, 
student support, curriculum development, and global 
projects. Within each category wc list progranis in or- 
der of priority, but overall there should be at least one 
program supported from each category. 

Faculty 

A. Summer Faculty Seminars. A nation-wide, cen- 
trally coordinated, continuing ncries of attractive 
tier.iinars linking new mathematics with curricular 
reform. Seminars should cover a wide spectrum of 
issues and levels, from two-year college concerns to 
exposition of recent research. Some seminars should 
be taught by industrial mathematicians to facilitate 
the transfer of mathematical models into the cur- 
riculum. To be effective there must be enough sem- 
inars of sufficient duration to provide a significant 
renewal opportunity to at least 50% of the Nation's 
two- and four-year college and university faculties 
at least once every five years. (That suggests posi- 
tions for 10% — about 3,000 people — per summer in 
a steady state.) Budget Estimate: $3-$4 million per 
year. 

B. Faculty-Industry Linkages. A special program 
of limited duration in which NSF would help ini- 
tiate nation-wide models for faculty to become ac- 
quainted with how mathematics is used in indus- 
try and government. Thete models could include 
faculty summer internships and arrangements for 
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faculty-student teams to work on real problems. The 
goal of NSF should be to establish a nation-wide 
system of industry programs to be sustained in- 
definitely by support from industry. Budget Es- 
timate: Start-up funds of Si million over three 
years. 

C. Individual Teaching Grants. Likt research 
grants, teaching grants woulci provide supj:ort to 
individuals with innovative plans to renew specific 
mathematics courses or create new ones. At leeist 
100 grants (say two per year per state) 5s a minimum 
number to have significant effect. 

D. Faculty Fellowships. To supplement sabbaticals, 
perhaps matched by a teaching fellowship from the 
host departments. Proposed level: At least 100 per 
year. 

Students 

A. NSF Undergraduate Fellowships. A program 
of stipends for talented undergraduates, adminis- 
tered by departments, to provide active mathemati- 
cal experiences to undergraduates outside clciss, e.g., 
working with precollegc si * summer opportu- 
nities for research apprentir.^ assistants in high 
school summer institutes, indiviaual study, and spe- 
cial seminars. We are especially concerned about the 
continued low number of women and the almost to- 
tal absence of minority students among those who 
pursue careers in the mathematical sciences. Special 
efforts to encourage talented women and minority 
students should be included under this program. 
In steady state, this program should provide sup- 
port for approximately the top 25% of undergraduate 
mathematics majors (about 4,000 students). Budget 
Estimate: S4-S5 million per year. 

B. Student Internships. To provide undergrax*:iates 
with opportunities in industry or government tc cm- 
ploy mathematics in a realistic setting. Initial Rec- 
ommendation: 10-12 pilot programs. 

Curriculum 

A. Calculus Renewal. A multi-year special under- 
ttiking, perhaps involving several consctia of insti- 
tutions, to transform both texts and teaching prac- 
tice in calculus — the major entry point (and impedi- 
ment) to college mathematics, science, and engineer- 
ing. This is of immediate priority. Budget Estimate: 
8500,000 per consortium per year. 



B. Model Programs. A continuing series of projects 
to identify and develop examples of courses, mathe- 
matics majors, instructional environments, and cur- 
ricular experiments that are right now successfully 
stimulating interest in undergraduate mathematics, 
backed up by dissemination activities (perhaps linked 
with the Summer Seminars) to stimulate others to 
develop their own programs. Budget Estimate: $2 
million per year. 

Global Needs 

A. Assessment of Collegiate Mathematics. A 
major study of standards, human resources, car<^er 
patterns, curriculum patterns, and related issues 
must be undertaken to enable all institutions re- 
sponsible for undergraduate mathematics to under- 
stand clearly the nature and magnitude of the prob- 
lems facing collegiate mathematics. This study must 
deal both with introductory courses that represent 
the primary undergraduate mathematics experience 
for most students, and with the mathematics ma- 
jor that forms the base for a wide variety of post- 
baccalaureate careers. Because of preparations al- 
ready underway for such an assessment, it is very 
important that this project be supported from the 
FY 1987 budget. Budget Estimate: $1 million over 
two years. 

B. Consider the establishment of INSTITUTES FOR UN- 
DERGRADUATE Education in the Mathematical 
Sciences to develop professional and research exper- 
tise in issues related to undergraduate mathematics 
education. 

Curreuc Programs 

Three current NSF programs are also very impor- 
tant to the renewal of collegiate mathematics — research 
support for mathematics, instructional scientific equip- 
ment, and graduate fellowships. For different reasons, 
all three programs are now making inadequate impact 
on undergraduate mathematics: 

• As documented in the David Report, the NSF re- 
search budget for mathematics is out-of-balance with 
respect to support for other disciplines, thus insur- 
ing that many capable young investigators get cut 
off early from the frontiers of the discipline. Avail- 
ability of research support for a larger number of 
mathematicians is crucial to regenerating the profes- 
sional vitality of the faculty which is so important to 
education. 
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• For various reasons, mathems^tics departments do 
not seek resources for such things as computers as 
vigorously as they should. Consequently, they do not 
apply for their fair share of support from programs 
such as CSIP. Both NSF and the mathematics pro- 
fession must work to insure that significant resources 
for computing are avmlable and utilised by collegiate 
mathematics departments. 

• Because of the decline in interest among Americans 
for graduate study in mathematics, too few mathe- 
matics graduate students receive support from NSF 
Graduate Fellowships. The community must work 
to reverse this trend, and NSF must be prepared to 
support increased numbers of graduate students in 
mathematics. 

Other Needs 

These program recommendations do not address all 
the problems facing collegiate mathematics. The bur- 
den of remedial mathematics and the lack of pub- 
lic understanding that mathematics is pervasive and 
important significantly impede the ability of colleges 
and universities to maintain high-quality undergradu- 
ate programs in mathematics — the former by draining 
resources, the latter by limiting resources. These'issUes 
are able to be addressed by other NSF programs, so we 
recommend that new undergraduate resources not be 
used in these areas. 

Making Programs Effective 

Finally, we make a few recommendations for how 
NSF can most effectively develop undergraduate math- 
ematics programs in a way that resonates with the ex- 
isting professional structures of the mathematical sci- 
ences: 

1. Internal Structure. There is a need that fund- 
ing be specifically directed to support and improve 
undergraduate mathematics education. Such fund- 
ing should not divert funds from mathematical re- 
search nor should such funds be diverted to math- 
ematical research or to other educati' *^al problems. 
We propojse that a well-defined unit staffed by math- 
ematical scientists knowledgeable about educational 
problems be established to deal with problems in 
undergraduate mathematics education. The unit 
should have a specific budget of sufficient size to re- 
flect the very significant role undergraduate math- 



ematics plays in science and engineering educa- 
tion. 

2. Generally, but not exclusively, programs supported 
should have implications national in scope. Projects 
should be undertaken by broadly based consor- 
tia, networks, professional societies, and other na- 
tional organizations. PrograniiS calling for pro- 
posals should be focused in intent but not be so 
specific as to rule out innovative and imaglnrxtive 
approaches. Proposals addressing significant lo- 
cal problems should receive significant local fund* 
ing or contributions in kind. Proposals addressing 
broad national concerns should not necessarily be ex- 
pected to at' fact significant funding other than from 
NSF. 

3. Professional societies and other national organiza- 
tions need to assume a significant responsibility in 
defining and obtaining consensus as to national con- 
cerns, informing their members of NSF programs, 
disseminating results, and identifying necessary hu- 
man resources. In light of the low response rate of 
mathematicians to NSF educational proposals, we 
recommend that ix consortium of professional soci- 
eties provide the community with proposal consul- 
tants. It may be necessary in the short run for NSF 
to fund such an activity. 

4. The results of course and curriculum development 
need to be widely disseminated. There should be 
both short* term and long-term evaluative follow ups 
of the effectiveness of various programs supported 
under this effort. 
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Transition from High School to College Calculus 

Donald B. Small 
Colby College 



Report of a CUPM subcommittee concerning the 
transition from high school io college calculus , reprinted 
from The American Mathematical Monthly, Oc- 
tober, 1987: 

There is a widespre<vd and growing dissatisfaction 
v;ith the performance in college calculus courses of many 
students who had studied calculus in high school. In 
response to this concern, in the fall of 1983, the Com- 
mittee on the Undergraduate Program in Mathematics 
(CUPM) formed a Panel on Calculus Articulation to 
undertake a three-year study of questions concerning 
the transition of students from high school calculus to 
college calculus and submit a report to CUPM detail- 
ing the problems encountered and proposals for their 
solution. 

The seriousness of the issues involved in the PanePs 
study is underscored by the number of students involved 
end their academic ability. During the ten-year period 
1973 to 1982, the number of students in high school 
calculus courses grew at a rate exceeding 10% annually. 
Of the 234,000 students who passed • high school cal- 
culus course in 1982, 148,600 received a grade of B- or 
higher [2]. Assuming a continuation of the 10% growth 
rate and a similar grade distribution there were approx- 
imately 200,000 high school students in the spring of 
1985 who received a grade of B- or higher in a calculus 
course. Thus possibly a third or more of the 500,000 
college students who began their college calculus pro- 
gram (in Calculus I, Calculus II, or Calculus III) in the 
fall of 1985 had already recei/ed a grade of B- or higher 
in a high school calculus course. 

The students studying calculus in high school consti- 
tute a large majority of the more mathematically capa- 
ble high school students. (In 1982, 55% of high school 
students attended schools where calculus was taught 
(2).) Students who score a 4 or 5 on an Advanced 
Placement (AP) Calculus examination normally do well 
in maintaining their accelerated mathematics program 
during the transition from high school to college. How- 
ever, this is a very small percentage of the students who 
take calculus in high school. For example, in 1982, of 
the 32,000 students who took an Advanced Placement 
calculus examination, just over 12,000 received scores of 
4 or 5, which represents only 6% of all high school stu- 
dents who took calculus that year. The primary concern 



of the Panel was with the transition difficulties associ- 
ated with the remaining almost 94% of the high school 
calculus students. 

Problem Areas 

Past studies and the Panel's surveys of high school 
teachers, college teachers, and state supervisors suggest 
that the major problems associated with the transition 
from high school calculus to college calculus are: 

1. High school teacher qualiiications and expectations. 

2. Student qualiiications and expectations. 

3. The effect of repeating a course in college after having 
experienced success in a similar high school course. 

4. College placement. 

5. Lack of communication between high schools and col- 
leges. 

(Copies of the Panel's Report including the surveys and 
summaries of the responses can be obtained from the 
Washington Office of the MAA.) 

These problenis were addressed by first considering 
accelerated programs in general, high school calculus 
(successful, unsuccessful), and the responsibilities of the 
colleges. 

Accelerated Programs 

Accelerated mathematics programs, usually begin- 
ning with algebra in eighth grade, are now weU'estab-" 
lished and accepted in most school systems. The suc- 
cess of these programs in attracting the mathematically 
capable students was documented in the 1981-82 test- 
ing that was done for the "Second International Math- 
ematics Study." The Summary Report [9] states with 
reference to a comparison between twelfth grade pre- 
calculus students and twelfth grade calculus students 
in the United States: 

We note furthermore that in every content area (sets 
and relations, number systems, algebra, geometry, el- 
ementary functions/calculus, probability and statis- 
tics, finite mathematics), the cnd-of-thc-year average 
achievement of th<. nrecalculus classes was less (and in 
many cases considerably less) than the beginning-of- 
the-year achievement of the calculus students. 

The report continues: 

It is important to observe that the great majority of 
U.S. senior high school students in fourth and fifth 
year mathematics classes (that is, those in precalculus 
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classes) had an average performance level that was at 
or below that of the lower 25% of the countries. The 
end-of-year performance of the students in the calculus 
classes was at or near the international means for the 
various content areas, with the exception of geometry. 
Here U.S. performance was below the internationixl 
average. 

Thus those students in accelerated programs cul- 
minating in a calculus course perform near the inter- 
national mean level while their classmates in (non- 
accelerated) programs culminating in a precalculus 
course perform in the bottom 25% in this international 
survey. The poor performance in.geometry by both the 
precalculus and calculus students correlates well with 
the statistic that 38% of the students were never taught 
the material contained in the g Tmetry sectj«»n of the 
test [9, p. 59]. The test data unaerscores the concern 
expressed by many college teachers that more emphasis 
needs to be placed on geometry throughout the high 
scho;;! curriculum. This data does not, however, indi- 
cate that accelerated programs emphasize geometry less 
than non-accelerated programs. 

The success of the accelerated progranris in com- 
pleting the "normaP four year high school mathemat- 
ics program by the end of the eleventh grade presents 
schools with both an opportunity and a challenge for a 
**fifth" year program. There are two acceptable options: 

1. Offer college-level mathematics courses that would 
continue the students' accelerated program and thus 
provide exemption from one or two semesters of col- 
lege mathematics. 

2. Offer high school mathematics courses that • ould 
broaden and strengthen a student's backgrouirl and 
understanding of precollege mathematics. 

Not offering a fifth year course or offering a watered- 
down college level course with no expectation of students 
earning advanced placement are not considered to I'c ac- 
ceptable options, 

A great deal of prestige is cissociated with offering 
calculus as a fifth year course. Communities often view 
the offering of calculus in their high school oj? an in- 
dication of a quality educational program, ji'arents, 
school board officials, counselors, and school •»fjminis- 
trators often demonstrate a competitive pride ia their 
school's offering of calculus. This prestige factor can 
easily manifest itself in strong political pressure fc: a 
school to offer calculus without sufficient rcg;ir»l to the 
qualifications of teachers or students. 

It is important that this political pressure be resisted 
and that the choice of a fifth year program be made 
by the mathematics faculty of the local school and be 
made on the basis of the interest and qualifications of 



the mathematics faculty and the quality and number of 
accelerated students. School officials should be encour- 
aged to develop public awareness programs to extend 
the prestige and support that exists for the calculus 
to acceleration programs in general. This would help 
diffuse the political pressure as well cis broaden school 
support within the community. 

Schools that elect the first optvm of offering a col- 
lege level course should follow a standard college course 
syllabus (e.g., the Advanced Placement syllabus for cal- 
culus). They should use placement test scores along 
with the college records of their graduates as primary 
measures of the validity of their course. 

For schools that elect the second option, a variety of 
courses is possible. The following course descriptions 
represent four possibilities. 

Analytical Geometry. This course could go well 
beyond the material normally included in second year 
algebra and precalculus. It could include Cartesian and 
vector geometry in two- and three-dimensions with top- 
ics such as translation and rotation of axes, characteris- 
tics of general quadratic relations, curve sketching, po- 
lar coordinates, and lines, planes, and surfaces in three- 
dimensional space. Such a course would provide spe- 
cific preparation for calculus and linear algebra, as well 
as give considerable additional practice in trigonometry 
and algebraic manipulations. 

Probability and Statistics. This course could 
be taught at a variety of levels, to be accessible to 
most students, or to challenge the strongest ones. It 
could cover counting methods and some topics in dis- 
crete probability such as expected values, conditional 
probability, and binomial distributions. The statistics 
portion of the course could emphasize exploratory data 
analysis including random sampling an'? sampling dis- 
tributions, experimental design, measurement theory, 
measures of central tendency and spread, measures of 
association, confidence intervals, and significance test- 
ing. Such an introduction to probability and statistics 
would be valuable to all students, and for those who 
do not plan to stud^ mathematics, engineering, or the 
physical sciences, probably more valuable than a calcu- 
lus course. 

Discrete Mathematics. This type of course could 
include introductions to a number of topics that are ei- 
ther ignored or treated lightly within a standard high 
school curriculum, but which would be stimulating and 
widely useful for the college-bound high school student. 
Suggested topics include permutations, combinations, 
and other counting techniques: mathematical induc- 
tion; difference equations; some discrete probability; el- 
ementary number theory and modular arithmetic; vec- 
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tor and matrix algebra, perhaps with an introduction 
to linear or dynamic programming; and graph theory. 

Matrix Algebra. This course could include ba- 
.•51C arithmetic operations on matrices, techniques for 
finding matrix inverses, and solving systems of linear 
equations and their equivalent matrix equations using 
Gaussian elimination. In addition, some introduction to 
linear programming and dynamic programming could 
be included. This course could also empheisize three- 
dimensional geometry. 

High School Calculus 

There are many valid reasons why a fifth year pro- 
gram should include a calculus course. Four major rea- 
sons: (1) calculus is generally recognized as the starting 
point of a college mathematics program, (2) there ex- 
ists a (nationally accepted) syllabus, (3) the Advanced 
Placement program offers a nation wide mechanism for 
obtaining advanced placement, and (4) there is a large 
prestige factor associated with offering calculus in high 
school. Calculus, however, should not be offered un- 
less there is a strong indication that the course will be 
successful. 

Successful Calculus Courses 

The primary characteristics of a successful high 
school calculus course are: 

1. A qualified and motivated instructor with a mathe- 
matics degree that included at least one semester of a 
junior-senior real analysis course involving a rigorous 
treatment of limits, continuity, etc. 

2. dministrative support, including provision of addi- 
onal preparation time for the instructor (e.g., as 

recommended by the North Central Accreditation 
Association). 

3. A full year program based on the Advanced Place- 
ment syllabus. 

4. A college text should be used (not a watered-down 
high school version). 

5. Advanced placement for students (rather than mere 
preparation for repeating calculus in college) is a ma- 
jor goal. 

6. Course evaluation based primarily on college place- 
ment and the performance of its graduates in the 
next higher level calculus course. 

7. Restriction of course enrollment to only qualified and 
interested students. 

8. The existence of an alternative fifth year course that 
students may select who arc not qualified for or in- 
terested in continuing in an accelerated program. 



The bottom line of wnat makes a high school calculus 
course successful is no surprise to anyone. A qualified 
teacher with high but realistic expectations, using some- 
what standard course objectives, and students who are 
willing and able to learn result in a successful transi- 
tion at any level of our educational process. Problems 
appear when any of the above ingredients are missing. 



Unsuccessful Calculus Courses 

Two types of high school calculus courses have an 
undesirable impact on students who later take calculus 
in college. 

One type is a one semester or partial year course that 
presents the highlights of calculus, including an intuitive 
look at the main concepts and a few applications, and 
makes no pretense about being a complete course in 
the subject. The motivation for offering a course of this 
kind is the misguided idea that it prepares students for 
a rea/ course in college. 

However, such a preview covers only the glory and 
thus takes the excitement of calculus away from the col- 
lege course without adequately preparing students for 
the hard work and occasional drudgery needed to un- 
derstand concepts and master technical skills. Profes- 
sor Sherbert hcis commented: "It is like showing a ten 
minute highlights film of a baseball game, including the 
final score, and then forcing the viewer to watch the 
entire game from the beginning — with a quiz after each 
inning." 

The second type of course is a year-long, semi- 
serious, but watered-down treatment of calculus tha. 
does not deal in depth with the concepts, covers no 
proofs or rigorous derivations, and mostly stresses me- 
chanics. The lack of both high standards and emphasis 
on understanding dangerously misleads students into 
thinking they know more than they really do. 

In this case, not only is the excitement taken away, 
but an unfounded feeling of subject mastery is fostered 
that can lead to serious problems in college calculus 
courses. Students can receive respectable grades in a 
course of this type, yet have only a. slight chance of pass- 
ing an Advanced Placement Examination or a college- 
administered proficiency examination. Those who place 
into second term calculus in college will find themselves 
in heavy competition with better prepared classmates. 
Those who elect (or are selected) to repeat first term 
calculus believe they know more than they do, and the 
motivation and willingness to learn the subject are lack- 
ing. 
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College Programs 

Several studies ([1], [3], [5], [6], [7]) have been con- 
ducted on the performance in later courses by students 
who have received advanced placement (and possibly 
college credit) by virtue of their scores on Advanced 
Placement Calculus examinations. The studies show 
that, overall, students earning a score of 4 or 5 on either 
the AB or BC Advanced Placement Ccilculus examina- 
tion do as well or better in subsequent calculus courses 
than the students who have taken all their calculus in 
college. It is therefore strongly recommended that col- 
leges recognize the validity of the Advanced Placement 
Calculus program by the granting of one semester ad- 
vanced placement with credit in calculus for students 
with a 4 or 5 score on he AB examination, and two 
semesters of advanced p* xement with credit in calculus 
for students with a 4 or C5 score on the BC examination. 

The studies reviewed by the Panel do not indicate 
any clear conclusions concerning performance in sub- 
sequent calculus courses by students who have scored 
a 3 on an Advanced Placement Calculus examination. 
The treatment of these students is a very important 
transition problem since approximately one-third of all 
students who take an Advanced Placement Calculus ex- 
amination are in this group and many of them arc quite 
mathematically capable. 

It is therefore recommended that these students be 
treated on a special basis in a manner that is appro- 
priate for the institution involved. For example, sev- 
eral colleges offer a student who has earned a 3 on an 
Advanced Placement Calculus examination the oppor- 
tunity to upgrade this score to an "equivalent 4" by 
doing sufficiently well on a Department of Mathemat- 
ics placement examination. Another option is to give 
such students one semester of advanced placement with 
credit for Calculus I upon successful completion of Cal- 
culus II. A third option is to give one semester of ad- 
vanced placement with credit for Calculus I and provide 
a special section of Calculus II for such students. 

Other important transition problems are associ- 
ated with students who have studied calculus in high 
school, but have not attained advanced placement ei- 
ther through the Advanced Placement Calculus pro- 
gram or effective college procedures. These students 
pose an important cind difficult challenge to college 
mathematics departments, namely: How should these 
students be dealt with so that they can benefit from 
their accelerated high school program and not succumb 
to the negative and (academically) destructive attitude 
problems that often result when a student repei^ts a 
course in which success hcis already been experienced? 
There are three major factors to consider with respect 
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to these students. 

1. The lack of uniformity of high school calculus courses. 
The wide diversity in the backgrounds of the stu- 
dents necessitates that a large review component be 
included in their first college calculus course to guar- 
antee the necessary foundation for future courses. 

2. The mistaken belief of most of these students that 
they really know the calculus when, in fact, they do 
not. Thus they fail to, study enough at the begin- 
ning of the course. When they realize their mistake 
(if they do), it is oflen too late. These students of- 
ten become discouraged and resentful as a result of 
their poor performance in college calculus, and be- 
lieve that it is the college course that must be at 
fault. 

3. The "Pecking Order'' syndrome. The better the stu- 
dent, the more upsetting are the understandable feel- 
ings of uncertainty about his or her position relative 
to the others in the class. Although this is a common 
problem for all college freshmen, it is compounded 
when the student appears to be repeating a course in 
which success had been achieved the preceding year. 
This promotes feelings of anxiety and produces an 
accompanying .set of excuses if (.he student does not 
do at least as well as in the previous year. 

The uncertainty of one's position relative to the rest 
of the class often manifests itself in the student not 
asking questions or discussing in (or out of) class for 
fear of appearing dumb. This is in marked contrast to 
the highly confident high school senior whose ques- 
tions and discussions were major components in his 
or her learning process. 

The unpleasant fact is that the majority of students 
who have taken calculus in high school and have not 
clearly earned advanced placement do not fit in either 
the standard Calculus I or Calculus II course. The stu- 
dents do not have the level of mastery of Calculus I 
topics to be successful if placed in Calculus II and are 
often doomed by attitude problems if placed in Calculus 
I. In modern parlance, this is the rock and hard place. 

An additional factor to consider is the negative effect 
that a group of students who are repeating most of the 
content of Calculus I has oh the rest of the class as well 
as on the level of the instructor's presentations. 

What is needed are courses designed especially for 
students who have taken calculus in high school and 
have not clearly earned advanced placement. These 
courses need to be designed so that they: 

1. Acknowledge and build on the high school experi- 
ences of the studen*"; 

2. Provide necessary re/iew opportunities to ensure an 
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acceptable level of understanding of Calculus I top- 
ics; 

3. Are clearly differenifTom high school calculus courses 
(in order that students do not feel that they are es- 
sentially just repeating their high school course); 

4. Result in an equivalent of one semester advanced 
placement. 

Altering the traditional lecture format or rearrang- 
ing and supplementing content seem to be two promis- 
ing approaches to developing courses that will satisfy 
the above criteria. For example, Colby College has 
successfully developed a two semester calculus course 
that fulfills the four conditions. The course integrates 
multi variable with single variable calculus, and thereby 
covers the traditional three semester program in two 
semesters [10]. 

Of course, the introduction of a new course entails 
an accompanying modification of college placement pro- 
grams. However, providing new or alternative courses 
should have the effect of simplifying placement issues 
and easing transition difficulties that now exist. 

Recommendations 

1. School administrators should develop public aware- 
ness programs with the objective of extending the 
support that exists for fifth year calculus courses to 
accelerated programs including all of the fifth yea*- 
options. 

2. A fifth year program should oflFer a student a choice 
of courses (not just calculus). 

3. The choice of fifth year options should be made by 
the high school mathematics faculty on the basis of 
their interest and qualifications and the quality and 
number of the accelerated students. 

4. If a fifth year course is intended as a college level 
course, then it should be treated as a college level 
course (text, syllabus, rigor). 

5. A fifth year college level course should be taught with 
the expectation that successful graduates (B- or bet- 
ter) would not repeat the course in college. 

6. A fifth year program should provide an alternative 
option for the student who is not qualified to continue 
in an accelerated program. 

7. A mathematics degree that includes at least one 
semester of a junior-senior real analysis course involv- 
ing a rigorous treatment of limit, continuity, etc., is 
strongly recommended for anyone teaching calculus. 

8. A high school calculus course should be a full year 
course based on the Advanced Placement syllabus. 

9. The Instructor of a high school calculus course should 
be provided with additional preparation time for this 



course. 

10. High school calculus students should take either the 
AB or BC Advanced Placement calculus examina- 
tion* 

11. The evaluation of a high school calculus course 
should be based primarily on college placement and 
the performance of its graduates in the next level 
calculus course. 

12. Only interested students who have successfully com- 
pleted the standard four year college preparatory 
program in mathematics should be permitted to take 
a high school calculus course. 

13. Colleges should grant credit and «idvanced placement 
out of Calculus I for students with a 4 or 5 score on 
the AB Advanced Placement ciilculus examination, 
and credit and advanced placement out of Calculus II 
for students with a 4 or 5 score on the BC Advanced 
Placement calculus exaiT?i nation. Colleges should de- 
velop procedures for providing special treatment for 
students who have earned a score of 3 on an Ad- 
vanced Placement calculus examination. 

14. Colleges should individualize as much as possible the 
advising and placement of students who have taken 
calculub in high school. Placement test scores and 
personal interviews should be used in determining 
the placement of these students. 

15. Colleges should develop special courses in calculus for 
students who have bee*i successful in accelerated pro- 
grams, but have clearly not earned advanced place- 
ment. 

Colleges have an opportunity and responsibility to de- 
velop and foster communication with high schools. In 
particular: 

16. Colleges should establish periodic meetings where 
high school and college teachers can discuss expecta- 
tions, requirements, and student performance. 

17. Colleges should coordinate the development of en- 
richment programs (courses, worksliops, institutes) 
for high school teachers in conjunction with school 
districts and state mathematics coorciinators. 

Members of the Panel: 

Gordon Bushaw, Central Kitsap High School, Sil- 

verdale, Washington 
Donald J. Nutter, Firestone High Schooi, Akron, 

Ohio 

Ronald Schnackenburg Steamboat Springs High 

School, Colorado 
Barbara Stott, Riverdale High School, Jefferson, 

Louisiana 
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Donald R. Shbrbert, University of Illinois 
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Calculators with a College Education? 

Thomas Tucker 
Colgate University 



Reprint of a lead article thai appeared in the January 
1987 issue o/ Focus, the Newsletter of the Maihem^ati- 
cal Association of America: 

The title of this article should sound familiar; it is a 
variation on Herbert Wilfs "The Disk with the College 
Education," which appeared in the Monthly in January, 
1982. In that article, Wilf sent a "distant early-warning 
signal" that powerful mathematical computer environ- 
ments like muMATH, which were just then becoming 
available on microcomputers, would someday soon ap- 
pear in pocket computers. 

That day may have arrived. The Casio fx7000-G, in- 
troduced in early 1986, is no bigger than the usual $10 
hand calculator, but plots functions on its small dot ma- 
trix screen. In January 1987, Hewlett-Packard released 
its HP-28C; again, a normal-sized hand calculator that 
not only plots curves but also does matrix operations, 
equation-solving, numerical integration, and, last but 
not lea^t, symbolic manipulation! 



Neither the Casio ($55-$90) nor the HP-28C (around 
$180) are cheap by calculator standards, but any stu- 
dent who has bought a calculus textbook without flinch- 
ing can afford a Casio and in a couple of years I would 
expect the textbook to cause more flinching than the 
HP-28C. The questions these calculators raise for math- 
ematics educators are the same Wilf asked in 1982 (after 
which he "beat a hasty retreat"). The answers are not 
any clearer today. 

Here is a more detailed look at the two calculators. 
The Casio fx7000-G differs from other key-stroke pro- 
grammable, scientific calculators by having a larger dot 
matrix screen that makes graphing possible and that 
allows the user to see clearly the expressions being eval- 
uated. The plotter can graph many functions at once. 
The window (range of dnd i/-coordinates) can be con- 
trolled by the user and (an be easily magnified to zoom 
in on a particular puition of the graph. A moving pixel 
tracing out a given curve can be stopped at any time to 
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specify a zooming-in point. The plotter can be used in 
this way to find the points of intersection of two curves. 

The calculator, however, has no built-in routine to 
solve an equation numerically, nor does it have a Simp- 
son's rule key for numerical integration like some other 
: scientific calculators. Since every key has three func- 

tions, the keyboard is cluttered with symbols and ab- 
breviations: 

The HP-28C does a lot more than the Casio, and it 
is perhaps unfair to compare them at all. It is truly the 
first in a new generation of calculators. Although thin 
enough to fit easily in a breast pocket, it foldc open to 
' reveal two keyboards. On the right is a four-line screen 

and below it an array of 37 buttons that looks vaguely 
like a standard calculator keyboard. On the left is e 
35-button alphabetic keyboard — there is only a single 
"shift key" so each key has only two functions. 

But where are the sin, cos, and exp buttons? And 
why does the top row of six buttons on the right key- 
board have no labels at all? Because the HP-28C is 
m^Tiu-driven, and the top row contains all-purpose func- 
tion keys! If you want sin, press the TRIG button, 
which activates a trigonometry menu at the bottom of 
the screen, and then press the function button directly 
below SIN (press NEXT to see six more functions on 
the TRIG menu). 

There art other menus for logs and exponentials, 
equation-solving, user-defined functions, statistics, plot- 
ting, matrix operations and editing, binary arithmetic, 
complex arithmetic, string operations, stack operations, 
symbolic manipulation, program control (DO UNTIL, 
etc.), special real arithmetic (modulo, random number 
. generator, etc.), printing (yes, one can buy a thermal 

printer with infrared remote control), and, of course, a 
catalog of all operations. 

Like other Hewlett-Packard calculators, the HP-28C 
is a stack machine with operators and operands entered 
in reverse Polish. Stack entries can be commands, real 
or complex numbers, lists, strings, matrices, or alge- 
braic expressions such as *2 * 3 + 5' or *X * SIN(X)\ 
; Expressions can be evaluated by pressing the EVAL key, 

i which can be used like the key on algebraic calcu- 

j lators by those averse to reverse Polish. 

If \X * SIN(X)' is at the top of the stack and you 
want it symbolically differentiated, put the variable of 
differentiation *X' on the stack and press the derivative 
button. To compute its degree 5 Taylor polynomial 
centered at 0, enter 5 and press TAYLR on the algebraic 
menu. To compute its definite integral from 0 to 1 enter 
the list *X\ 0, 1 and a tolerance .0001 and press the 
integral button. 

To plot *X * SIN(X)\ press DRAW on the plotting 
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menu: Window parameters are controlled by the user 
as on the Casio fx7000-G; x- and y-coordi nates of any 
point on the screen can be found by moving cross-hairs 
to th^ desired point and pressing INS. 

To find a root of the equation *X = TAN(X)\ put it 
on the stack followed by an initial guess, or an interval, 
or an interval and a guess; then press ROOT on the 
equation-solving menu. 

To invert the 2 by 2 matrix with rows (l, 2] and (3, 4), 
enter ((l, 2] (3, 4]] on the stack and press l/x. To find its 
determinant, press DET on the array menu. To solve a 
system of equations, put the left-side coefficient matrix 
on the stack, followed by the right-«ide vector, and then 
press -r. To multiply two matrices on the stack, press 

X. 

The numerical routines are high quality. There are 
12 digits of accuracy displayed and 10 digits internaL 
For example, with display set at three digits to the right 
of the decimal point, *2A39 EVAL' yields 549755813888; 
multiply the result by 2 and 1.100 Ji 12 appears; divide 
that by 2 and 549755813888 reappears. The routines 
are also fast. A short program written to multiply a 
matrix times itself 100 times ran in about 2 minutes for 
a 6 by 6 matrix! 

There are some problems. Memory is limited com- 
pared to a microcomputer: 8 by 8 matrix multiplication 
Is about all the calculator can handle and a request for 
the degree 5 Taylor polynomial for e*^^'~*^ overflows the 
symbolic differentiator (try computing the fifth deriva- 
tive without regrouping to see why — Wilf's micro took 4 
minutes to get the degree 9 polynomial in his 1982 arti- 
cle). Although the matrix algebra routines are accurate 
and fast, the HP-28C has never met a square matrix it 
couldn't invert (presumably, matrix entries such as 1 E 
500 should tell the user something is wrong). 

How hard are these calculators to use? Although just 
clearing the Casio fx7000-G memory can be a challenge 
without the manual, students used to a scientific cal- 
culator should feel comfortable after an hour or two. 
Hewlett-Packard designs more for engineers than for 
precalculus students, and the HP-28C is no exception. 
It takes ten hours to become proficient enough to begin 
to realize the potential of this calculator, and one could 
spend weeks exploring vhe nooks nnd cran»iies of the 
machine. Luckily, documentation isnH too bad. Ba- 
sically, if a student can learn PASCAL, he or she can 
learn to use the HP-28C. 

Who will use the HP-28C? It is not powerful enough 
to help a professional mathematician do symbolic ma- 
nipulation the way MACSYMA helped Neil Sloane. 
(See his January 1986 Notices article "My Friend MAC- 
SYMA.*') But plenty of calculus .students would find 
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thfc HP-28C handy when they are asked on their next 
test to differentiate (1 + x^)'"**, and so would I if I 
had to graph that function. The calculator can't solve 
a twenty-variable linear program by the simplex algo- 
rithm, but it could be programmed to do eight or nine 
variables, and I can already sec using the HP-28C in my 
linear algebra class to find eigenvectors and eigenvalues 
for arbUrary 5 by 5 matrices using the power method. 

One might cringe at a student integrating 1/(1 + a;^) 
from 0 to 1 by pressing a button and getting .785 (actu- 
ally, it takes about 20 button-pushes to get the expres- 
sion on the stack and another 10 to enter the integra- 
tion parameters and perform the integration, although 
it all takes less than a minute). But what about the arc 
length of 2/ = from a; = 0 to a; = 1? Something lost, 
something gained. 

Mathematicians are traditionally wary of technology. 
Perhaps their qualms are justified. To think of the area 



under the curve y = 1/(1 + from 0 to 1 as .785 
and not ir/A is to miss all the beauty of a mysterious 
relationship between circles and triangles and areas and 
rates of change. Mathematicians are notoriously slow 
to come to grips with tcclniology. 

At the Sloan Conference on Calculus at Tiilane last 
January, a syllabus was proposed that recommended 
the use of programmable calculators with a Simpson's 
rule button, although such calculators have existed for 
five years. The participants at thai conference had no 
idea that a Casio fx7000-G or an HP-28C was loom- 
ing on the horizon. How long will it take to recognize 
pedagogically the existence of these calculators, which 
many students will already have? Must it be "some- 
thing gained, somethin^^ lost?" Cun^i it just be "some- 
thing gained?" Good questions to ask, but like Wilf ia 
1982, it is probably time to beat a heis.ty retreat. 



Who Still Does Math with Paper and Pencil? 

Lynn Arthur Steen 
St. Olaf College 



Reprint of a Point of Fzet/;" column that appeared in 
The Chronicle of Higher Education on October 
14, 1987: 

Mathematics is now so widely used in so many differ- 
ent fields that it has become the most populated — but 
not the most popular — undergraduate subject. Each 
term an army of three million students labors with 
primitive tools to master the art of digging and fill- 
ing intellectual ditches: instead of using shovels and 
pick axes, they use paper and pencil to perform mil- 
lions of repetitive calculations in algebra, calculus, ind 
statistics. Mathematics, the queen of the sciences, has 
become the serf of the curriculum. 

People who use mathematics in the workplace — 
accountants, engineers, and scientists, for example — 
rarely use paper and pencil any more, certainly not for 
significant or complex computations. Electronic spread- 
sheets, numerical-analysis packages, symbolic-algebra 
systems, and sophisticated computer graph xs have be 
come the power tools of mathematics in industry. Even 
research mathematicians use computers to help them 
with exploration, conjecture, and proof. In the col- 
lege classroom, however, mathematics has— with few 



exceptions — remained in the paper-and-pnncil era. 

Academic inertia alone is not a sufficient explana- 
tion for this rtate of affairs. Other disciplines — notably 
chemiitry, economics, and physics — have adapted their 
und;rgraduate curricula to include appropriate use of 
computers. 

In contrast, many mathematicians believe that com- 
puters are rarely appropriate for mathematics instruc- 
tion; theirs is a world of mental insight and abstract 
constructions, not of mechanical calculation or concrete 
representation. Most mathematicians, afler all, choose 
mathematics at least in part because it depends only 
on the power of mind rather than on a variety of com- 
putational contrivances. 

AU that is going to change in the next two or three 
years, which in education are the equivalent of a twin- 
kling of an eye. The latest pocket calculators with 
computer-like capabilities can perform at the touch of a 
few buttons many of the laborious calculations taught 
in the first two years of college mathematics. They can, 
among other things, graph and solve equations, perform 
symbolic differentiation as well as numerical and sor.ie 
symbolic integration, manipulate matrices, and solve si- 
multaneous equations. Although such computations do 
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not form the heart of the ideal curriculum as it exists 
in the eye of the mathematician, they do account for 
the preponderance of the achieved curriculum that is 
actually mastered by the typical undergraduate. 

Computation has become significant for mathemat- 
ics because of a major change not just in scale but of 
methods: the transition from numerical mathematics, 
the province of scientists, to symbolic and visual mathe- 
matics, the province of mathematicians. Large comput- 
ers have been doing "real" mathematics for years, but 
cost and relative scarcity kept them out of the class- 
room. No more. Mathematics-speaking machines £ire 
about to sweep the campuses, embodied both as com- 
puter disks and as pocket calculators. Beginning this 
fall, college students will be able to use such devices 
to find the answers to most of the homework they are 
assigned. 

Much as professors like to believe that education 
standards are set by the faculty, the ready availabil- 
ity of powerful computers will enable students to set 
new ground rules for college mathematics. Template 
exerciser and mimicry mathematics — staples of today's 
texts — will vanish under the assault of computers that 
specialize in mimicry. Teachers will be forced to change 
their approach and their assignments. They will no 
longer be able to teach as they were taught in the paper- 
and-pencil era. 

Change always involves risk as well as benefit. We 
have no precedents for learning in the presence of 
mathematics-speaking calculators. No one knows how 
much "patterning" with paper-and-pencil methods is 
essential to provide a foundation for subsequent ab- 
stractions. Preliminary research suggests that it may 
not be as necessary £is many mathematics teachers 
would like to believe. 

On the other hand, many students tolerate (and sur- 
vive) mathematics courses only because they can get 
by with mastery of routine, imitative techniques. A 
mathematics course not built on the comfortable foun- 
dation of mindless calculation would almost surely be 
too difficult for the student whose sole reason for taking 
mathematics is that it is required. 

Despite such risks, mathematics — and society — has 
much to gain from the increasing use of pocket comput- 
ers in college classes: 

• Undergraduate mathematics will become more like 
real mathematics, both in the industrial work place 
and in academic research. By using machines to ex- 
pedite calculations, students can experience math- 



ematics as it really is — as a tentative, exploratory 
discipline in which risks and failures yield clues to 
success. Computers change our perceptions of what 
is possible and what is valuable. Even for unsophis- 
ticated users, computers can rearrange the balance 
between "working" and "thinking" in mathematics. 

• Weakness in algebra skills will no longer prevent 
students from pursuing studies that require college 
mathematics. Just as spelling checkers have en- 
abled writers to express ideas without the psycho* 
logical block of worrying about their spelling, so the 
new calculators will enable students weak in algebra 
or trigonometry to persevere in calculus or statis- 
tics. Computers could be the dcmocratizcr of college 
mathematics. 

* Mathematics learning will become more active and 
hence more effective. By carrying most of the compu- 
tational burden of mathematics homework, comput- 
ers will enable students to explore a wider variety of 
examples, to study graphs of a <iuantity and variety 
unavailable with pencil-and-papcr methods, to wit- 
ness the dynamic nature of mathematical processes, 
and to engage realistic applications using typical — 
not oversimplified — data. 

• Students will be able to explore ntachematics on their 
own, without constant advice from their instruc- 
tors. Although computers will not compel students 
to think for themselves, these ninchi'^es can provide 
an environment in which student-generated mathe- 
matical ideas can thrive. 

* Study of mathematics will build long-lasting knowl- 
edge, not just shoit-lived str<%Lcgies for calculation. 
Most students take only one or two i^rms of col- 
lege mathematics, and quickly forget what little they 
learned of memorized methods for calculation. Inno- 
vative instruction using a m:w symbiosis of machine 
calculation and human thinking can shift the balance 
of mathematical learning toward understanding, in- 
sight, and mathematical intuition. 
Mathematics-capable calculators pose deep questions 

for the undergraduate mathematics curriculum. By 
shifting much of the computational burden from stu- 
dents to machines, they leave a vacuum of time and 
emphasis in the undergraduate curriculum. No one yet 
knows what, if anything, will replace paper-and-pencil 
computation, or whether advanced mathematics can be 
built on a c^nputer-reliant foundation. What can be 
said with certainty, however, is that the era of paper- 
and-pencil mathematics is over. 
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Computing in Undergraduate Mathematics 

Paul Zorn 

St. Olaf College 



An "issues paper" prepared in conjunction with a 
June 1987 conference organized by the Associated Col- 
leges of the Midwest to examine the role of computing 
in undergraduate mathematics as part of an effort by 
the staff of the National Science Foundation to increase 
the impact of computing on underg^duate departments 
of mathematics. Views expressed in this paper are those 
of the author, and do not necessarily reflect the views 
of the National Science Foundation, 

Modern computing raises unprccede'' ,ed opportuni- 
ties, needs, and issues for undergraduate mathemat- 
ics. The relation between computing and mathemat- 
ics IS too young, and changing too quickly, to admit 
definitive positions. None are taken here. In math- 
ematical language, this paper is not an authoritative 
monograph but a topical survey with many onen ques- 
tions. 

We do not iu>^ ,rt i^hat computing serves every worth- 
while purpose of undergraduate mathematics. The in- 
teresting issues are genuine questions: Where in the 
curriculum is computing appropriate, and why? What 
does computing cost — in time, money, and distrac- 
tion from other purposes? If computers handle rou- 
tine mathematical manipulatIo!:vi, what v/i!i students 
do in8te£»d? Will students' mtinipulative skUls and in- 
tuition survive? Should we ttach things machines do 
Uiier? 

So much said, it would h«j difi. '^enuous to deny the 
viewpoint that m' tivaiib this paper, and is implicit 
throughout — that v/e can and should use modern com 
puting more than we have done to improve mathemat- 
ical learning and teaching. Alt'iough we will argue 
that the computing resource hvj scarcely been tapped, 
this paper is not simply a plea for computers in the 
classroom. Mathematical computing is educationally 
valuable only as it alters and £' ves curricular goals of 
undergraduate mathematics. It follows that curricular 
goals should guide teaching uses of computing, not the 
other way around. 

What is Computing? 

Until recently, computing in undergraduate mathe- 
matics usually meant writing or running programs (in 



Basic or Pascal) for floating point numerical operations. 
Much more is now possible: symbolic algebra, sophis- 
ticated graphics, interactive operating modes — all with 
little or no programming required of the user. Comput- 
ing should be understood broadly, comprising hardware, 
software, and peripheral equipment. 

Other forms of educational technology, such as video- 
discs, might someday become important teaching tools. 
They are not addressed here. Covering everything 
that now exists would be difficult; anticipating what 
may exist is impossible. Our scope is comprehen- 
sive only in the sense that many kinds of educational 
technology, like computing, amount to new ways of 
representing and manipulating mathematical informa- 
tion. 

Mathematics and Computing 

Computing drives the modern mathematical revolu- 
tion. As Gail Young puts it in [3], 

...[W]e are participating in a revolution in math- 
ematirs as profound as the introduction of Arabic 
numerals into Europe, or the invention of the cal- 
culus. Those earlier revolutions had common fea- 
tures: hard problems became easy, and solvable not 
only by an intellectual elite but by a multitude of 
people without special mathematical talent; prob- 
lems arose that had not been previously visualized, 
and their solutions changed the entire level of the 
Reld. 

Like Arabic numerals and the calculus, computing is 
a sharper tool, but it is also more than that. Comput- 
ers do mor' ' mi help solve old problems. They lead 
to new pro'yic.iis, new approaches to old problems, and 
new notions of what it means to solve problems. They 
change fundamental balances that have defined the dis- 
cipline of mathematics and how it is pursued: continu- 
ous and discrete, exact and appro:: imate, abstract and 
concrete, theoretical and empirical, contemplative and 
experimental. Computers change what we think possi- 
ble, what wj think worthwhile, and even what we think 
beautiful 

Computing is becoming commonplace (if not ubiqui- 
tous) in mathematical research, even on classical prob- 
lems. Without computers, research in many new ar- 
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eas would stop. Computing figured, more or less fun- 
damentally, on the way to several recent spectacular 
advances, including the four color theorem and the 
Bieberbach conjecture. With numerical, graphical^ and 
symbol-manipulating abilities, computers check calcu- 
lations, test conjectures, process large data sets, search 
for structure, and represent mathematical objects in 
new ways. They make possible entirely new viewpoints 
on problems in mathematical research — viewpoints that 
are more empirical than deductive, more experimental 
than theoretical. 

Computing has changed how mathematics is used at 
least as much as it has changed how mathematics is cre- 
ated. The changes are broad and deep, touching areas 
from arithmetic to statistics to differential equations. 
This part of the computer revolution, moreover, is hap- 
pening in public, ^^hanges at the rarefied research level 
may affect only a few people; changes at the "user" 
level reach a much broader constituency. Already, un- 
dergraduates freely — if sometimes naivel} — use sophis- 
ticated numerical "packages" in science and social sci- 
ence courses. Seeing computing all around them, stu- 
dents naturally expect some in mathematics courses, 
too. 

It seems axiomatic (certainly to students!) that 
the profound effects of computing on research and ap- 
plied mathematics should be reflected in undergrad- 
uate mathematics education. Honesty to our disci- 
pline and our own best interests as mathematics teach- 
ers both dictate so. Honesty requires at least that 
we keep ourselves and our students abreast of impor- 
tant developments in our field. Self-interest says we 
should do more than report what happens outside: we 
should avail ourselves of the enormous opportunities 
computers offer for teaching and learning mathemat- 
ics. 

Despite all this, computing has not yet changed 
the daily work of undergraduate mathematics very 
much. The standard freshman calculus course, for 
example, stiM consists largely of paper and pencil 
performance of mechanical algorithms — differentiation, 
graph-sketching, antidifferentiation, scries cxpartiiorj 
etc. — just what machines do best. Graphical and nu- 
merical methods arc usually treated as side issues. With 
a little computing power, they could illuminate impor- 
tant interplays between discrete and continuous ideas, 
exact and approximate techniques, geometric and ana- 
lytic viewpoints. 

Statistical as well as anecdotal evidence shows that 
mathematics lags behind the other undergraduate sci- 
ences in teaching uses of computing. In 1985 and 1986, 
for example, only 32 of approximately 2800 proposals 



to the NSP's College Science Instrumentation Program 
came from mathematics departments. Galling as it is 
to be elbowed from the trough, this paucity of mathe- 
matics proposals is only a symptom. Our real prob- 
lem is not too few proposals, but the opportunities 
mathematicians miss to revitalize leaching and learn- 
ing. 

Problems of the Past 

Reasons for the lag in undergraduate mathematical 
computing are easy to guess. The clearest difference 
between mathematics and the physical sciences is in 
the roles experiment and observations play in each. Al- 
though mathematics has an essential (if informal) ex- 
perimental aspect, especially in research, mathematics 
is not a laboratory discipline in the formal, ritualis- 
tic sense that applies to the other sciences. The value 
Ot "instruments," whether computers or chemicals, to 
support the experimental side of the natural sciences 
is taken for granted, but there is no similar consensus 
about undergraduate mathematics. This may change, 
but for now, the idea of mathematical "instrumenta- 
tion" is still a novelty. Machines to support undergrad- 
uate mathematical experimentation are just eppearing, 
and wc are just learning to use them. Unlike our col- 
leagues in the natural sciences, we mathematicians must 
convince our departments and college administrators — 
and sometimes ourselves — not just that we need partic- 
ular items of equipment, but thai we need equipment 
at all. 

Computing may reshape college mathematics slowly 
also because computers raise harder, more fundamen- 
tal pedagogical questions in mathematics than in other 
disciplines. Computers can thoroughly transform ac- 
tivities in a chemistry laboratory, but they need not 
change the basic ideas studied there. By contrast, mod- 
ern computers handle so much of what we mathemati- 
cians traditionally teach that wc arc forced to rethink 
not only how we teach, but also what and why. Ironi- 
cally, computers may have contributed so little in un- 
dergraduate mathematics just because they can do so 
much. 

The cost of computer programming, measured in 
time and distraction, has been another impediment 
to mathematical computing. Is the effort of imple- 
menting, say, a simple Riemann sum program in Ba- 
sic worth the mathematical insight it offers? Similar 
questions might seem to apply in othejc sciences, but 
experimental data generated in natural science labo- 
ratories is well suited to lOutine numerical manipula- 
tions; a few programs go a long way. Mathematical 
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computing, being less circumscribed, is harder to "pack- 
age," and the programming overhead is correspondingly 
higher. 



Prospects for the Future 

Given this history, why should things change? The 
simplest reason might be called "manifest destiny." 
Like it or not, computing is already changing un- 
dergraduates' views of and experience with mathe- 
matics, and the rate of change is increasing. In 
freshman calculus, symbol-manipulating and graph- 
sketching programs on handheld calculators already re- 
duce a good share of canonical exam questions to 
button-pushing. (See (4] and (5); note particularly their 
metaphorical titles.) We mathematicians can either 
applaud or condemn these changes, but we can't ig- 
nore them. We will either anticipate and use com- 
puting developments, or we will have to fend them 
off. 

Good omens for computing in undergraduate math- 
ematics can also be seen in hardware and software 
improvements. Mathematical computing is becoming 
more powerful, cheaper, and easier to use. For ex- 
ample, "computer algebra systems" (Macsyma, Maple, 
Reduce, SMP, and others) are starting to appear on 
stiident-type machines. These systems do much more 
than algebra; they are actually powerful ("awesome," in 
studentspeak) and flexible mathematics packages that 
perform a host of routine operations — symbolic alge- 
bra, formal differentiation and integration, series expan- 
sions, graph-sketching, numerical computations, matrix 
manipulations, and much more. Because no program- 
ming is needed (one-line commands handle most opera- 
tions), all this power costs virtually nothing in distrac- 
tion. For good or ill, computing is changing the mix of 
"working" and "thinking" that determine what it is to 
know and do mathematics. 

The possibilities and problems computing raises for 
teaching would be important even if undergraduate 
mathematics were thriving. On the contrary, too 
few students study mathematics; of those who do, 
too few learn it deeply or well. Freshman calcu- 
lus is a squeaky wheel, but general complaints aie 
heard up and down the curriculum: students can't 
figure, can't estimate, ccn*t read, can't write, can't 
solve problems, can't hiiixdk theory and so on. Lack- 
ing computers didn't cause all these problems, and 
having computers won't ^ohc them all. Neverthe- 
less, the climate for change is favorable (see, e.g., 
(2)). 



Benefits and Opportunities 

Computing can benefit undergraduate mathematics 
teaching in many ways. Understanding the context is 
important: Our goal is not more computers, but better 
mathematical learning. 

1. To makQ undergraduate mathematics more like "rea/" 
mathematics. Mathematics as it is really used has 
many parts: formal symbol manipulation, numeri- 
cal calculation, conjectures and experimen.3, "pure" 
ideas, modeling, and applications. Undergraduate 
students, especially in beginning courses, sec mainly 
the first w»;o at the expense of the others. Another 
mixture of ingredients might give students a bet- 
ter sense of context, and help them calculate more 
knowledgeably and effectively. By handHng routine 
operations, computing can free time and attention 
for other things. 

2. To illustrate mathematical ideas. Analytic con- 
cepts such as the derivative have numerical, geo- 
metric, and dynamical (i.e., time-varying) as well 
as analytic meaning. Pursuhig graphical, numeri- 
cal, and dynamical viewpoints is tedious or impossi- 
ble by hand techniques. Doing so is easy and help- 
ful with computing, especially if algebraic, graph- 
ical, and numerical manipulation are all available. 
Given these, a student might compute difference 
quotients algebraically, tabulate numerical values 
as a parameter varies, and observe the geometric 
behavior of the associated secant lines at various 
scales. 

3. To help students work examples. Mathematicians 
know the value of concrete examples for under- 
standing theorems and their consequences. Stu- 
dents need examples, too, but the points examples 
make are often obscured by computational difficul- 
ties. With computers, students can work more and 
better examples. In matrix algebra and statistics, 
large-scale problems become feasible. In calculus, 
subtle points can be clarified. The fundamental 
theorem, for example, is often misunderstood be- 
cause students have insufficient experience with the 
**ieft side" — the integral defined by Riemann sums. 
Vi^'th a machine to crunch the numbers, the "left 
ude" makes numerical and geometric sense. When 
the area-under-the-graph function can be tabulated, 
graphed, and geometrically differentiated, for several 
integrands, then the idea of the theorem is hard to 
miss. 

4. To study, not just perform, algorithms. Algorithmic 
methods— for matrix operations, polynomial factor- 
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izatiDn, finding gcd's, and other operations — arc now 
a way of mathematical life. Students continually per- 
form algorithms, but seldom study them in their own 
right. Rudimentary algorithm analysis (e.g., the 0- 
notation) could be an important and timely appli- 
cation of elementary calculus. Recursion, iteration, 
and list processing, viewed as general mathematical 
techniques, also deserve more attention than they 
get. Treating these topics efficiently means imple- 
menting them, or seeing them implemented, on com- 
puters. 

5. To support more varied, realistic, and illuminating 
applications. Limited by hand computations, many 
applications of college mathematics are contrived and 
trite. There are too many farm animals, riveis, 
and exotic fencing schemes. Computing allows both 
larger-scale versions of traditional applications (e.g., 
larger niatrices, larger data samples) and new ap- 
plications altogether (e.g., ones requiring numerical 
methods.) More flexible, less circumscribed appli- 
cations not only do more, they also show more of 
the mathematics underlying them. Physical appli- 
cations, for example, should be part of the histor- 
ical, mathematical, and intuitive fiber of elemen- 
tary calculus. Hand techniques restrict the scope 
of feasible physical problems to those few that can 
be solved in closed form, using elementary func- 
tions. Other conceptually simple applications, like 
many from economics, lead «o high-order polyno- 
mial equations, and so are also taboo. Only sim- 
ple numerical methods (root finding, numerical inte- 
gration, etc.) are needed to make such applications 
tractable. 

6. To exploit and improve geometric intuition. Graphs 
of all kinds give invaluable insight into mathematical 
phenomena. With computer graphics, attention can 
sb'ft from the mechanics of obtaining graphs — a sub- 
stantial topic in elementary calculus — to how graphs 
represent analytic information. Sophisticated graph- 
ics (surfaces in three dimensions, families of curves, 
fractals) practically require computing. They ease 
difficult learning transitions: from one variable to 
several, from function to family of functions, from 
real domain to complex domain, from pointwise to 
uniform convergence, from step to step in iterative 
constructions. 

7. To encourage mathematical experiments. The pol- 
ished theorem-proof-remark style of mathematical 
writing hides the fact that mathematics is created 
actively, by trial, error, and discovery. Students can 



learn the same way, if the labor of experimenting is 
not too great. With computing, students can dis- 
cover that square matrices "usually" have full rank, 
that difierentiable functions look straight at small 
scale, and that there is pattern to the coefficients of 
a binomial expansion. 

Mathematical experimentation is good both as a 
teaching tool and as an active, engaged attitude to- 
ward mathematics. We mathematicians often try 
to inculcate this attitude in students, begging them 
to "try something." Interestingly, the opposite 
problem — an excessively experimental attitude, or 
"hacking** — pbgues computer science. Will comput- 
ers breed mathematical liackers? Would that be a 
bad thing? 

8. To facilitate statistical analysis and enrich probabilis- 
tic intuition. Data analysis in mathematical statis- 
tics is highly computational. Machines allow larger 
samples, and thus greater reliability and verisimil- 
itude. Students see more analysis, and more of 
its power, with less distraction. Computing in un- 
dergraduate statistics is already becoming routine. 
As methods of data analysis becomes easier, choos- 
ing methods and interpreting their results becomes 
harder. Informed statistical analysis requires sound 
probabilistic intuition. Probabilistic viewpoints are 
also essential, of course, in classical analysis and in 
modern physical applications. By simulating random 
phenomena, computers illustrate probabilistic view- 
points concretely. Monte Carlo integration meth- 
ods, for example, combine ideas from elementary cal- 
culus and probability, and show relations between 
them. 

9. To teach approximation. The idea cf approxima- 
tion is important throughout mathematics and its 
applications. When students use mathematics — in 
other courses and in careers — they will certainly 
use numerical methods. Yet students' learning 
experience, especially in beginning courses, is al- 
most entirely based on exact, algebraic methods: 
explicit functions, closed-form solutions, elemen- 
tary antidenvativcs, and the like. Nunicrical and 
graphical illustrations of approximation ideas are 
computationally expensive, but essential for under- 
standing. Machine computing makes them possi- 
ble. 

To dse approximation effectively, students need some 
idea of error analysis. Error estimate formulas 
are especially intractable for hand computation be- 
cause they usually involve higher derivatives, upper 
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bounds, and other mysterious ingredients. High- 
level computing (root-finding, symbolic differentia- 
tion, numerical methods) helps students understand 
error estimation without foun'I^ring in distracting 
calculations. 

10. To prepare students to compute effectively-^bui skep- 
ticaily'—in careers. Applied mathematics students 
who pursue technical professions (engineering, actu- 
arial science, business, and industry) will use math- 
ematical computing in many forms. Some kinds of 
software (e.g., differential equation solvers, statisti- 
cal analysis packages) are standard; students should 
see some of them in advance. Even more important 
than working knowledge of particular programs is a 
sound mat&emaitcal understanding of how those — or 
any — programs address t'ae problems they purport 
to solve. Arbitrary choices — estimates, simplifica- 
tions, stopping rules — are always implicit in appli- 
cations software. Duly skeptical users must under- 
stand these choices and how they affect computed 
results. 

11. To show the mathematical significance of the com- 
puier revolution. The relation between mathematics 
and computer science offers excellent object lessons 
in the interconnectedness of knowledge. As a matter 
of general education, and for practical re^ons, stu- 
dents should learn something about the mathemati- 
cal foundations of computing, and about the mathe- 
matical problems computing raises. 

12. To make higher-level mathematics accessible to stu- 
dents. Undergraduates in the natural sciences have 
always participated in serious research. Comput- 
ing offers similar opportunities in mathematics as it 
strengthens the concrete, empirical side of mathe- 
matical research* With powerful graphics, students 
might investigate the fine structure of Mandelbrot 
sets, observe evolution of dynamical systems, and ex- 
plore geodesies on complex surfaces. 

Resource Requirements 

No one doubts that educational uses of computing re- 
quire hardware and software, it is less weii undcrslood 
that resource requirements only begin there. Chemistry 
departments require more than chemicals and equip- 
ment to support their laboratory courses. In the same 
way, more than hardware and software is needed if the 
benefits of having hardware and software are to be re- 
alized. 

College mathematics teachers who use computing 
face conunon problems. Some problems are local (e.g.. 



securing institutional support) and some are national. 
Many stem from the fact that computing is relatively 
new to mathematics. Mathematicians are just begin- 
ning the resource management tasks our scientific col- 
leagues have worked at for decades: convincing ad- 
ministrators, purchasing and maintaining equipment, 
modifying time-hardened cc.urses, developing curricu- 
lar rationales, and articulating what we are doing. Un- 
dergraduate science departments write proposals, carry 
out supported projects, and administer grants as a 
matter of habit. In mathematics departments, these 
nabits are less ingrained, and "machinery" to sup- 
port the.ni — administrative help, program and deadline 
information, accounting procedures — is usually primi- 
tive. 

1. Technical support. Natural science departments 
maintain a complete apparatus of support services 
for their laboratory courses: equipment mainte- 
nance, classroom demonstration equipment, dedi- 
cated space, and paid student assistants. As Math- 
ematics departments develop and use their own ver- 
sions of "instrumentation/' the same support needs 
arise. 

2. Institutional support. Most colleges have comr..^.^rs, 
but not necessarily the right ones, or in tht *.^ht 
places, for mathematical use. Less tangible forms of 
institutional support are just as important: teach- 
ing loads that credit faculty time for developing and 
staffing mathematical labor ^ories, tenure and pro- 
motion procedures that reward such work, and ad- 
ministrative support for matching money for grant 
proposalr 

3. Time. Realizing the mathematical benefits of com- 
puting, whatever they are, costs time — ours and our 
students'. Not all benefits will prove worth having, 
but for those wc judge worthwhile, time should be 
provided, and accounted for honestly. Instructional 
computing, like other new things, often begins with 
a trail-blazing department zealot, for whom the work 
is its own reward. Eventually, ownership and re- 
sponsibility should be shared. Unless time is made 
available, computing will remain the zealot's private 
province. 

^ Courseware. It seems historically inevitable '^hat 
computing will change mathematics courses and 
course materials. If we maf'ematicians are to man- 
age the process, we nceci ftardwar^ .software, and 
"courseware" — instructional material (manuals, ex- 
ercises, tests, discursive material, and full text- 
books) that thoughtfully integrates, rather than sim- 
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ply appends, the computing viewpoint into substan- 
tial mathematics courses. The necessary hardwaie 
and software exist, or will soon. The laggard, in- 
evitably, is courseware. Robust courseware is ex- 
pensive and time-consuming to develop, and it must 
find a precarious balance between being too spe- 
cific to be portable and being too general to be use- 
ful. 

5. Technical information. Hardware and software cha- 
nge rapidly. In order to choose equipment wisely 
and use it effectively, mathematicians need techni- 
cal specifications for hardware and software, crit- 
ical reviews of educational software, reliable price 
data, and (hardest of all) a sense of the future. Be- 
cause hardware usually outruns software, the naive 
strategy (choose software, then hardware to run 
it) guarantees obsolete hardware. Should our pro- 
fessional societies marshal the expertise we need? 
How? 

6. Shared experience. Who is doing what? Where? 
With what equipment? What worked? How was 
topic X treated? Undergraduate mathematical com- 
puting, like any quickly developing field, depends 
on communication if the wheel is not repeatedly 
to be reinvented. Several models exist: The Sloan 
Foundation supports several college projects and 
a newsletter on teaching uses of computer alge- 
bra systems, and occasional conferences on the sub- 
ject. The Maple group at the University of Wa- 
terloo publishes a users* group newsletter and or- 
ganizes electronic communications for an interest 
group in teaching uses of computer algebra. The 
College Mathematics Journal carries a regular col- 
umn (see[l]) on instructional computing. The MAA 
and its Sections sponsor minicourses nationally and 
short courses regionally. More such efforts are 
needed. 

Open Questions 

Technical, financial, institutional, and logistical con- 
sideraticns notwithstanding, the most difficult and in- 
teresting questions computing raises are mathemati- 
cal and pedagogical. Although few answers are haz- 
arded here, most users face some of these questions, at 
least implicitly. As a discipline, we face them all regu- 
larly. 

1. Will computers reduce students' ability to calculate 
by hand? If so, is that a bad thing? When comput- 
ers do routine manipulations in mathematics courses. 



students must do something else. How will stu- 
dents who have never mastered routine calculation, 
or those v/ho enjoy it, fare in such courses? Will 
seeing the results but not the , process of calcula- 
tions help them understand, or further mystify them? 
If hand computation builds cdgebraic intuition — 
"symbol sense" — will machine computation destroy 
it? 

2. How should analytic and numerical viewpoints be 
balanced? To estimate jliYf^dx numerically as 
1.57 is routine. To see analytically that the answer 
is ? is memorable. Both facts are worth know- 
ing. Will students learn them both in the calcu- 
lus course of the future? To paraphrase Richard 
Askey, exact solutions are precious because they are 
rare. Will students learn this? Will we remember 
it? 

3. How does computing change what students should 
knosV? Traditional courses are full of methods and 
viewpoints that arose to compensate, for the limita- 
tions of hand computation. Do new computational 
tools render these topics obsolete? More generally, 
should we teach mathematical techniques machines 
can do better? Some things, surely, but which, and 
why? Partial fraction decomposition? The square- 
root algorithm? For topics we keep, will we for- 
bid computers? What will replace topics we dis- 
card? 

4. Will the mechanics of computing obscure the mathe- 
matics? We teach mathematics, not computing, and 
mathematics syllabi are already full. How will we use 
computing to teach mathematics without distracting 
technical excursions? How will we gauge whether 
computing effort is commensurate with the mathe- 
matical insight it gives? Can computing save teach- 
ing time? Anecdotal evidence suggests that calculus 
students can use high-level programs without undue 
difficulty or distraction. Can pre-calculus students 
do the same? 

5. How will computing affect advanced courses? Math- 
ematical computing frequently occurs in lower-level 
courses, like calculus, which have other educational 
goals than preparation for advanced courses. Will 
alumni of such courses be better or worse pre- 
pared for advanced mathematics? Should advanced 
courses change along with introductory courses? Can 
computing improve advanced courses in their own 
right? 

6. Computing and remediation. Remedial course em- 
phasize mechanical operations. Will relegating rou- 
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tine operations to machines reduce the need for reme- 
diation? Or could deeper, more idea-oriented courses 
require more remediation for weaker students? In ei- 
ther case, how can computing help students in re- 
medial courses? Can such students use advanced 
computing, or do they lack some necessary sophis- 
tication? 

7. CAI vs. iooUdriven computing, hi some applica- 
tions, computers act as intelligent tutors, leading stu- 
dents through carefully prescribed tasks. In others, 
computers are flexible tools: students decide where, 
and how to use them. Where 's each model use- 
ful? 

8. Equity and access to computin(^. Sophisticated com- 
puting on powerful computer.; is itiil financially 
expensive and, for most people, not always on 
hand. Calculators, for the price of four books, al- 
ready handle graphical, numerical, and algebraic 
(including matrix) calculations. Sophisticated cal- 
culators might both radically ^democratize" high- 
level computing, and make it as natural as hand- 
held arithmetic computation. Will they? Should 
they? 

9. Will computing help students kcm mathematical 
ideas more deeply, more easily, and more quickly? 
Conjee turally, yes, but the 'conclusion is not foregone. 
For undergraduate mathematics, this is the bottom 
line. 
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CALCULUS AS A PUMP, NOT A FILTER 

The challenge that Robert M. White, President of the 
National Academy of t .gineering, made to the mathemat- 
ical community at the close of his keynote address to the 
CALCULUS FOR A NEW CENTURY symposium was to 
make the introductory calculus course into a pump that 
feeds more students into science and engineering, not a 
filter that cuts down the flow. This challenge provides the 
subtitle to this volume and a common purpose for the 
diverse efforts to reform the teaching of calculus over the 
r.ext few years. These proceedings with contributions 
from over eighty authors, show the full sweep of con- 
cerns and approaches of all the groups involved in cal- 
culus reform, including those currently teaching tradi- 
tional and innovative courses, those whose students or 
employees need to use calculus as a tool, and the depart- 
ment chairs, deans, and others who must mobilize the 
resources needed for this reform. 

CALCULUS FOR A NEW CENTURY is divided into 
seven parts. Colloquium, containing the plenary and panel 
addresses. Responses, solicited from representatives of 
the concerned constituencies; Reports, gathered from the 
conference working groups. Issues, containing, the back- 
ground papers for the conference. Examinations, a selec- 
tion of examination questions from representative schools 
of all types; Readings, position papers from other sources 
that are important to calculus reform; and Participants, a 
list of names and addresses of those attendinfj, included 
to help facilitate future exchanges of ideas. The Readings 
were added so that these proceedings, together with the 
earlier volume, TOWARD A LEAN AND LIVELY CALCU- 
LUS (edited by Ronald G. Douglas and published as MAA 
Notes C). wo jld give a complete picture of the recent 
efforts to reform the teaching of calculus. 

Dr. White along with other speakers stressed tne impor- 
tance of giving students a deep and practical understand- 
ing of calculus. This kind of understanding will become 
ever more important as calculus moves into a new cen- 
tury v^hen scientific and engineering calculations will be 
increasingly done by machine. Ronald G. Douglas, Dean 
of Physical Scie jces at SUNY Stony Brook, and others 
have pointed out that existing hand-held symbolic and 
graphic calculators can perform all the routine calcula- 
tions and handle all the graphing needed to got a B or 
better in the standard course. Moreover, such machines 
and computer algebra systems running on microcom- 
puters can solve realistic problems that would have been 
beyond the capabilities of the very best students in the 
past. Many of the op 'ortunities that such machines offer 
are discussed in this v jiume. Fully realizing these opportu- 
nities will require nothing less than a rethinking of the rela- 
tionship between calculation and calculus -both in learn 
ing the subject and in applying it. 



The rethinking of introductory calculus must extend to 
how the course is taught and how learning is assessed. 
Lead speaker Ronald G. Douglas describes calculus as 
big, important, and in trouble. Lynn Arthur Steen's 
address, "Calculus Today," providesfigures that strongly 
support Douglas's characterization. Pedogogical consid- 
erations are a strong theme in this volume and in thw 
earlier TOWARD A LEAN AND LIVELY CALCULUS. 

This overview of opportunities and needs for new initia- 
tives in teaching calculus does not provide a tested and 
proven model course that meets Dr. White's challenge. 
But there ^le many ideas here and many experiments now 
underwa.. More importantly, this symposium shows a 
broad interest in the community in moving ahead with cal- 
culus reform. Well over six hundred people attended the 
CALCULUS FOR A NEW CENTURY symposium at the 
National Academies of Sciences and Engineering. The mix 
of mathematicians, scientists, engineers, social scien- 
tists, college and university administrators, people from 
business, economics, foundations, and granting agencies 
bodes well for these reforms. But it is our intended reader 
who must carry this new course into the classroom and 
provide the final answers to Dr. White's challenge. We 
may not yet know these, but at least our readers will be 
on the path toward those answers and, we trust they will 
find them. 

Peter L. Renz, Associate Director 

The Mathematical Association of America 
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